Supplementary Note on the OG Model

Econ 204A - Prof. Bohn

Here are some comments on RomerQOs exposition and on general OG dynamics. Read RomerQOs Section
2.9 carefully as it lays out the individual problem. In RomerOs Section 2.10, the key equation for the
dynamics is (2.59), or equivalently (2.67). Lotility/Cobb-Douglas is a special case. The OSpeed of
ConvergenceO section examines convergence in this special case. Romer then discusses the general
case, but without examining convergence. This note exantanvergence in general, as in class, but
provides more specialized cases as example.

Slight change to notation: Let me follow Romer and uséowthe wageper efficiency unit. LetOs denote peorker

wage income by \# wA; = wage per Aunits of work.

The individual problem with general utility function

Preferences: u(Ci)+!"u(Csyp)
Budget equation for workers: Cyt+a, =W,
Budget equation for retirees: Cop=U+r !y

For a graphical analysis, combine the budget equsitio obtain the Intertemporal Budget Constraint
Wi =Cy + 51— Coran

Ty

For the algebraic solution, there are several approaches: set up a Lagrangian with preferences subject
to IBC; solve IBC for ¢ and insert into preferences, then maximize witheespo G; or solve the

budget equations for consumption, insert into preferences, and maximize with respect to assets. The
latter yieldsu(W; ! a;)+ " #u[(1+ I;,) #&;] as the objective function. The first order condition is

—u'(W,—a,)+B-(L+ 1) u'(Q+r4) a)=0

The solutim is a functiona, = a(W,,r,,;) of the exogenous current wage and next periodOs interest

rate. Its derivatives can be determined by taking total differentials (or equivalently, apply the Implicit

Function Theorem):

[-u"(Cip)I(dW; —day) + Bu'-dry + (1+T4p) - U'(Copyy) - [dlyy + 1+ 1) - da ] =0
— [_””(Clr)]th+[ﬂu"drt+l_at(]+rt+1 )'“"(sz )]'drr+l
=> da[ = )
[—u"(Cy =17y )" u"(Cppy)]

Because uO<0, the denominator is positive; &lsoda,,q/dW, <1. The sign ofda,,1/dr, 4 is

ambiguous because substitution (positive) and income effects (negative) conflict. The properties of the
savings rate s=a/Wollow from the properties of a. Note that if utility is homothetic, optimal

consumption and asset are proportional to W, so the savings rate depends only on r and not on W.



Aggregate dynamics with general production function
The capital stock next periaghuals the savings of the perbdiorkers:
Ker = Le - aWh, fag) = L - Wi - S(WG, Frpq)
The labor force next period i&;,; =L;-(1+n). Productivity next period isA;;; =A,-(1+g).
Hence the capital labor ratio is

=L AW R WV :
k’[+1 T Ly A A S(\Nt’r’[+1) ~ (1+n)-(1+9) S(Wt At’rt+1) Wi

Note that the mrductivity index does not drop out, unless the savings rate does not depend on the

wage. That is, a steady state in an economy with productivity growth requires homothetic utility.

To focus on the role of capital, letOs express the wage as functioitaif cap
we = ko) ! k" F(ke) =#L (k)" f (k).

SOk L)y kSR
D="Fk) 1" g, “l-oxk)

is the labor share in output. To concluthe capitatlabor ratio in period t+1 is linked to the peribd

where oy (k

capitatlabor ratio through:
*) kt+1:W}(1+g)q" LK) ! (k)P ATl P (k) ! (K
Note that the returnr, ;= f'(k,;) depends on next periodOs capital. Hence equation (*) is an

implicit function for k+1 and cannot be interpreted as a Osolution@®:for k

LetOs consider some special cases (as applications/examples):

a. Homothetic (power or log) utiit
Then s,,1 = s(r,4+1) does not depend on the wage, so

@ Kint = grmpeg ST oL (k) (k)

look simpler. But itOs still an implicit function.
b. Logarithmic utility:

Then the savings rate is a constant, so

(b) ki1 = m oy (k) f (k)
Here the interdasrate drops out, which means that the equation provides a solution for next
periodOs capital stock.
Note that the dynamics are similar to the Solow model, but here the young generationOs savings
rate is constant, whereas Solow assumed a coraf@mégat savings rate. We know that f is
increasing and concave, but one cannot assert convergence or a positive unigue steady state, unless
one imposes restrictions on the labor share. For example, there may be multiple steady states if
o, (k,) is increasing in k.

c. Homothetic (power or log) utility and Cotitouglas production:
Then o (k,) is constant, so (a) simplifies to



(©) ki1 = m "s(r4)" f(k,)
This is again an implicit function, but the dependence on current capitareaby the (known)
production function.
d. Logarithmic utility and Cobibouglas production:

Then both savings rate and labor share are constant, so
_ 50y )
@ ke =g L Ko
Now next periodOs capital is directly proportional to current output. &peiny has the simple

concave shape shown in RomerOs Figure 2.11.

Convergence and Steady States

One can characterize convergence and steady states by taking the total differential of the mapping (*),
either in general or in the special cases. Monotonevesgence requiresdk,,,/dk, >0. Local

stability requires|dk,,1/dk, |<1. Uniqueness of a steady state is implieddi_,/dk <1 holds
everywhere along the 4degree line, because then the mapping cannot cross -thegéée ihe more
than once. However, even in the easiestublity and CobbDouglas case, local stability is difficult to
verify; in equation (d), for example, fO is arbitrarily high at levakies. For this reason, itOs worth

noting that uniqueness also folleuf

k dky, — din(ky, ) <1
ko, dk din(k,)

holds everywhere along the 4iggree line. Under this condition, the mapping drawn on logarithmic
axescannot cross the 48egree line more than once. Or equivalently, the elasticity of next periodOs

capital with respect tourrent capital must be less than one.

Examples LetOs go from special to general. One finds:

dkyy _ " .
¥Case(d): 3*= (1+;:)!(L1+g) Lf' (k)
L dkrﬂ — k’(H;s‘(LHX).f'(k[) — krfl(kt) —
or T dhy, T m g T =og(k,)<l.

(+n X (1+g)
The condition in logs is evidently more informative: stability and convergence to a unéquly st
state follows immediately for allzk0. Alternatively, one may compute the clodedn solution
for k* and evaluatedk, ,/dk, at k*; one would find that the derivative at k* also equals the
capital share. (See the endnote below on howtwpret the capital share.)
¥ Case (c): Here a total differential (or appeal to the implicit function theorem) is needed:

From Kk, = "S(riyp)" f(ky), one obtains

!
TFny(1vg)
dkt+1=m{3rf ~dryy +s- frdk}

andr, . = f'(k,) implies dr,, 1 = f"\dk, 4, SO



{ AN <1+g>f S } dkisy = <1+n><1+g) 5 fhedk;
or kkt Cgcl:l - aK (kr)
s Ak I Y s s, )
Note that fO<0, so the denominator is greater than,20fasd less than 1 if<0. The numerator

is bounded as in case (d) above. Thgs>0 is sufficient for a unique pdste steady state.

However, problems with existence and/or multiplicity of solutions may ariseisf sufficiently
negative because the denominator would then approach zero and might become negative.
dkt+
¥Case (0): G =iy [0 (k) £ (k) + 0y (k) £ (K]

k K _ '(k)E,
b ko priy L0k k) +o (k) f (kt)]‘O‘K(kt)J’aéL(kf) '

The logarithmic condition reveals that stability problems may arise if the labor share is an

or

increasing function of capital. Workers who earn an increasing share of output may save enough
that future capital responds more than-foreone b increases in current capital.

¥ Case (a): Combining a variable factor share and an intemstive savings rate, and again using
dr4q = f"!dk 4, one obtains

dk 1 = m'{()@f o8- fldkg oy s fldk +sf ooy -dkg

idkwl: 1 k +aLl(kt)kt

Now the elasticity depends a combination of interesfastic savings, capital share, and changes

in the labor shaié the same elements as above.

¥ General problem: Finally, (*) yields a similar expression as in case (a) but with an additional term

that reflects the impact of \gas through the savings rate (through-zero g):
dkt+1:m{0&f -5 - frdk g +og T8, AWy + oS- Tdk + sF- o " dke}

:m'{aﬂ -5 - frdk g+ A+o fosy - Aal9)- (s fhdk +sf- o dke)}

K, dkyg 1 K 4+ o (k)k 1+
> K 9 {1+(—f")(1+no)[L-(1+g)f~3r}{aK( ) o (ki) } { “Su)

Compared to case (a),0 magnifies the response of next periodOs capital stock, whgr€as s
has a stabilizing effect.



Two Notes on Depreciation

Depreciation is a complicating factor in the OG model. Two points are worth noting:

1. CobbDouglas production normally has constant factor shares. Recall, however, that we defined
f(K) =F (k1) -6k as output net of depreciation. If F is Cebbuglaswith capital sharex, then

w,=(11" )#k," has the usual power form, sp_(k;) =1—« is constantBut the marginal product

of capital net of depreciationr, = f'(k,)=! "kt" #lug is not a power function. Hence

'« (K)y=! " #/f(K) is not a constant. It is bounded from abovedbyhowever, so/ (k)" ! <1

holds in the stability conditions. With positive depreciation, the marginal product of capital net of

depreciation is negative at sufficiently high capital stock values.

2. One might think that a constant factor share of the young combined with a constant savings rate for
log-utility would imply a constant aggregate savings rate. Then thatitity/Cobb-Douglas example

would have Soloviype dynamics. This is only trueoWwever, if the depreciation rate is 100%.
Otherwise the old have old capital to sell, which means thegadis. With dissavings, the aggregate

savings rate is less than the labor share times the savings rate of the young, and it is not constant.



