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Supplementary Note on the OG Model  

Econ 204A - Prof. Bohn  
 

Here are some comments on RomerÕs exposition and on general OG dynamics. Read RomerÕs Section 

2.9 carefully as it lays out the individual problem. In RomerÕs Section 2.10, the key equation for the 

dynamics is (2.59), or equivalently (2.67). Log-utility/Cobb-Douglas is a special case. The ÔSpeed of 

ConvergenceÕ section examines convergence in this special case. Romer then discusses the general 

case, but without examining convergence. This note examines convergence in general, as in class, but 

provides more specialized cases as example. 

Slight change to notation: Let me follow Romer and use wt for the wage per efficiency unit. LetÕs denote per-worker 

wage income by Wt= wtAt = wage per At units of work. 
 

The individual problem with general utility function 
Preferences:    

 

u(C1t )+ ! "u(C2t+1)  

Budget equation for workers:  

 

C1t + at =Wt
 

Budget equation for retirees:  

 

C2t +1 = (1+ rt +1) ! at  

For a graphical analysis, combine the budget equations to obtain the Intertemporal Budget Constraint 
  

 

Wt = C1t + 1
1+rt+1

!C2t+1. 

For the algebraic solution, there are several approaches: set up a Lagrangian with preferences subject 

to IBC; solve IBC for C1 and insert into preferences, then maximize with respect to C2; or solve the 

budget equations for consumption, insert into preferences, and maximize with respect to assets. The 

latter yields 

 

u(Wt ! at ) + " #u[(1+ rt +1)#at ] as the objective function. The first order condition is 

  

 

!u'(Wt ! at ) + " # (1+ rt+1) # u'((1+ rt+1) # at ) = 0 
 

The solution is a function 

 

at = a(Wt,rt+1) of the exogenous current wage and next periodÕs interest 

rate. Its derivatives can be determined by taking total differentials (or equivalently, apply the Implicit 

Function Theorem): 

 

 

[!u"(C1t )](dWt ! dat )+ "u'#drt+1 + (1+ rt+1) # u"(C2t+1) # [atdrt+1 + (1+ rt+1) # dat ]= 0 

=>  

 

dat =
[!u"(C1t )]dWt

+["u'#dr
t+1!at (1+r

t+1 )#u"(C 2t+1 )]#drt+1

[!u"(C1t )!(1+r
t+1 )

2 #u"(C 2t+1 )]
 

Because uÓ<0, the denominator is positive; also 

 

0 < dat +1 /dWt < 1. The sign of 

 

dat+1 /drt+1 is 

ambiguous because substitution (positive) and income effects (negative) conflict. The properties of the 

savings rate s=a/W follow from the properties of a. Note that if utility is homothetic, optimal 

consumption and asset are proportional to W, so the savings rate depends only on r and not on W. 
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Aggregate dynamics with general production function 

The capital stock next period equals the savings of the period-t workers: 

   

 

Kt+1 = Lt ! a(Wt,rt+1) = Lt !Wt ! s(Wt,rt+1) 

The labor force next period is 

 

Lt +1 = Lt ! (1+ n). Productivity next period is 

 

At+1 = At ! (1+ g) . 

Hence the capital labor ratio is 

  

 

kt +1 =
Lt

Lt+1

At

At+1

Wt

At
s(Wt ,rt +1) =

1
(1+n)!(1+g) s(wt ! At ,rt +1) ! wt 

Note that the productivity index does not drop out, unless the savings rate does not depend on the 

wage. That is, a steady state in an economy with productivity growth requires homothetic utility. 
 

To focus on the role of capital, letÕs express the wage as function of capital: 

  

 

wt = f (kt ) ! kt " f '(kt ) = # L(kt ) " f (kt ),  

where  

 

!L (kt ) =
f (kt )"kt # f ' (kt )

f (kt )
=1"

kt # f ' (kt )

f (kt )
=1"!K (kt )  

is the labor share in output. To conclude, the capital-labor ratio in period t+1 is linked to the period-t 

capital-labor ratio through: 
 (*)  

 

kt +1 =
1

(1+n)!(1+g) s[" L (kt ) ! f (kt ) ! At,rt +1] !" L (kt ) ! f (kt )  

Note that the return 

 

rt +1 = f '(kt +1)  depends on next periodÕs capital. Hence equation (*) is an 

implicit function for kt+1 and cannot be interpreted as a ÒsolutionÓ for kt+1.  
 

LetÕs consider some special cases (as applications/examples): 

a. Homothetic (power or log) utility:  

Then 

 

st+1 = s(rt+1)  does not depend on the wage, so 

 (a) 

 

kt+1 = 1
(1+n)!(1+g) s(rt+1) !"L (kt ) ! f (kt ) 

look simpler. But itÕs still an implicit function. 

b. Logarithmic utility:  

 Then the savings rate is a constant, so 
 (b) 

 

kt+1 =
s

(1+n)!(1+g) !"L (kt ) ! f (kt ) 

Here the interest rate drops out, which means that the equation provides a solution for next 

periodÕs capital stock.  

Note that the dynamics are similar to the Solow model, but here the young generationÕs savings 

rate is constant, whereas Solow assumed a constant aggregate savings rate. We know that f is 

increasing and concave, but one cannot assert convergence or a positive unique steady state, unless 

one imposes restrictions on the labor share. For example, there may be multiple steady states if 

 

!L (kt )  is increasing in k.  

c. Homothetic (power or log) utility and Cobb-Douglas production:  

Then 

 

!L (kt ) is constant, so (a) simplifies to 
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 (c) 

 

kt+1 =
! L

(1+n)"(1+g) "s(rt+1) " f (kt )  

This is again an implicit function, but the dependence on current capital captured by the (known) 

production function.  

d. Logarithmic utility and Cobb-Douglas production:  

Then both savings rate and labor share are constant, so 

 (d) 

 

kt+1 =
s!"L

(1+n)!(1+g)
! f (kt )  

Now next periodÕs capital is directly proportional to current output. The mapping has the simple 

concave shape shown in RomerÕs Figure 2.11. 
 

Convergence and Steady States 

One can characterize convergence and steady states by taking the total differential of the mapping (*), 

either in general or in the special cases. Monotone convergence requires 

 

dkt+1 /dkt ! 0. Local 

stability requires 

 

|dkt+1 /dkt |<1. Uniqueness of a steady state is implied if 

 

dkt +1 /dkt < 1 holds 

everywhere along the 45-degree line, because then the mapping cannot cross the 45-degree line more 

than once. However, even in the easiest log-utility and Cobb-Douglas case, local stability is difficult to 

verify; in equation (d), for example, fÕ is arbitrarily high at low k-values. For this reason, itÕs worth 

noting that uniqueness also follows if 

  

 

kt

kt+1

dkt+1

dkt
=

d ln(kt+1 )

d ln(kt )
<1  

holds everywhere along the 45-degree line. Under this condition, the mapping drawn on logarithmic 

axes cannot cross the 45-degree line more than once. Or equivalently, the elasticity of next periodÕs 

capital with respect to current capital must be less than one. 
 

Examples: LetÕs go from special to general. One finds: 

¥ Case (d): 

 

dkt+1
dkt

= s!" L

(1+n )!(1+g) ! f '(kt )   

or   

 

kt
kt+1

dkt+1
dkt

=
kt

s!"L
(1+n )!(1+g)

! f ' (kt )

s!"L
(1+n )!(1+g)

! f (kt )
=
kt f ' (kt )

f (kt )
= "K (kt ) <1.  

The condition in logs is evidently more informative: stability and convergence to a unique steady 

state follows immediately for all kt>0. Alternatively, one may compute the closed-form solution 

for k* and evaluate 

 

dkt+1 /dkt  at k*; one would find that the derivative at k* also equals the 

capital share. (See the endnote below on how to interpret the capital share.) 

¥ Case (c): Here a total differential (or appeal to the implicit function theorem) is needed: 

 From 

 

kt +1 =
! L

(1+n)"(1+g) "s(rt +1) " f (kt ) , one obtains 

   

 

dkt +1 =
!L

(1+n)"(1+g) " { sr f " drt +1 + s" f '"dkt}  

 and 

 

rt+1 = f '(kt+1)  implies 

 

drt+1 = f "!dkt+1, so  
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1! f "
"L

(1+n )#(1+g)
f # sr{ } # dkt+1 =

"L

(1+n )#(1+g)
# s # f '#dkt  

 or   

 

kt
kt+1

dkt+1
dkt

= !K (kt )

1+(" f ") !L
(1+n )#(1+g) f #sr{ }

 

Note that fÓ<0, so the denominator is greater than 1 if sr>0 and less than 1 if sr<0. The numerator 

is bounded as in case (d) above. Thus, 

 

sr ! 0  is sufficient for a unique positive steady state. 

However, problems with existence and/or multiplicity of solutions may arise if sr is sufficiently 

negative because the denominator would then approach zero and might become negative.  

¥ Case (b): 

 

dkt+1

dkt
=

s
(1+n )!(1+g) ! ["L (kt ) f '(kt ) + "L '(kt ) f (kt )]   

 or   

 

kt
kt+1

dkt+1
dkt

= kt
!L (kt ) f (kt )

" [!L (kt ) f '(kt )+!L '(kt ) f (kt )]=!K (kt )+
!L ' (kt )kt
!L (kt )

.  

The logarithmic condition reveals that stability problems may arise if the labor share is an 

increasing function of capital. Workers who earn an increasing share of output may save enough 

that future capital responds more than one-for-one to increases in current capital.  

¥ Case (a): Combining a variable factor share and an interest-sensitive savings rate, and again using 

 

drt+1 = f "!dkt+1, one obtains 

   

 

dkt+1 =
1

(1+n)!(1+g)
!{"L f ! sr ! f "dkt+1 + "Ls ! f '!dkt + sf !"L '!dkt} 

  or   

 

kt

kt+1

dkt+1

dkt
= 1

1+(! f ") "L
(1+n)#(1+g) f #sr{ }

"K (kt ) +
"L '(kt )kt

"L (kt ){ } 

Now the elasticity depends on a combination of interest-elastic savings, capital share, and changes 

in the labor shareÑ the same elements as above.  

¥ General problem: Finally, (*) yields a similar expression as in case (a) but with an additional term 

that  reflects the impact of wages through the savings rate (through non-zero sw): 

 

 

dkt +1 =
1

(1+n)!(1+g) ! {"L f ! sr ! f " dkt +1 + "L f ! sw ! dWt +1 + "Ls! f '!dkt + sf !"L '!dkt}

=
1

(1+n)!(1+g) ! {"L f ! sr ! f " dkt +1 + (1+ "L f ! sw ! At +1 /s) ! ("Ls! f '!dkt + sf !"L '!dkt )}
 

 or 

 

kt

kt+1

dkt+1

dkt
= 1

1+(! f ") "L
(1+n)#(1+g) f #sr{ }

"K (kt ) + "L '(kt )kt

"L (kt ){ } # {1+ W
s # sw}  

Compared to case (a), sw>0 magnifies the response of next periodÕs capital stock, whereas sw<0 

has a stabilizing effect. 
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Two Notes on Depreciation 

Depreciation is a complicating factor in the OG model. Two points are worth noting:  
 

1. Cobb-Douglas production normally has constant factor shares. Recall, however, that we defined 

 

f (k) = F(k,1) !"k as output net of depreciation. If F is Cobb-Douglas with capital share α, then 

 

wt = (1! " )#kt
"  has the usual power form, so 

 

!L (kt ) =1"!  is constant. But the marginal product 

of capital net of depreciation, 

 

rt = f '(kt ) =! "kt
! #1 #$, is not a power function. Hence 

 

! K (k) = ! " #k / f (k)  is not a constant. It is bounded from above by α, however, so 

 

! K (k) " ! <1 

holds in the stability conditions. With positive depreciation, the marginal product of capital net of 

depreciation is negative at sufficiently high capital stock values. 
 

2. One might think that a constant factor share of the young combined with a constant savings rate for 

log-utility would imply a constant aggregate savings rate. Then the log-utility/Cobb-Douglas example 

would have Solow-type dynamics. This is only true, however, if the depreciation rate is 100%. 

Otherwise the old have old capital to sell, which means they dis-save. With dis-savings, the aggregate 

savings rate is less than the labor share times the savings rate of the young, and it is not constant. 

 

 

 


