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Abstract

Many analyses of debt policy assume exogenous government expenditures.
Instead, I use an optimizing model in which the government endogenously
Selects values of taxes, spending, and debt to maximize welfare. If demand
for publicly provided goods is elastic, a debt-financed tax cut increases
consumption, because individuals rationally expect some reduced government
spending in the future. Even though future taxes rise, they do not offset the
expansionary effect of the current tax cut on consumption. Depending on
preferences, the marginal propensity to consume out of tax cuts can take any

value between zero and the marginal propensity out of ordinary income.
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grateful to Ben Bernanke, James Buchanan, Mark Gertler, Dilip Mookherjee, Neil
Wallace, and the members of the macroeconomics group at the University of
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1. Introduction
The main implication of the Ricardian approach to budget deficits (Barro

(1974) and (1988))' is the prediction that consumers do not spend more when

they receive a deficit-financed tax cut. The argument is that rational

forward-looking individuals save the additional disposable income,
anticipating that the increased government debt is financed by future tax
increases. Holding government spending fixed, the current tax cut is exactly
offset in present value terms by higher taxes in the future. Permanent
disposable income and therefore consumption remain unchanged.

Two steps are critical in this argument:

(a) Consumer behavior depends only on the present value of taxes, or
equivalently, on the present value of government spending plus initial
debt.

(b) Current and future government spending is held constant, i.e;, exogenous.
The present value argument, (a), has been debated extensively,2 but there

has been little discussion about the assumptions on government behavior

implicit in condition (b). But tax cuts should affect consumption if they
signal changes in future government spending, as Feldstein (1982) pointed
out. Predictions about government behavior are therefore crucial, if one
wants to apply the Ricardian approach as "the benchmark model for assessing

fiscal policy" (Barro (1989)).3
A problem in deriving such predictions is the lack of a consensus model

of government behavior. The key questions are: Is the government following

arbitrary rules or is it optimizing?u If optimizing, is it maximizing welfare
or something else?? Ricardian equivalence, (a), combined with an arbitrary
rule, namely some rule of exogenous spending, (b), obviously yields the

striking implication that consumers should not care about budget deficits. In

3.5.22



-2-

contrast, this paper shows that optimizing government behavior inevitably
links taxes to future government spending, violating condition (b). Ricardian
equivalence cannot be applied. The issue here is not whether Ricardian
equivalence characterizes private behavior, but whether there will ever be a
Ricardian experiment of a tax cut combined with expected tax increases of
equal present value.

To generate alternative predictions about government policy and its
implications for consumption, the paper develops a model with welfare-
maximizing government and forward looking, "Ricardian" consumers. Welfare-
maximization is assumed because Ricardian theorists do not seem to object to
this assumption (see Barro (1979)). But since the results are based on a
simple cost-benefit tradeoff (see below), they should not be sensitive to
changes in the objective function, as long as government behavior is
systematic.6 The implications for co-movements of consumption and deficibs
differ dramatically from those of the Ricardian approach: The marginal
propensity to consume income obtained from a tax cut can take any value
between zero and the marginal propensity to consume out of ordinary income.

The basic argument why consumers react to tax cuts is as follows. A
government that cares about welfare trades off marginal increases in spending
on publicly provided goods against marginal reductions in private
consumption. Assuming distortionary taxes (which would not cause a "first-
order" violation of Ricardian equivalence under exogenous spending), higher
taxes increase the marginal cost of publicly provided goods. If consumers
observe a tax-cut in this environment, they know - following the Ricardian
logic - that either future taxes will have to be raised or future government
spending be cut. But because of the marginal cost argument, they rationally

anticipate that higher taxes will generally be accompanied by spending reduc-
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tions. Thus, the Ricardian argument that lower taxes today are exactly offset
by higher future taxes does not hold. Consumption increases.

The implications are twofold. On the one hand, one should be cautious in
simply assuming exogenous spending in deriving policy implications from
Ricardian equivalence. The results are sensitive to this assumption and
exogenous spending is not the result of optimizing behavior.’ On the other
hand, a positive correlation between consumption and deficits provides no
evidence against forward looking consumer behavior.

The paper is oEganized as follows. Section 2 describes the model. In
Section 3, the effect of fiscal policy on consumption is analyzed. Section 4
demonstrates the link between deficits and subsequent spending policy

decisions. The conclusions are reviewed in Section 5.

2. The Model

Government activity and its implications for rational private behavior
Wwill be analyzed in a simple infinite horizon, representative agent economy.
To shift the focus away from questions of individual behavior, all private-
sector complications that would lead to non-Ricardian results in a model with
exogenous government spending are omitted.8 That is, if government spending
were exogenous, the model would replicate the results of Barro (1979).

The economy consists of identical, infinitely lived individuals and a
government. Each individual has preferences over two goods, Cy and g,. In

period t, individuals maximize the utility function

i
LN luley, ) + vige s Y] ()

where u(-) and v(-) are concave in ¢ and g, respectively, Y, is a random shock

to preferences, and 0 < § < 1 is the rate of time preference. Individuals buy
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the good ci privately, but good 8¢ is provided by the government in equal
quantity to all individuals.9 ‘The shock Yy is intended to reflect changing
preferences for the publicly provided good; therefore, assume vgY + 0.

Individuals take government decisions about taxation and spending as
given. They have initial wealth (debt -and capital) and earm after-tax income
Vi (defined below) to pay for the private good and to invest in capital, K,
and government bonds, Dt’

Each unit of capital K. yields R = 1 + r > 1 units of goods in period
t+1. To simplify, assume that the interest rate r is constant, that the rate
of time discount equals the interest rate, i.e., §R = 1, and that the
government can commit itself not to tax capital (to eliminate time consistency
issues). Then government bonds and capital are perfect substitutes. The

individual budget constraint in period t is

c, *+ Kt + Dt =R - (Kt_1 + Dt_1) + Y, (2)

The government uses taxation and debt financing to pay for the publicly
provided good g, . It chooses spending and taxes to maximize welfare, i.e.,
the same utility function (1).10 Without loss of generality, units are
defined so that c, and g, have identical production cost per capita and that
prices are normalized to one. Given initial government debt, the budget

constraint in period t is
B, +R Dy, =T, +D, (3)
where T, denotes tax revenues.
Since lump-sum taxes are not widely used in practice, taxes are allowed

to have distortionary effects. (This feature in itself does not cause real

effects of tax policy; see Corollary 2 below.) Denote the exogenous,
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stochastic income that would be realized if there were no taxes by Y,. If the
government raises revenue Tt, it imposes a burden on individuals that exceeds

Tt by h(Tt’ Yt’ et), so that disposable income is
Ve = ¥(Tys Yoy ep) = ¥ = Ty - h(Ty, Yy, ep) ()

It is assumed that the excess burden h(-:) is an increasing convex function of
tax revenue, and that there is a stochastic shock €¢s which increases the
marginal cost of raising revenue, i.e., hT > 0, hTT > 0, and hTs # 0. These
assumptions on excess burden closely follow Barro (1979). I show in the
appendix that they may be viewed as a reduced form solution of the
individuals' problem in a model with taxes on labor income.11
An advantage of summarizing excess burden in this form is that the
function h(-) captures all aspects of self-interested private behavior that
may reduce social welfare, such as efforté to minimize individual tax pay-
ments. Therefore, the equilibrium allocation can be obtained by solving a
social planner's problem in which the government is allowed to choose con-

sumption in addition to its policy variables, but takes the loss function

h(T,_, Y t) as given.

g €
Unfortunately, a lengthy and complicated stochastic dynamic programming

t,

approach is required to characterize the outcomes in general. But the
stochastic shocks, \f Yt’ and €, are only needed to generate movements in
macroeconomic variables that can be interpreted as unexpected policy
changes. The intuition comes out most clearly if one concentrates on policy
changes caused by stochastic shocks in one particular period, say t = 0, and
abstracts from later stochastic disturbances. Therefore, the main text will

state and discuss all results under the simplifying assumptions
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=0,Y=Y,andet=0forallt21, (5)

where ¥ is a constant. The general results, which are qualitatively
identical, are stated and proven in the appendix. The exposition here will

concentrate on the simpler case where (5) is assumed. To simplify notation,

0- Shocks

also assume that initial values of debt and capital are D_1 = K_1
in period t = O generate alternative policies that will be compared. From
then on, the game evolves deterministically and can be solved for any
combination of period-0 shocks.

The social planner's problem in period zero is then to maximize utility

(1) subject to constraints (2)-(4). The resulting first order conditions are

u,(ey) = u,(ey) (6a)
Vg(SO, o) = Vg(st) ‘ ' (6b)
Vg(go, Yo) - (1 + h(Ty, Yo eo)) . uc(co) = 0 (6c)
vg(gt) - (1 + (1)) cule) =0 (6d)

for all periods t 2 1, where constant arguments (due to (5)) are omitted.
Since equation (6a) is the first order condition for individuals maximizing
(1) subject to (2), the social planning problem solves the game between
government and individuals. Equations (6a, b) determine the intertemporal
allocation of consumption and government spending. Equations (6c, d)
characterized the tradeoff between private consumption and publicly provided
goods. Since equation (6a) implies constant consumption for all periods and
equations (6b, d) imply constant government spending and taxes for all
periods t 2 1, define c = C, = Cor B = 8o and T = Tt for all t =2 1. Then

the budget constraints (2) and (3) simplify to
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(1+r)rc=r - [Yo - TO - h(TO, YO, eo)] + [Y -T- h(T)], (7a)

r-gy+g=r-Ty+ T, (7b)

respectively, which provides an explicit solution for c¢. Links between
government policy and consumption in this setting are analyzed in the next

section.

3. Fiscal Policy and Consumption

Equations (6) and (7) determine a unique solution for (c, Bg TO, g, T)
for each possible set of realizations of (Yo, €y 10)- An econometrician may
draw different realizations of shocks (Yo, €g YO) to study the join:
movements of consumption and government policy.12 Since the expected values

of (Y ) are (¥, 0, 0), deviations of government spending and taxes

0’ o’ Yo
from their values under (%, 0, 0) can be interpreted as unexpected changes in
policy. In this way, the shocks provide a justification to do essentially
comparative static analysis in a model with optimal policy.

In order to allow variations in the three key variables c, AN and TO’ at
least three sources of variability are necessary. Here, each of the three
shocks (YO, €g YO) affects all endogenous variables, but not equally
strongly. Since the main effect of €9 is on TO, observed variations in TO can
be interpreted as largely caused by changes in € Similarly, changes YO move
¢ and changes in Yo strongly affect gg- The main issue is whether - and if
yes, how much - consumers react to debt-financed tax cuts, i.e., how
consumption varies with a set of shocks that reduce taxes TO and just leave
government spending go unchanged. Such a casual interpretation of co-
movements between consumption and policy variables is possible, because

changes in consumption can be decomposed into changes directly due to shocks

and changes due to tax policy, as follows.
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Equation (7a) shows that consumption depends only on the present value of
disposable income (recall the definition (4)), where period-0 disposable
income is a function of shocks and taxes and future disposable income depends
only on future taxes, T. If one defines "before-tax income" y* = YO - h (T,
Yo, eo), for some initial value T, marginal changes in disposable income, YO,
can be decomposed into changes caused by taxes and changes due to shocks that
enter through y*:

dy, = (1 + hT) - dTy + dy* . (8)

Thus, if consumption varies with taxes TO after controlling for changes in y¥%,
one may conclude that policy affects consumption. If the effect remains even
with unchanged current government spending, changes in current taxes are not
offset in present value terms by future changes in taxes, i.e., they must
signal future changes in government spending.

The magnitude of policy-induced consumption changes can be evaluated in
comparison to a change in disposable income that is not accompanied by policy
changes. Therefore, define the (ordinary) marginal propensity to consume

(MPC) as
dc0

MPCY z a;;

dgo = 0, dTo =0,

and define the marginal propensity to consume income obtained from a tax cut

as

dco
MPCr = 3y, | dgy = 0, dy* = 0

Both MPC's have a regression interpretation. MPCT and MPCy would be the
coefficients on taxes and before-tax income, y*, respectively, in a regression
of consumption on these two variables, a constant, and government spending.

Very similar regressions have been run by Feldstein (1982) and others (see the
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survey by Bernheim (1987)). The following result relates the two MPC's to the

fundamental parameters of the models:

Theorem 1: Define A = (1 + r) * (hgpruge(vg)) + (14 “r)a‘(‘“cc) > 0. Then,

MPCy = r/a - (hTT Su, o+ (-vgg))

MPCT = r/A - (hTT . uc)

Proof: Marginal changes in ¢g» Tg, Y* are obtained by taking the total
differential of (6), (7), and (8). The MPC's are ratios of pairs of these
changes. See also the more general proof in the appendix.

Corollary 1 (General Case): If hepep, (-vgg), and (-u,,) are strictly positive

and finite, 0 < MPCp < MPCy < r/(1 + r).

Corollary 2 (A "Ricardian" Result): As (-vgg(8)) -> = at some value of g,

consumption does not vary with taxes: MPCy + O.

Corollary 3: As (-vgg(g)) + 0, consumers do not distinguish receipts from

tax-cuts from other income: MPCT -+ MPcy.

I show in the appendix that all qualitative results, but not the exact
formulas in Theorem 1, generalize to environments without assumption (5) and
without separability between goods ¢ and g. Thus, the reaction of consumption
to tax cuts is, in general, positive but less than the reaction to other
changes in disposable income. The key equation for understanding the results
is (6d), which requires that the marginal rate of substitution between

privately and publicly purchased goods equals their relative price:

<

g)
°§TET = 1+ hy(T) . (9)

[
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The relative price of publicly provided goods is unity (production cost) plus
the marginal cost of distortions hep. Higher taxes increase the marginal cost
of g and induce substitution from good g to the private good c¢. Because of
this negative link between government spending and taxes, the budgetary
adjustment following a period-0- tax cut generally involves both higher taxes
and lower government spending. Consumers rationally anticipate this
adjustment. Because of lower anticipated government spending, a tax cut
unambigously increases consumption. But because of higher future taxes, they
react less to a tax cut than to higher income from other sources.

If (‘Vgg) + = at some value of g (Corollary 2), government spending is
fixed at that value. Then a tax cut does not change the present value of
taxes and therefore leaves consumption unchanged. Since the government
behaves as the Ricardian approach assumes, Ricardian equivalence emerges.
Interestingly, this holds even though taxes are distortionary.13

If (—vgg) = 0 (Corollary 3), demand for publicly provided goods is
infinitely elastic to changes in relative price. Different levels of period-0
debt do not lead to differences in taxes later on. Therefore, individuals
correctly view any period-zero tax cut as increase in net wealth and spend it
like any other income.m

In general, consumer reactions are in between those of Corollaries 2 and
3.15 If demand for the good g is very sensitive to cost (vgg small in
absolute value), higher debt will not lead to future tax increases but rather
to future reductions in spending. Then the result is far from the Ricardian
prediction. On the other hand, Ricardian equivalence will be a good
benchmark, if government spending is very inelastic ((‘vgg) large).

Another feature of the optimizing model is interesting: When aggregate

income increases, consumption rises by less than r/(1 + r), the MPC in the
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standard permanent income model. The reason for the lower MPCY is that
increased aggregate income is optimally allocated to both goods. Therefore,
whenever income increases on aggregate, a fraction (1 -(1+r)/r - MPCy) >0

must be set aside for future taxes.16

4. A Net Wealth Interpretation

To understand consumer behavibr in the welfare-maximizing model, it is useful
to reexamine Barro's (1974) famous question of what constitutes net wealth.
Period-0 events influence the future through debt, Dg» and capital, Ko, which

determine initial conditions at t = 1. One can show:

Theorem 2: Taxes in periods t 2 1 are a function of initial debt and capital,

T = T(Dy, Ky), with derivatives
Tg =T+ (1+h;) -(-u J/A,

Ty, = r(-vgg - (1 + hT)ucc)/A ,

2
where A = --vgg - (1 + hT) Uy + hTTuc > 0.

Proof: By taking the total differential of (6d) or (9) subject to the budget

constraints. |

For given capital, higher government debt that is held by individuals leads to
higher taxes. But since T, < r, taxes do not increase enough to pay off the
debt at constant government spending. In this model, the answer to Barro's
question is that the fraction (1 - TD/r) of government bonds are indeed net
wealth. In addition, higher aggregate capital, KO, leads to somewhat higher
taxes (since 0 < TK < TD < r), which are used to increase the availability of
good g. Thus, not all of aggregate capital is net wealth either, which

motivates the result MPCY < r/(1 + r) above.
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5. Conclusions

The paper shows that an optimizing model of government behavior has
implications that can differ radically from those of the Ricardian approach,
even though both approaches assume rational, forward-looking individuals.

Both agree that a tax cut has a smaller effect on consumption than other
increases in disposable income because some increase in future taxes is
expected. But the optimizing model predicts also lower future government
spending which reduces the need for higher taxes. The magnitude of the
spending change depends on how sensitive the demand for public goods is to
cost. With high elasticity, individuals will spend almost as much income from
tax cuts as they spend from other disposable income. With zero elasticity,
Ricardian equivalence emerges.

The policy implications are wide-ranging. Unless the assumption of
exogenous government spending is true, correlation between consumption and
deficits provides no evidence against forward looking consumer bahavior.
Research on the determinants of government spending is needed to determine how
rational consumers should react to tax cuts. Perhaps the way the current
"deficit-problem” in the United States is resolved by spending cuts and/or tax

increases will be a revealing experiment.
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Footnotes

The label "Ricardian" is used without suggesting an interpretation of
Ricardo's writings; see 0'Driscoll (1977).

2See, e.g., Abel (1986), Barro (1988), and Bernheim (1987).

"3In‘light of the debate between Feéldstein (1982), Aschauer (1985) and
(1988), and Bernheim (1987) on how to test Ricardian equivalence in a world
with uncertain government spending, I should emphasize that the paper is not a
critique of Ricardian equivalence when interpreted as a statement about
rational consumer behavior. In fact, the model is set up in a way that none
of the standard criticisms (e.g., involving finite lives or imperfect capital
markets) applies. The question is whether its conditions will ever be
satisfied under reasonable assumptions about government behavior. See
Buchanan (1976) for similar doubts about the relevance of pure financial
changes and see Bohn (1989) for empirical evidence.

USee Lucas (1976), Sargent (1984), Sims (1986).
5See, e.g., Buchanan (1958), Barro (1979), Lucas and Stokey (1983).

6For example, biases in spending decisions motivated by public-choice
arguments could be accommodated (see footnote 10).

7Therefore, Lucas' (1976) critique would suggest caution even if
government spending were found to be exogenous historically.

8Examples of such complications are capital market imperfections, finite
lives and different bequest motives or uncertainty about the incidence of
future taxes. See, e.g., Abel (1986), Barro (1979), (1981), (1989), Barsky,
Mankiw, Zeldes (1986), Carmichael (1982), Chan (1983), and the recent surveys
by Aschauer (1988) and Bernheim (1987). To obtain unique policies,
distortionary taxes are allowed, but they are introduced in a way that would
yield Ricardian results in the presence of exogenous spending, as in Barro
(1979); see Corollary 2 below.

9This good may be a public good in the sense that no person can be
excluded from consuming it. Then taxation arises naturally as solution of the
externality problem. But it may be any other good or service that is financed
by taxes. Separability is only imposed to eliminate inessential interaction
between consumption and government spending choices. The proofs in the
appendix cover even the more general case of non-separable preferences, which
yields similar results as the theorems below, except that the mixed partial
derivative of the utility function also enters into the marginal propensities

to consume.

10Readers who have different beliefs about the government objective
function (ef. Buchanan (1958)) may interpret the v(-)-part of (1) as whatever
determines government's choice of public spending.
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LY key restriction implied by this specification is that taxation causes
distortions within a period, but not intertermporally. It is well known that
tax induced distortions may take a much more complicated form and they may
provide alternative justifications for real effects of deficits (see Judd
(1985a, b), (1987a, b)). But such complicationms would be distracting here.

12Because shocks occur only once, an observer would need a cross section
of economies to draw inferences. In the general case with repeated shocks, a
time series on one economy would be sufficient, provided changing initial
conditions are taken into account. The appendix shows that the theoretical
results stated below under the simplifying assumption (5) generalize to the
case of repeated shocks.

13The reason is that optimal policy equalizes excess burden over
time, hT(TO’ Yoo eo) = hT(Tt) for all t, as in Barro (1979). Barro's (1989)
claim that distortionary taxes induce only second-order effects is confirmed
in this model. Of course, distortionary taxes may make a difference in other

models; see Judd (1985a, b), (1987a, b) for detailed analyses.

1uNotice, though, that the MPC is less than r/{1 + r), because any
increase in net wealth, is allocated to both goods, leading to somewhat higher
taxes later. In contrast, the Ricardian case has MPCy = r/(1 + r), because

spending on public goods does not increase even if private wealth rises.

15gince the focus of this paper is on exogeneity of government spending,
only two limiting cases are explored. Other limiting results can be derived
easily, e.g., Ricardian equivalence for hTT(') + 0, which replicates Barro
(1974).

1GThis argument does not involve taxes on capital that would distort

individual saving decisions. If one introduced idiosyncratic shocks to
income, individuals would indeed consume r/(1 + r) of such increases.
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Appendix

A.1. A Model of Taxation and Labor Supply
The precise specification of tax distortions has been deferred to the appendix
because only the reduced form h{) matters for the model. Here I will
demonstrate that there is a model of taxation that yields this reduced form.
But the main model would apply for any model of taxation with similar
features.

A specific set of assumptions that yields tax distortions of the form h()
is as follows. Suppose individuals are endowed with Yt units of raw
products (%) that they inelastically supply to two production processes,

denoted by ¢, + %, = Y . We assume that Y, is exogenously given and equal

1t 2t t

to Yt =1+ wt’ where wt is a random shock. Process #1 generates one unit of
output per unit input, Yq¢ = 24 Process #2 generates Yop = F(zat, et) units
of output, where €y is another stochastic shock and 0 < aF/az2t = Fz £ 1. To
obtain the reduced form variables used in the main text, define revenue as

'1't ol T T and after tax income as Ve = ¥qp * Yor - Tt = (1 - Tt) PP
F(Y

£~ trer )

The idea is that process #2 is less efficient than process #1, but that
the government cannot observe how much a certain individual uses process #2,
i.e., that it cannot tax it. For example, process #1 may be regular work
while #2 is work at home. (Alternatively, the same setup could be interpreted
in terms of a labor-leisure choice, if one replaced ¥¢ in budget constraint (2)
by y4¢ - Ty and replaced preferences by ﬁ(ct, £2t, Ber V) = u(ct + Fay, €),
8 1))

Taxation is generally distortionary, because it can only be levied on

process #1 and therefore induces individuals to shift resources to the less
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efficient process #2. Lump-sum taxes are obtained in the special case when
FL(O, et) converges to zero.

The main task is now to impose sufficient conditions on the basic
production process to make sure- that the reduced form derivatives have the
correct sign. The only significant complication is that too strong substi-
tution between the production processes may generate a Laffer curve effect.
This possibility makes the assumptions complicated. In detail, I assume that
the production process Yor = F(22t, et) is continuous, has continuous partial

derivatives, and satisfies the following properties:

Assumption: Given the initial value of debt D, _, and given any values of

€ps *t on the support of their distributions, there is a value %, 0 < % <

Yt =1+ *t’ such that

(1a) th <0, (1) er >0, (2a) Fzzz 20, (2b) Flle 20,
(3a) a

(-Flz) (Y, - 2,,.) - (1 - Fz) >0
for all 4* 2 0; moreover

t 2t

(3b) (1 - F (2%, e) - (Y, - 2#)) > max(R - Dy_,, 0)

(3¢) lim a = O.
9. +0%

2t

The assumption looks complicated because of a Laffer curve effect. Tax
revenue is supposed to rise initially when the tax rate and 12t are increased.
This is condition (3a). But revenue is zero at &, = Y. Condition (3c)
defines &* as the level of nontaxed activity that maximizes tax revenue.
Hence we are only concerned with the properties of F() for Loy S LE,
Conditions (1a, b) guarantee that a shock € raises Lo (3b) guarantees that
it is feasible to finance the debt, and (2a, b) assure that the derivatives of
the loss function h() have the signs that intuition suggests. Notice that

(3b) just requires that initial debt is low enough. There are functions that
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satisfy the assumptions, e.g., F(%, €) = £ - a - (2 - e)2, L% = (1 + vt -
ét)/2, provided |vt| < 1/8 and |e | < 1/8 are bounded and R - D,_; is small
enough (e.g., zero).

Suppose tax rates are in the interval 0 < T, < Fz(z*, et). Each

individual maximizes (1) subject to (2) where

Yy - Tt = z1b-(1 - Tt) + F(zzt, st), 21t + £2b < Yt’ 21t, zgt 20,

The Kuhn-Tucker conditions for optimal labor allocation are (using the facts

» *
that Lo, S A* K Yt and Fz > 0 for Loy S & )

1 - T - Fz(£2t, et) +i =0, A 2 o, Ag ¢ gy = 0.

The solution is g5, = 0, if t, < 1= F (0, ¢,) and 1, = F;1(1 -t €y), if
1 - Fz(O, et) < T <1 - Fz(z*, et). Notice that the solution involves only
T and s i.e., it is independent of the choice of consumption or any other
variable in the individual's problem.

Next, one can express the individual's solution in terms of the reduced
form variables. The case T, <1 - FQ(O, st) is the situation with nondistor-
tionary taxes. We clearly have Tt =T Yt, Yy = Yt’ and h(-) = 0. Then
marginal changes in € have no effect on the allocation. The more interesting

-1
- » - - -
case is Fg(O, eb) SR 1 F!(z , et). Then 2y = Yt = Fz @ Ty et),
-1
T, = tt(Yb - F, (1 - Ty et)) = T(Yt’ € rt), and y, =Y - H(Tb’ st),
-1 -1 )
where H(t,, €,) = Fp (1 -1, e, ) + F[Fz (1 -, e), et). Notice that aT /

3T = ¥y - fop + T /Fyy = V/(F) - [(F) - (Y, - 2,.) - (1 -F)] >0, hence

t 2t

we can write T r(Tt, wt, et). Then h(Tt’ Yt’ et) = H(r(Tt, Yt -1, eb), et)
is the loss in output as the result of distortionary taxation. The partial

derivatives of h(:) are
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= - . . -_2
hT = Tt/a >0, hs = hT e Fle - Fe , hY = rt/u <0
hTT = =F /a+1 /a3(-2 . F _ +48,, -F _)>0
L2 t L9 it e

T 3(5.. . 2,
hTe =z Tt FLE/G (-2 Fzz + 11t Fzzz) + Tt/c E'“e >0

- 3 . .
hTY = -Tt/a (2 Fzz + T Fzzz) < 0.

For the general theorems in Appendix A.2 one needs he < 0, which can be
assured by assuming that Fe is large enough. The intuition that € largely
causes incentive effects and that by is largely an income change corresponding
to a situation in which he, hTw’ and h* are small in absolute value. Overall,

theis model of taxation yields tax distortions of the type assumed in the

text.

A.2. Results without Simplifying Assumptions

In this appendix, I will show that the qualitiative implications of Theorems 1
generalize easily to a setting where new shocks generate repeated policy
changes and where consumption ¢ and government spending g are not necessarily
separable.

Since the empirical literature (e.g. Aschauer (1985)) suggests that
private and publically provided goods are non-separable, I will generalize
utility (1) and assume that individual utility is a function u(ct,
8t yt) that is increasing and concave in ¢ and g with uCY = 0 and ucY > 0.
However, even though I want to allow for substitution between ¢ and g, I do
not want this issue to dominate the analysis. To limit substitution effects
it is sufficient to assume that goods c, and g, are not complements in utility

50, Uc -

and that none of the goods is inferior. Formally, this means u e

cg

(uc/ug)ucg < 0 and ugg - (ug/uc)ugg < 0.
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As example, consider utility functions of the form v(ec + ag) with
0 s a <1, which are popular in the empirical literature (e.g., Aschauer
(1985)). They imply that government spending is a partial substitute for
private consumption. But functions of this type do not provide a motivation
for government spending (the optimal level of g would be zero). If we
supplement such a function by some additional preference for the good g that
motivates its existence, e.g., v1(c + ag) + vz(g, Y), the complete utility
function satisfies my assumptions.

With these assumptions, the social planner's problem of finding
equilibrium consumption, government spending, taxes, capital, and debt can be
solved by dynamic programming. State variables are initial capital and debt

and the random shocks. Let

|
f §7 s uley iy By ve )] (5)

V(Kt’ Dt) = max E 1

t+1[i

be the value function. It indicates the maximum welfare from period t + 1 on,
where the maximum is over choices of consumption, government spending and
taxes subject to budget constraints (2) and (3) and the condition that the

function for output (U4) is satisfied in each period. The problem in period t

is to solve
V(K. _q, Dy_q) = max ule,, g, ) + 8- E,V(K., D) (6)
subject to
K. =R - L Yo - e - 8 - h(Tt, Yoo st) (7
D =g +R-D._,-T . (8)

The first order conditions for optimal consumption, government spending and

taxation are

3.5.22



uc(ct’ - Yt) -8 - Eth(Dt’ Kt) =0, (9)
ug(ct, Bes Yy) * O Et{VD( D, K.) - V(D s xt)] =0, (10)
§ - E [-ho(Ty, Yp,ep) - Vg(Dy, K.) - Vp(Dy, Kt)] =0 . (11)

The solution to this problem is a mapping T from the state variables (Kt-1'
Dy_1s Yt’ € yt) to optimal values (cy, K¢, 8¢ Ty D¢) = r(Kt_1, Dy _q»
Yo, €ps Yt).

Note that the system I is highly nonlinear so that random shocks may have
complicated effects through expectations and risk attitudes. Since the only
function of random shocks is to provide a motivation for some noise in the
macroeconomy, I will assume that the distribution of shocks is sufficiently
tight, whenever derivatives could not be signed otherwise. In addition, I
assume that a solution I exists and that the value function is striétly
concave at the solution. (An existence problem might arise if financing the
debt is not feasible; i.e., we assume that initial debt is sufficiently
small. The value function is always weakly concave and it is strictly concave
if the game ends after a finite number of periods. We exclude the degenerate
case that VggVpp - VgK converges to zero in the transition from a finite to an
infinite-period economy.)

Generalizations of Theorem 1 and its corollaries are based on a

characterization of the mapping r. The general theorems are:
Theorem A1: The mapping T has derivatives as indicated in Table A1l.

Theorem A2: Consider all realizations of (Kt-1’ Dy_q» Tir €ps yt) that

satisfy og, = 0 and

Y. -Y¥ =h(T*, Y

. \) - n(T*, 0, 0). (*

g €
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Then Act > 0 if and only if ADt = -ATt > 0.

Theorem A3: MPCY > MPCT > 0. (MPCT/MPCY) +1 as Uog * 0.

The condition (*) on Yy in Theorem A2 is a generalization of condition
(8) to arbitrary rather than only infinitesimal changes in taxzes. Theorem A2
shows that consumption and taxes always move in opposite directions as long as

government spending and before-tax income are held constant.

Proof of Theorem A1: I prove the results in Table A1 first for a truncated
economy by induction and then take the limit. The steps are straighforward
but extremely tedious. Essentially, one has to solve 3 first order conditions
and two constraints to determine the 5 endogenous variables as functions of
the 5 state variables.

It is necessary to define some notation. For the infinite horizon

economy, let UiJ = GEtViJ; i, J =D, K. Let fT =1 + hT, and
UKK UKD ucc ucg

U= R u= ’

Upk  Upp, lUge  Ygg |

Ugo * Uy ez * Yk - Uk +hplpe + Upp \

8= oo * Yog ~ Ygp gg 1cg * Upp - Ugp “hpUxp - Upp ;

2 -fTucc * U Ug " fTucg ~Bpll, !
//Rolhx R - Upy -h_ - U 0 U - (1 ‘hv))
B =; -R - Uy -R - U h - Uy Uy, “Upg - (1 - hv),
‘ 0 0 hp, - u, ~Ugy hpy + U, ,

305.22
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where the Jth columns of @ and B are denoted by QJ, Bj’ respectively.
Suppose our game is ended after a finite number of periods, T. Terminal
- - t-1
values Dp = Ky = 0 are given. Define a value function V (Dt-l’ Kt-l) by

T-1 1

v = max u(cT, Brs YT), v® - max u(ct, -9 yt) + GEtvt+ , t < T, where the

maximum is taken subject to the budget constraints.

For the truncated economy, define nt and BY analogous to @ and B with Uij
replaced by Ugj = astvgj. Let cé, cg, gé, g;, Tg, and Té be the derivatives

of Crs Bp» and Ty with respect to changes in state variables D, _, and K¢ _j.

For the induction, it is useful to define the expressions

t

t t t
(u DK

. _ ot gt t ot ot -
1 88 c8

) t t
kg *u U X =u (u

cg DK’ 72 ce’ DD ~ ‘"ee ucg)U

X )U

E .t t.t ottt bt .ttt £ttt
X3 = (ugg = Ueg)Ugg = UooUpgr Xy = Upg + Bplggs and Xg = Upp + Bylpg

(where superscripts indicate the period). Note that

t . Xt

t t t t t oiod
2”] = -u, * hpp o (Ju®| + Ju”| + Xy + X5 3) + |u’| - AUR' + |U] - fuf

Then we can obtain the following results.

Lemma 1:
For the final period t = T, the derivatives of the endogenous variables with

respect to state variables satisfy

ci >0, gﬁ > 0, gg <0, (A1)
£ t
and TD>0,TK>0. (A2)

Proof: We have to maximize

U[R « (Kp_y + Dp_) + Yp = Tp = 0Ty, eqy Yp), Tp = R« Dy gy yt] ,

3.5.22



which leads to the first order condition u8 - (1 - hT) S u, = 0. Taking the

total differential implies -
Ty = R/A - (ucg - (1 + hT)ucc] >0

Ty = R/A - (ucg - Ugg * ( 1+ hT)(ucg - Ui )) >0

gp = Tp - R = -R/A + [hpqu - hy « (u, (1 + hy) - ucg)] <0

gK:TK)O

ey = R= (1 +hp)Ty = R/A - [hgqu, - gg + (1 + hT)ucg] >0

(1 + by)Ty = R/ - [hppug + hy(ugg - (1 + hp)u,] NE

2
ugg + 2(1 + hT)ucg - (1 + hT) U.o > 0. QED.

p=R

where A = hTTuc

Lemma 2:

In period t - T - 1 we have

UIEK <0, |Ut| > 0, lntl <o, (A3)
xt > o, X5 >0, xg >0 . (Ab)
xg <o, xg <o. (5)
Proof: The envelope conditions are V§°1 = R Etug and VS" = R Et(uz - u;).
‘Therefore,
UE&‘ = RS Et_1(uzcc§ + uzgé)
U§51 = USE1 = R¢ Et_1(ugcc§ + ugggg)
= RS By [(ug, - uldeg + (uly - ul gl
0851 = RS Et-1[(u§c - ugg)cg * (uzg - ugg)gg]
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Using the results of Lemma 1, we obtain for t = T

Uéi‘ = 61R2E [}u |7a - (hTTugch - |ut|)] .
We know that Iutl > 0 and ugc < 0 by concavity of u(); also A > 0, u, > 0, and
hep > 0. But we do not know the conditional covariances between these
expressions. Here we need the assumption that shocks are sufficiently
small. The conditional covariances are of the order of magnitude of the
variances in the shocks; hence for small shocks U§i1 < 0 follows from

Et_1|ut| >0, E ,u° <0, E_,A>0,E

t-1"ce ' Tt -1
on we will use the assumption of small shocks to sign expressions without

u > 0, and Et 1hTT > 0. From here

mentioning it explicitly. Note that we do compute the exact solution to the
dynamic programming problem; the assumption of small shocks is only considered
as a sufficient condition for the characterization of the exact solution.

Next,

b1, _ telbel _ nt=112 _ (252 £ttt
[U"77| = U Upp - (Ugp )° = 8 R Eg. u®lCep - 8y - e * 8p)

2.4 t t
§°R Et_1l“ [/Et_@ . Et-1(h'r'r“c) >0,

) g1 t=1y.t E=1  t=1y.b Y.t
GREt_1[((ugg = ugg Jugy + (ugy - u u” Je

t-1 t-1, ¢ t-1 t-1, ¢t t
+ ((ugg - Uog )ucg + (ugy - Usg )ugg)sK]

t-16-1 _ b-lyt=hyp  oF

gg Yee cg cg ' t-1K > 0

= 8R(u

where we approximated (using the first order condition u§'1 = &REt_1(u§) and

the assumption of small shocks)

t-1 ¢t t-1. ¢t t-1 t 1 t-1 t-1
Et—1(ugg Uso ~ ucg ucg) = §R{u ag cc - ucg ucg y >0

*
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Et_1(u;;1u§g - z;lu;g) =0,
Using similar approximations, we get
R R (A A o A
+ ((uz8 - ugg)u§;1 (uZ;1 u§;1)u§g)gg]
« -sR[u*""|E, _gf > 0
57 = ore (g - ugg Dl - - eEut e
* ((“2;1 - u§;1)u§g il (“zz ugz)u§;1)g§]
= SRIut'1]Et_1g§ >0 .
Using these results, lnt'1l < 0 is immediate. Moreover, Vg'1 = REt(ug -
u; = RE hiu® implies
U - ReE, _, [-Bi(ul, - of + ugg - gg) - heubrt]
Uy = ReE,_[-hrtu, - o ufy - gb) - nbube?]

Using these alternative expressions,

B R (g7 bpu) (g, - o ol - gDl - nbutrt]
Note that Et_1(h;'1- h;)ug = u;'1 - u§'1 + aEt_1vg = 0, hence
X! 6RE,_,[-hiulrl] < o,
provided shocks are small. Similarly,
7 s o [0 D)l - of v uly - gDd) - nEutt)
= sRE_,[-nZuTl] <o . QED.
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Lemma 3:
Suppose (A3) and (A4) hold for some period t = 1 + 1, i+ 1<T. Then (A3)

and (A4) also hold for period t = i.

Proof: Let t = i + 1. The endogenous variables satisfy the first order

condtions (9)-(11).
The first order conditions (10) and (11) can be simplified to
ug(ut, Byr Yy) - Ug(Cpr By Yg) + 8- Et[vg(Dt’ Kt)] =0,
ug(ut, B V) - (1 + hy(T,, ¥, et)) - u (e, By 1) = 0.

Taking the total differential of (9) and these two equations, we obtain

t t
Q’ - (dct dgt th)' = B - (dD

Dy oK

t
by deg dyg dYQ)' .

Then Cramer's rule implies

ac
t__t =R t Ery _ ot ot
" T Tt [nppug (X7 + 1U°1) = Cu - fqu ) - |U 1] >0
ct . 3et _ -R_ . [ u (u Ut - u (Ut _ Ut ) + lUtl)
D 3Dt-1 lgtl TT ¢ gg DK cg' DK DD
* nlugg - ) - U7
fplUgg = *r¥qg
g
t_ t _ _-R_ oyt t ]
O A [bpqug - X5 + [U5] - (ugg - £ - ug)] > 0
gt = agt = —R . [, ) (lutl + xt) - lutl . N (u - f . u )] < o
D= %, * b Bppc 2 by (Wog = £ Uge
aT
t t -R t t
Tk = = c[=qul - oxg o+ JUF] - (u £ )] >0
K= 3Ky 10 4 cg ‘T Tee
aT
£ _ t _ _-R .. t t, .
Tp D, _, l“tl [ |U|X5 + |u”] - (u £ou c)] >0
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In determining the signs, we also use the fact that fTucc - ucg = fT(ucc -

(u /ug)ucg) < 0 and ugg - fTucg z ugg - (ug/uc)ucg < 0. Analogous to the

Lemma 2 we get

t-1. t .t t
UKK = RSE, 1(u ok * Yg gK)
t t |t t
- -R? $E, [|U [(hTTucucc [u*]) + U lu”[]/]a%| <0

given that (A3) and (A4) hold for period t = i + 1.

t-1] | 422 t t

£, t L
|U §°R Et_1|u |(cDgK - c¢8p)

t

[(hTTu (jut? + ot |(x +X5 + x& 3+ x?

t
2

-ub Wt - ut )]

£
+ X (ugg ok ~ Yeg'Yok - Unp

- hppul (U] (su®e[Ub] + notnju®)))

2.4 t t £yt
* -8RE,_,|u"|/E._;[a"] - E_ (nui[Ut]) >0 .

The arguments for X?", XS“’, Xg"1 > 0 and ]nt"1| < 0 are identical to the

arguments in Lemma 2. QED.

Notice that Barro's (1974) case, h(-) = 0, implies that a, = 0. Hence
@] = 0 and the proof fails. This reflects the fact that then the mapping T

would have no unique solution.

Lemma 4:

Suppose (A3) and (A5) hold for some period t = 1 + 1, 1 + 1 < T. Then (45)

also holds for period t = i.
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Proof: Use the same arguments as in Lemma 2.
Corollary: (A1) - (A5) hold for all periods t < T.

Proof: Statements (A3) - (A5) follow by induction from Lemmas 2 and 3.
Inspection of the derivatives in the proof of Lemma 3 shows that they imply

(A1) and (A2).

Lemma 5:
Take the limit T + =. Then (A1) - (A5) still hold as weak inequalities.

Under the assumptions |U| > 0, all other inequalities in (A1) - (A5) are

strict.

Proof: As T + =, Lemmas 3 and 4 1mmediately imply U;K1 <0, lUt"1l >0,
t-1 t-1 t-1 - -1 t-1

2“7 <o, x1 >0, x2 >0, x3 >0, xu <0, X, ' $0. But the

recursion formulas show that the inequalities are strict in period t-1,

provided [U%| > 0 holds in period t. QED.
The other derivatives in Table 1 can be computed directly from
. L . '
Q (dct dgt th) = (83 Bu BS) (det—1 Ay, _4 dYt—1)

and the budget constraints (for dD; and DK¢). Using the results in Lemma 3,

we obtain
aD, : . ] - ]
- _-— . u X u
K tnl R
ES £
Dy lnl - [npgugClul + X7+ X ) - [UlCugg - Frieg) - [ulngy] > 0
3Kt [ ]
. =R, u (Ju| + Xt ) - lulX >
Ky |n| R
Vet Ja| [hppug(uge= ug) = (Uppm Upg) * Bp¥slul - by |U] (ugg- frog)]
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To compute the effects of Yy and ¢_, define

t’
A, = u (£.|U] + (u X8« u xE)/(-1ap) > 0
1 e\’ T gg y c 5

8
= u. (th - X5 - [uD/(-]a])

t Gt Lt
Ay = u (JU] + Ju| + Xp+ X5+ X3)/|Q| < 0.
Then
EEE - ny . 1 - hy . e, EEE hT . BE e,
= , -
3 £ Y 1 R aKt_1 aet € 1 R axt-1
g 1 -h ag g h_ 2g
SY'EthY'Az* RY aKt' sf'”re A2+'R_83Kt
t t-1 t t-1
Ty by s 1-hy T, Ty g - Ay h, 3Ty
= , =
Y, Y 73 R K, _, e, e 3 R 3K ,
aD 1-h aD aD h_ aD
t Y t t € t
—_ - (A, - A,) + . z - (A, - A,) + == ——
ar, = Py A2 - A R THPEE T T T U o A
K 1 -h K
_t_ . Y "t
¥, - hry t (Ay + By BpAg) + TH
K, h oK,
Fri AT VRS ol T

Note that A, - Aj = uc(X + fo3 + lul)/7(-]2]) > 0 and Ay + By + hphy =
t
2

u/|a| - (ht]ul + X5 - + ucg(uDK - Upp)), which may be positive or

gg DK
negative.

Then the signs in Table Al are obtained under the assumption that hTY is
small enough so that the expressions with (1 - hy) determine the sign of the
effects of Y and that he is small enough that expressions with hTs determine

the direction of the effects of €.. Finally,
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Q

0
i

=

£ _ _BY. - - -
TR [PppuoCugg + Ugg - Ugp) - frlYl uogfUR ]
g, -u * .

aYZ ) || ) ['hTTuc(ucc * UKK) * Yee ” nUR" + ‘Ul] > 0
aT -u : :

bt &Y. [ju] +x - nxf]

ad -u

_t _ _RBY . [. - . xt
ayt - o [ hTTuc(ucc * UKK) * (fTucc ucg) XH ] >0
B LY now(u - e U - u £l

v, Q ¢ ce cg KD ce' T°5° °

Proof of Theorem A2: The key observation for the proof is that the
assumptions select a one-dimensional subspace, a curve, out of the three-
dimensional space of realizations of (Yt, €t yt). An innovation like Act is
a function of the actual realization and can be determined by integrating the
partial derivatives of the variable along this curve from (Y, O, 0) to the
realization.

The endogenous variables c, 8¢, and T, are differentiable functions
of (Dt-l’ Kt-1’ Yt’ €y yt). Denote them by c(Yt, € yt), g(Yt’et' yt), and

T(Y ), respectively, at the given values of Dt-1’ Kt-?' Let innova-

g fer Ve
tions be denoted by A's, e.g., 8e(Y,, €, v¢) = e(Yy, gy v - e(¥, 0 ,0),
and derivatives by subscripts, e.g., ¢y = ACy= ac(Yt, st,yt)/aYt.

A debt-financed tax cut as specified in Theorem A2 is a realization of
(Y,, e» vg) in R3 in the subspace {(Y,, e, v,)|8g = 0, (*) holds}. Equation
(*) implies

dY,_ - h,dY

£ yd¥p - hsdet =0 . (46)

Since g, > 0 and hy < 0, the system of equations Ag = 0 and (*) defines
*
implicit functions y, = y*(et) and Y, = Y*(st) with derivatives ye(st) z

*
-ge/gY - gY/gY . he/(t - hY) and Ye(st) =z hs/(l - hY); the subspace is the
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curve (Y*(x), x, Y*(x)) in R3, where the index x is any number in the support

of €

Consider a specific realization (Yt’ €y yt)

"

(Y*(st), € r*(st)) on
€

: t
this curve. We have Ac, = Ac(Y*(e.), e, v*(e,)) = [ “c (x)dx and AT, =

0
fetT (x), wh (x) = Y*(x) "(x), T.(x) = T T,Y ( )
g x x), where c_(x) = c_ + ey Y¥(x) + chE x), T (x) =T + T¥ (x)+
*

TYYE(X)'

We have to prove that e, > 0 and ’1'x < 0. Using dg, = 0 and dYt = hE/

(1 - hY)dst in the total differential

Q(dct dgt th)' = (B3 84 BS) (det dyt dYt)‘

we get

»
3) (e v, T)' = By

(2, - By @ + hs/(1 - hY)B5

) »*
which is a system of three equations for (cx Y, Tx). Note that 83 + he/
(1 - hy)B; = [0 O z]' where z = “c(“Ts“ - hy) + hshTY)/U - hy) > 0. By

Cramer's rule, we get

t
0 0 Xu
t Yoy 2 t
cx = |0 1 X5 . Iy = ugY(-xu)Z/ﬁ <0
L hTTuc
and
T, = ugy(ucc + UKK)z/A <0 (QED).

Proof of Theorem A3: To derive MPCY, we have to consider realizations

(Y ) with the property Ag, = ATt = 0. Noting that dyt = dYt - hedet -

e ¢ Tt

hYdYt’ the total differential
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Q(dct dgt DTt)' = (B Bu BS) (dct dyt dYt)'

3

in the proof of Lemma 5 reduces to

g, de, = (53 +h /(1 - hY)BS)det + Bydy, + Bg/(1 - hy)dyg ,
(2,, -By, -By-h /(1 - hY)BS))dct de, dyy)' = Bo/(1 -hy)dy

which implies

MPCy=|(Bg/(1 - hy), -By, -Bgh /(1 - hY)BS)I/I(a1, - By, -By-h /(1 - hy)Bg) |

= UKK/(ucc + UKK) >0 .

t t t
1 showed above that MPCT = —cx/Tx(1 + hT)= Xn/(ucc + uKK)/(1 + hT) > 0, hence

8 = MPCT/HPCY > 0. To show that @ < 1, note that (1 - @) MPCy = MPCy -

- MPCT = 1/(fT(ucc + UKK)) . (UKK - UDK)’ where u,. + UKK < 0. Hence, we

have to show that UKK - UDK < 0 for ugg < 0 and UKK - UDK = 0 for ugg = 0. As

in the proof of Theorem A1, we start with a truncated economy and use

: 0 B t,t t t .t .t
induction, which yields UKK - UDK = &R Et—1ucc(cK - cD) + ucg(gK gD). If
the game ends in period T, Uig' - Ulz' = 6R° Ey_q[hgqUn uzg - £lu’|]/a <o.

t t
if UKK - UDK < 0 for some period t < T, then

-1 _ o2 ¢ £t £ Erot
Ugg - Upg = SREq_y (107 (hgquguce = £plu™]) + hppug [u”] Uy

UDK)]/(-[Q|) < 0.

. t t
By induction, UKK - UDK < 0 for all periods, hence UKK - UDK € 0 in the

infinite horizon game. But if UKK - Upg 0 in period t, the recursion

3.5.22
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formula implies that U, - UDK < 0 in period t - 1. Hence UKK - UDK < 0 holds

KK
for all t.

If u + 0 th < i + 0.
- e assumption ugg < (ug/uc)ucg < 0 implies ucg 0. Hence

w? + 0 and Ut - u!

|u] = uccugg - Ueg KK Kk 0 in the resursion formula above.

QED.

3a5¢22
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Legend:

3.5.22

Table A1
on
ct + ? + - +
8¢ + - ? + +
Tt + + - ? +
Dt ? + + + ?
K¢ + ? ? 2 +

the marginal effect is positive;
the marginal effect is negative;
the marginal effect may be positive or negative.



