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Al. The Log-Linear Approximation
The | og-linearized nodel can be sumari zed as follows. First, wages and the
return on aggregate capital are technologically determined by the capital

| abor ratio and the valuation risk from(6-7),

N N N
(A 1a) (WA = aXkt - axag,
N N N
(A 1b) Ris1 = - PRoKesL + PROBLAL + VT ROULa,
wher e Pre = (1-v/ RK) X 1-a)>0.

To satisfy the Euler equations (4), the bonds and equity returns nust vary
with the capital-labor ratio in the same way as the return on capital.
Their dependence on shocks is different, however, and they generally have
non-zero intercept ternms because of risk prenmuns. Specifically, safe bonds
have a predictable return

/\b N
(A 1c) RPt+1 = PRo, Ot - PRKKt+1

and equity has a return that depends on | everage and on the relative-return

shock,

N N N N N
(A 1d) Ret+1 = PRre,0t - PROKt+1 + 1PReBr+1 + | W/ ROVL 41 + PRre, mi M +1
wher e Pre,mt = | (1- v/ RK) +pymv/ RK] >0.

Second, consider the decision problem of the young. In equilibrium
bond and equity prices nust be such that the young hold the entire net
governnent debt and all capital except for social security equity hol dings.
For given policy rules, the consunption-savings decision of the young can
be interpreted as a decision about how wages minus cash flows to the
gover nnent are divided between consunption and aggregate capital
i nvestment. Let

yh = w/A(1-q) - tL/ A - (di-iPesy) + i8psy
be the wage inconme nminus total cash-flows to the governnment, all defined as

productivity ratios. Then the decision problem of the young is to divide



their exogenous “di sposabl e income” yli = c1i/A + ki+1 into consunption and

i nvestnent. 1 The deviations of yl; fromthe steady state are given by

(A le) Qlt = Py1o + pylk’*/;t + pyla"/;t + pylv"?t + pylrﬁ;\ﬁ

wher e pyia = - a + (1-a){ R/ anxd-s)+RK ani »%e1-v/ R} /yl,
pyik = a + [(1-a) % 1-v/ RX) +a] R0/ anx d-s)/y1,
Pylv = Py1rt ¥/ R, and Pyim = Py1RPRe, m

where an=(1+n) X 1+a), and pyir = st. 148 . R an/yl. Note that py1rR>0 iff i€>0.
Thus, pyia is negative for sufficiently small d and s and rising with d-s
and i€ Pyiv and pyim are positive and proportional to i€

It is straightforward to show that the young divide their incone
bet ween consunpti on and savi ngs such that the coefficients are proportional
to the yl-coefficients (see Bohn 1998). For all state variables z = k,a,v, m

N
the coefficients for ki4+1 are
1+ k/(cl A
A 1f =
(A0 Pk2 = b + PRI N + kI (U A)

X Pyiz

N
and the coefficients for the consunption-productivity ratio (cl/A) are
_ (1+k/ (Y A) x(pcok + pre h)
~ Pezk *+ PR N + K/ (cl/A)

(A 19) Pc1Az X py1, zt-

Rel ative to the pyj; coefficients, the capital coefficients are scaled up or
down depending on whether peok + pr/h is above or below one. If the
elasticity of substitution 1/h is high, the pkzcoefficients are small and
the pciaz-coefficients are large. Then the capital |abor ratio quickly noves
towards its steady state after any disturbance, and individuals are wlling
to tolerate the inplied variations in consunption.

Third, consider the —consunption of the old. Since period-t
productivity is known when generation t nmkes savings and investnent

decisions, it is convenient to focus on the ratio of ol d-age consunption to

1y call ylt the young generation’s “di sposabl e i ncone,” al t hough the cash flows to the
gover nnent i ncl ude vol unt ary debt and equity transactions. Intuitively, one can think of
i ndi vidual s as doing all capital investment and selling some of their equity clainms to
social security.



| agged productivity, c?i 41/ A, r at her than the ratio to current

N, N
productivity. Its deviation fromthe steady state, c% 41 = (cé\/A)t+1+at+1, is

gi ven by

n A N A A
(A lh) Cot+1 = pC2,0t + ch,kt’kt + pc2,at>at + ch,vt"/t + pcz,mm

K i€y 1- _
wher e peza = (1-a){ 1 - Rk>k>v/an+R>l>s>12>(1 v/ RK) +RPX( d s)},
(c4l A)
= ) R RO 18549) _ _ Pre,mROsHC
Pc2v (02/ A) y Pc2m (CZ/A-) ,
beok = a + (1-a)x"LAMK [ oy 1w Rk +a] X O-S)

(2 A) (c2/A)’
and (c2/A-) denotes the steady state of c2¢i1/A:.

These coefficients confirmthe intuition explained above. |f |5%8<k
(the trust fund holds less than the entire capital stock), v>0, and d-s is
reasonably small, pec2a and peoy are positive and declining in i€ That is,
the old are exposed to productivity and valuation risk and their exposure

declines if the trust fund hold nore equities, as clained above. Their

exposure to productivity risk also declines with d-s, i.e., when there is

nmore public debt. Finally, the m-shocks are irrelevant if i€=0 (pconF0);

but for i®>0, pecom is negative. This negative exposure to relative return

risk is an unavoi dabl e side-effect of trust fund equity investnent.

Since the old hold all private wealth, the risk premuns in asset
returns depend on the conditional covariances between returns and ol d-age
consunption. Assunming |log-normality, one obtains

N N
(A 1i) PRE © In(E[Re+1]) - In(RP41) = hoCOVi (Re;+1, C241) -

and PR o In(E[RAaal) - In(RPray) = hoCOV; (Rkg4g, €2 41)
Using (A.1b,d, h), these covariances can be evaluated as functions of the
covariance matri x of shocks weighted by elasticity coefficients.

For the welfare analysis, it is useful to apply a common factor to

N, N N
young and old consunption. In analogy to c?%, let cl = (cf/A)t+at, denot e

N
the | og-deviations of cli/A.1 fromits steady state. Wen a; is added, the



a-coefficient in the law of motion is raised by one while the other
N

coefficients remain unchanged; i.e., cli has coefficients pcia = Pciaz+l and

Pciz = Pciaz for z=k,v,m?2 Overall, equations (A la-i) characterize the

equilibrium allocation for any sequence of policy paraneters (di,st,i%).

The wel fare anal ysis considers variations in these paraneters.

A2. Welfare Analysis

Thi s appendi x explains the wel fare derivative (14). As explained in Section
4.2, Epstein-zZin (1989) type preferences are usuful in the sensitivity
analysis to calibrate the equity premium without |inking risk-aversion to
savings behavior (intertenporal substitution). To acconmopbdate this
generalization, the welfare analysis in this appendix is based on
preferences of the form

U = Tlh{ (cliye + rf B[ (c2p4q) (3-M]}e(1-N)] (1-h)/e

where r is the rate of tinme preference, h is the degrees of risk aversion,
and 1/(1-e) is the welasticity of intertenporal substitution. These
preferences yield the sane allocation as (A la-i), except that all prk/h
terns nust be replaced by pri/ (1-€).

In principle, the welfare function (13) could be naximzed over a
variety of policy instrunents, either chosen period-by-period or fixed for
all tines. Here | consider a nmarginal variation in a single policy
paraneter, taking all others as given. This choice setting is nobst rel evant
for the main application, social security equity investnents--assuning the

social security administration does not control other policy instrunents.3

2 The scal i ng by | agged productivity avoi ds an awkward property of productivity rati os:
General ly, a positive productivity shock a; has negative effect on ratio variables |ike

ylt, clt/At, czt/At, and ki4q (see, e.d., pyiain (A le)) even though it raises the levels
of income, consunption, and capital. In contrast, pclia = PclAatl is positive for
reasonabl e paramneters.

3 An alternative woul d be to examine the simultaneous choice of all pol i cy paraneters, but
that woul dinplicitly assune consi derabl e policy coordinationand, with a sufficient set

A-4



| further focus a one-tinme change in the allocation of risk, to highlight
that even one-tine changes have long-lasting effects. Milti-period or
per manent changes coul d al ways be interpreted as a succession of one-period
changes. Specifically, | assune that at time t=0, the governnment changes
sonme policy paraneter x so that the period-1 exposure of the old generation
0 and the young generation 1 to shocks is altered. (After period 1, the
all ocation of risk remains unchanged.) | consider a generic paraneter X to
show that the approach is quite general and could, e.g., be used to exam ne
a variety of debt and tax policies. The application to social security
equity investnents is obtained by setting x=sgi€o/ k.

Since the focus of the paper is on risk-sharing and not
redi stribution, | assune that the overall scale of determnistic
i ntergenerational redistribution matches the social pl anners welfare
wei ghts. That is, | focus on welfare weights such that the assunmed size of
social security (b), the level of government debt (d) and the allocation of
taxes (x2) would be efficient in a determnistic version of the nodel. G ven
t he resource constraint

Noele + Neo1e?e + G+ Kean = Yo + VK,
determnistic efficiency inplies the first order condition
(A 2) w(t)dU/deliotNe/ Neoq1 = w(t-1)>dU. 1/ dc?.
Since U is honmpbgenous of degree 1-hl, balanced growh and the
transversality condition require that w(t) = wisN is exponential and
proportional to population and that w"' = wx1+n)x1+a)l-h satisfies
w'T(0,1). (Arbitrary welfare wei ghts coul d be accormpdat ed wit hout changing

essential results, if one took the perfect foresight path of the

of instruments, end up yielding the first-best allocation, which is nmore conveniently
obtai ned directly; see Bohn (1998).



determ nistic econony as baseline for the log-linearization. But that would
conplicate the exposition w thout providing new insights.)

A subtle point concerns governnent spending. Spending in proportion
to GDP is reasonable for nmodeling the time series of government spending,
but endogenous spending woul d distort the planner’s problem just like a tax
on output. Hence, | assune that spending is proportional to the GDP of the
original allocation, but exogenous at that Ilevel and not varying wth
alternative policies.

In general, the welfare effect of a period-0 change in a policy

paraneter x is given by differentiating (A 2),

dvgy S du dUp dc?y

(A3) d = Fol A WO = NoEal oz <, ]
¥ t du dcl dU  dc2 t+1
+ Eg[ ta—l NV{‘T dx + dC2t+1A }

subj ect to the macroecononic dynanics approxi mately characterized by (A la-
h). The period-1 policy change has direct effects on the state-contingent
consunption at time t=1, i.e., on cl; and c?; only. But additional
“indirect” effects arise changes in the period-1 incone of the young affect
the state-contingent path of capital accunulation; generally dcit{/dx =
dciy/ dki>dke/ dx is non-zero for all t32.

In the context of a first-best welfare naximzation problem the
indirect effects could be ignored with reference to the envel ope theorem
Future policy choices would be such that the benefits of capital
accunul ation are allocated efficiently across future generations. But if
future policy is taken as given, changes in future capital stocks induced
by a t=1 reallocation of risk will have a non-trivial inpact on future

gener ati ons.



The envel ope theorem can be used, however, to wite the inpact on

generations t31 as

du dcl; dU  dc?i 4 dkt
- wi * X
(A 4) Eo[ ] wONeoEol { g7 dkt 42 ar dke ]

d dc?2 dk dk
0[{‘1*%1: d}ll(tt dczt 1)( dktt+1 = Rkt +1>At dlt(:l)} t]

ult - (1+n) w24,

du  dyl; dkg dy t+1 dkt+1
1, = 2
where utt = Eo[m x—dk ] and u4 41 = Eo[ Tqu dkt+1 ]

The first equality holds because generation t optimzes over ki41 and
dcli/ dki=A¢ X dyl;/ dki- dki+1/ dk¢); the second follows from the resource and
technol ogy constraints.4 Thus, the indirect welfare effects depend on how
changes in capital affect future generations’ disposable income yl. |If
(A.4) is used in (A.3) and the sumis re-arranged by periods (rather than

by cohort), one obtains

d dUp dc?q by
(A3) =N o[dcuzo o) ¢l & woN{ul- (1o i} )
dYp d 1 5 i1 1,2
= Nox Eol g 3.4 B0+ waemyuly) ¢ A wiBNo(wul- u2).

t=2
The terms wxuli-u?; would be identically zero in a first-best allocation,
because a first-best allocation would require (A.2) to hold in every state
of nature (see Bohn 1998), which inplies wwli=u. But for given policy
rules, (A 2) is non-zero along nost sanple paths--even though |I assume that

(A.2) is zero in expectation to renove pure redistributional issues. Gven

4 Let Crt +1 be the cash-flows fromthe governnent to the old (all non-capital incone), so
t hat Czt +1 = F\’kt +1%(kt +1%A) + Crt+1, then
dc?t +1 dRt 41 L 4G+, dke+g
dky [%t +1%A + Kt +1XA["dkt +1 dkt +l])‘ dki

ki+1 dRSt+1 d(W At +1
1+at+1xd|<t+1 = -(1+n)><— so that

dki +1
dc?t 4 dW A t+1  dCFt+1y dk+1
dk; - Ry dk = - (wmxa g P - G ) Tk
Si nce cash-flows to the ol d nust conme fromthe young (by t he governnent budget identity,
hol di ng real spending constant), the termin bracket is
dwAt+1 dC+1 dyt +1
(1+n) xA¢ 41 % dkt +1 - dkt +1 = (14n) xAp 41% dkt +1

whi ch expl ains the format of u2t +1 and its negative sign.

By Euler’s |aw,




(A.2) is zero in expectation, the expressions in (A 3 ) can be interpreted
as covariances between nmarginal utilities and policy-induced changes in
incone. Intuitively, a policy change “inproves” the allocation of risk, if
it gives additional income to a cohort in those states of nature in which
its marginal utility is above the (w-weighted) marginal utility of the
ot her cohort.®

Simlar argunents apply for the period-1 tradeoff between cl; and c?j,
the first two ternms in (A 3). Since generation 1 optimzes over kp the
rel evant tradeoff is between c2; and yli. A policy change inproves the
allocation of risk in period 1, if it gives additional incone to the old
(raises c27 and lowers ylq) in states of nature in which dUydc?; is above
wxdUy/ dely.

To obtain (14), consider the case of x=i®g o/k (so that x can be
interpreted as the fraction of the capital stock held by social security),
use the macroecononic dynanmics of (A la-h), and take log-linear and |og-

nor mal approxi mations. Then (A . 3') can be witten as

dw _ - 0 dpc2 - dpk
(A 5) Tax = MwDWLRCOV(- TS s+ hWDW( P, 5) X0VsX () s

dx dx dx

eDWrg
. 1 w*
where u = (dUp/ dc21)c2; and W = Y pvl*k are constants; COV.
(do ) (CZA)I(140) "~ 1-w p2 S

. . . AA A dpz s, . .
is the covariance matrix of the shocks (a1, vi, m); ( dx )s is a gradient

vector with elements dpyx s/dx (s=a,v,m; (pk,s)s iS a vector with elenents
Pk,s- Finally, the DWterns are
(A 6) DW = (Pc2s - Pcis) + (1-j) X h+e-1)/hpRrePks

where j = (cY/A®[(cl/ACrXc2/Ae(1+a)€ T (0,1) and

S Here one can see that setti ng (A.4) to zero in expectation is conceptually useful to
di stinguish risk-sharing and redistributional issues. If (A4 were violated in
expectation, certain policy changes nay be desirable or undesirable nerely because of
their deterministic distributional effects, which would confound their risk-sharing
ef fects.



(A7) DW = (Pc2k - Pcik) + (h+e-1)/hpref (1-]) Prkiti].

In essence, dWy/ dx is a weighted average of the DWterns. For each of
the shocks (s=a,v,m, DW neasures the discrepancy between dUy/ dc?; and
wxdUy/dcly in states of nature in which the respective shock is non-zero.
For exanple, consider a productivity shock s=a. For CRRA utility, the DW

terns reduce to DW = p¢c2s-Pecis, SO that (A 5) reduces to (14).

A3. Derivation of the Earnings-lncome Ratio
Let earnings Efy be the capital income of the firns in the social security
equity portfolio (axft) minus accounting depreciation (a constant DEP)
m nus interest expenses,

Efy = axfy - DEPKf; - (RPi-1)x1-1)/1 X
where Kfy are the firnis assets, which are | tines the firm equity. The
firms capital incone is the incone conponent of (10). It equals the firms
capital stock times the aggregate capital incone/capital stock ratio tines
the relative shock, Yf{ = Yi/K{sm. Using a log-linear approxination
around the steady state (around axf/ Kl = RK-1+DEP), one can wite the ratio

of firnms earnings to aggregate capital incone as
Et _ B aWt
(A.8) In(iaw) = In(Kf ) - In(iKf )

a XYy

K
»In( )+(IE~1)>{( )+IE>{n(m)—IX|%>¢n(Rbt)

E - R 1+DEP

wher e = W* >0 is the steady state ratio of firm earnings to

capital incone. In terns of innovations, unexpected changes in the
earnings-incone ratio are a linear conbination of productivity shocks and
rel ative earnings shocks, nanely

(A9) (1) - Eal (Ef1 V)] = (1B 1) (1-a) + | B,

as clainmed in the text (using Yi-E-1[ Yi] = (1—a)>at). Note that the ratio of

firm size Ky to the aggregate capital stock K is unrestricted in this



derivation. In the data, the ratio of S&P500 earnings to aggregate capital
i nconme displays a negative tinme trend. In the context of (A.8), this trend
can be interpreted as a trend in the relative capital stocks, and hence, as

consistent with the theoretical nodel.

A-10



