Collection of Practice Problems
Econ 204A

Henning Bohn

In previous years, students have often asked me about practice problems in addition to the problem
sets. Here is a collectioBomewill be assigned for the weekly problem sets. | hope theotre
useful for practice.

RequestPlease tell me about errors or ambiguities. Many of the questions below are old exam
problems. As | am updating the course over the years, the notation, references, and sequencing has
changed, which means that some ptdblems may have lost educational value without me noticing
immediately. So if a problem seems obscure to you, please let me know. (Your incentive: your
problem set might shrink if you convince me that a problem is unclear.)

Part 1
1.1. Consider thewvo-period consumption model: Individuals have initial assets A, earn interest r on
assets, and earn wage incofmg,w,) . They maximizeutility U = u(cq)+ Bu(c,).
a. Assumeu(c)=1In(c).
i. Solve for optimal consumptiomd periodl asset holdings as functions of wage income, the
interest rate, and the tirtiscount factof. Discuss under what conditioasmarginally

higher interest rateeduces consumption. [Discuss means: Interpret the solution. Conditions
may be exact, or necessaoy sufficient. Hint: Distinguish cases withh =0 vs. w, >0 .]

ii. Show that the dependence of peribdonsumption or{w,,w,) can be expressed in terms of

permanent income.

e

b. Assumeu(c) = wc " wherey>0,y#1.

Do the same as in (a). In the discussion, identify which results apply foaall which ones
only forvy greater or less than one.
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1.2.Economists sometimes use tharginal propensity to consume (MPIG express the effects of
incomechange®on consumptionMPC is defined as the ratitic/Aw; of a changec;, in
consumption triggered by some chamge in the currentwageincomethatmay or may not be
accompanied by changes in future waddss questiorwill ask you to compute the MPC for
several scenariogHint: Use a spreadshefetr calculation)
Assumethe permanent income model wjglanning horizon oh periods Assume=1/(1+r) with
r=3% peryear. Assumezeroinitial assetgA=0).
a. Assume the time horizon is n=50 yeadrddrpretationroughlythe life expectancgt age30).
Determine the MPC from
i. a oneyear wage increase;
ii. an increase in wages that lasts 5 years;
iii. a wage increase that last for 35 yeamsujtion: until about retirement;
iv. a tax reduction for one year followed by a tax increase of the same size in the next year.
Discuss: How do the results compare? Do you find them surprising? Realistic? Why or why not?
b. Determine the impact of a ofy@arwage increastor consumers with alternative planning
horizons of, respectivelyn=1 year; n=2 years; n=10 years; n=50 years; the limiting case of
n=infinity.
Discuss: How do the results compare? Do you find them surprising? Realistic? Why or why not?
c. Suppose governmenthatwants toGtimulatéOthe economy through tax cuasks you ask you
about the impact of a tax cut on consumptMhatdo you answer@Interpret wage income as
wage earnings after taxgs.

Part 2
2.1. Suppose an economy has a production functierky* (in efficiency units), a savings rate s>0, a

population growth rate n, and a depreciation ra@ of

a. Suppose=1/3, s=0.2, n=1%, g=1%7=4%. What are the steady state value of the calaitelr
ratio, output per efficiency unit, and consumption per efficiency unit?

For parts be, assume the economy starts in the steady state derived in (a).

b. Suppose an earthquake destroys 10% of the capital stock. Sketch the time paths of thaboapital
ratio and of pecapita consumption. Compare to (a).

[To clarify: Percapita means per actual worker, not in efficiency units.]

C. Suppose savings are increased to s=0.22. What is the impact effect on consumption? What are the
new steady state value§the capitalabor ratio, output per efficiency unit, and consumption per
efficiency unit? Sketch the time paths of the cagihbr ratio and of pecapita consumption.
Compare to (a).



d. Suppose population growth is increased to n=2%. What arevhsteady state values of the
capital labor ratio, output per efficiency unit, and consumption per efficiency unit? Sketch the
time paths of the capitddbor ratio and of pecapita consumption. Compare to (a).

e. Suppose productivity growth is increasedt2%. What are the new steady state values of the
capital labor ratio, output per efficiency unit, and consumption per efficiency unit? Sketch the
time paths of the capitddibor ratio and of pecapita consumption. Compare to (a).

2.2. Suppose an ecamy has a production function y 3k{9-°>and a savings rate of 30%, a

population growth rate of 5%, and a depreciation rate of 10%. Productivity is constant.

a. What are the steady state value of the calaitalr ratio, output per worker, and consumptien
worker?

b. How do the values in (a) change if the savings rate is 40%?

c. How do the values in (a) change with 8% population growth (still 30% savings)?

2.3. This question is about economic growth wattogenous savings rate (s); rt@a as in Romer
unless noted. Assume production is Cdbtuglas:
Y =K%(ALy)"™
with capital shard) <! <1 and depreciatiod. Population L grows at rate n.
For parts (a)c): Assume total factor productivity A grows at an g&oous ratg, = g; the entire
population works in production,, = L. At time zero, the economy is on the balanced growth path.
a. Derive the steady state capital stock per efficiency unit of labor. Derive steady giateeut
efficiency unit. Derive a formula for pexapita output along the steady state growth path. [Derive
means: Show your work; no credit for memorized formulas.]
b. Suppose at time t=0, a genial discovery makes productivity A jump up by 100%. Riitducti
growth then continues at the original rate g.
i. Determine how the change affects the steady state output and capital stock per efficiency unit of
labor. Graph the time path.
ii. Determine how the change affects the output and capital stock peen@rkph the time
path.
c. Suppose at time t=0, the productivity growth rate increases §ipmg to g4 = &. [But there is
no jump in productivity levels.]
i. Determine how the change affects the steady state capit&ler efficiency unit of labor.
Graph the time path.
ii. Determine how the change affects the output and capital stock per w@rkeh the time
path. Is everyone better off with higher productivity growth?



For parts (d)e): Assume productivity grolwtdepends on research lakbg = s - L and on existing

productivity: A=" #L , #A' , wherey>0, 0< ¢ <1, and0< Sk <1 are parameters. Production

laborisLy =(1-sg)- L.

d. Derive the steady state growth rate of productivity. Show thatg@ta output grows at the same
rate.

e. Suppose at time t=0, the share of research labor is increa§gc 8. Graph the time paths of

productivity and of pecapita ouput. Is everyone better off with more research labor? Explain.

2.4. This question is aboatcontinuoustime Solow growth model with human capiféd) as
additional factor of productiorAssume prduction is CobkDouglas:
Y =K°HP(AL)"* B

A is total factor productivity (TFP). L is raw labd&apital K hagactorsharea>0, human capital H

has shar@>0, and1-a-B>0. A fixed share g>0 of output is invested in physical capital, a shgr®s

is invested in human p#al. Assume zero depreciatidRaw laborsupplygrows at a fixed rate n>0.

TFP grows at a fixed rate g>Assume
For parts (a) and (b), assufffres,=0, as in the standard Solow model.

a. Derive the steady state capital stock, steady state human capital stock, and steady state output, all
per efficiency unit of labor.

b. Derive the quantitative impact on steady state output per efficiency unit of labor ofiaaha
increase in changes (i} and (ii) $,. Describe under what conditionglgas a greater, smaller or
equal output effect ag.gHint: You are seeking a simple condition relating savings rates to
production parameters.]

c. Consider the limiting cas# + " ! 1. Explain why and in what sense growth becomes
endogenous in the limit. Derive the ecomyOs growth rafer the case+B=1 andg=0. What are

the determinants of the growth rate?



Part 3

3.1. Consider an individual with constant rate of time preferpnebho faces a given path of future
real wages w(t) and a constant interest rate r. The individual supplies onéwaik and maximizes
the utility function

max [eu(c(t))dt
t=0

where u(c) = —exp{—c - ¢} ando>0 is a constant parameter (This is known as the exponential utility
function with constant absolute risk aversai Initial asset holdingspaare given. Asset holdings
must be nomegative at time T.
a. Set up the Hamiltonian problem, apply the Maximum Principle, and derive an optimality condition
for dc/dt.
b. Derive the intertemporal budget constraint and solve for the optimal consumptiaftpath
[Hint: A differential equation of the form Odx/dt=constantO has the linear solution x(t)eq(@3tent.]

3.2. Consider an economyith utility-maximizing, infinitelylived households; notation as in Romer
unless notedAssume population (L) and the productivity index (A=1) are constant. Preferences are
max ;e’ u(C(t))dt,
t=0
where u is increasing and concave &/ <1. Capital accumulation is described by
k=f(k)-ok-c.
a. Set up the Hamiltonian, apply the Maximum Princiated derive a pair of equations that describe
the dynamics of capital and consumption.
b. Suppose a hurricane destrdwdf the capital stock. Describe graphically how consumption and the
capital stock will adjust over time.
c. Starting in a steady state with positive depreciation, suppose depreciation is suddenly eliminated,
0=0. Describe graphicallijow consumption and the capital stock will adjust over tisiéhere
a finite steady state?

3.3. Consider an economy with populationihat grows at the rate n. Outpuisyproduced with
physical capital K labor L, and human capital&tcoding to the production function
Y = Ke.HB.L1-o-B,
Consumption equals output minus intreent in K and H. Physical and human capital both depreciate
at a common rat&>0. Assume L=1 is constant. (Also, disregard any-negativity constraints on

gross investment.)



a. To start, suppose individuals invest fixed fractignasd $; of output inphysical and human
capital, respectively;xss4>0, +s4<1. Initial values g and H, are given. Does the economy

have a steady state in level and/or in-gapita values? Compute the steady state output and
explain how it depends on the model parameters.

#
b. Now suppose individuals maximizg' “u(C(t))dt where u(C) is increasing and concave.
t=0

Define the choice variables, state variables, and constraints of the problem. Set up the
Hamiltonian and derive the first order conditions for optimality. Comaphe steady state output
level and comment on how its determinants differ from the determinants in (a).

Can you determine the optimal steady state savings rates? What can you say about the
relationship between K(t) and H(t)?

3.4. Consider a continuotiBne representative agent economy with constant population L=1 and
constant productivity. Individuals have preferences
U= Ee! “u(C(t)]dt,
t=0

where u is increasing and concave. The stock of capital for the aggregate economy evolves according

to the equatiordK/dt=1"! "K. Government spending is a function of time G(t). The National

Income identity is given by = F(K,L) =C+ 1 + G, where F satisfies the Inada conditions. Taxes

are lump sum and equal to government expenditure in every period. The representative agent expects

that government expenditure will be constant over time.

a. Set up the representative agentOsamotAApply the maximum principle.

b. Derive the phase diagram and show that K converges to a steady state \iedue ay initial
value Ky. Explain why C is an increasing function of K during the convergence process.

c. Suppose at time t=0, the governmanhounces a tafinanced increase in government spending
starting at t=1 and ending at t=2. Assuming the economy was at the steady state, show the
dynamics of C, K and the interest rate r. lllustrate these dynamics in the phase diagram and by
sketching tine-series charts for C, K, and r.

3.5. Consider an individual facing the following utility maximization problem:
#

max  $' u(C(),I()dt

t=0
where C is consumption and | is leisuudility is increasing and concave in both argumente
individual is endowed with 1 unit of time and workst)r{ 1-I(t). The perworker capital stock
evolves according to



%zk’ n! "c" G,

where G is a constant level of peapita government spending. There is no depreciation and the
population is constant.
a. Assume for now that leisure | is constansome level, O<I<1. Set up the Hamiltonian and find the

optimality conditions.
b. Solve for the steady state valuésand K.

How do changes in G affect and K? How do exogenous changes in | affécaed K?
c. Now let I(t) be another choice vdila. Set up the Hamiltonian and find the optimality conditions.
d. Assume utility has the form U(c,l)=In(c)+In(l).

Solve for the steady state valuésik’, and i. How do changes in g affect,&”, and n?

3.6.Supposeg/ou are advisinghegovernmenof a smallcountry that just lost a waFhe country
mustpay war reparations of a given amounp&t yearAssume production F(K,L) has constant
returns, satiséis the Inada conditions, and that depreciation is zero. The contitimeu§&DP
identity is
Y=FK,L)=C'L+ X +dK/dt

a. Assume the populationy grows at rate n>0. Derive the budget equation linkingcppita

consumption C and the peapita capital sttk k = K/L.
b. Assume that the reparatioa® in place forever. You want to maximize the utility of the

representative agenﬂ,e"etu(C(t))dt
=0

subject to the constraint derived in (a) iK given.
(i) Set up the Hamiltoniaand state the necessary conditions for optimality. What are the
conditions for a steady state?
(i) Use a phase diagram to explain the dynamics of the model.

c. Assume now that the weeparations are known to end at a finite date T (X=0 for t$¢ the
phase diagram to explain how the path of C and k differs from (b).

[Hint: Think about where you have seen a formally similar problem.]



Part 4
4.1.Consider aroverlapping generations economy. Individualgeneration t maximize utility
U= In(cn) + ﬁ : ln(CZt+1)

They earn a wagepwhen young, save an amougtand earn interest at rateron their savings.

Output is produced with a Codibouglas technology = K{%al"® and 100% depreciation. Wa

and interest are determined competitively. There is no population growth and no productivity growth;

population size is L.

a. Set up the individual optimization problem for generation t; derive savings function; state the
equilibrium condition; and detmine the steady state capitabor ratio k*.

b. Start in the steady state and assume dynamic efficiency. Suppose in some, pleeiadbit
generation discoverhat a fractionp>0 of their savings was Oinvested@sisetshat prove
worthless(say,unfinished houses in the dededo that the useful capital stock is
onlyK, = (1! ")#L#a_,,. Describe how the economylévolve over time after thissof
wealth. Sketch a time path for k

c. Supposeheold generation in period proposes that the government should Obail them outO by
taxing the young and making a transfer to the old to compensate for the loss. (Let x denote the
amount.) How would this proposal affect the path@frid the utility l@els of successive
generations? Compare to the steady state and to the path in (b).

4.2. Consider an overlapping generations economy in which young individuals work full time (1 time
unit) and old individuals work patime, namelyy time units, where Og1. The economy has a
CobbDouglas technology with capital shareand 100% depreciation. Individuals of generation t
maximize utility In(qy) + B-In(cot+1), where 0€<1. There is no government, no population growth,
and no productivity growth.
a. Derive imividual asset holdingg as function of (wwi+1,rt+1). What are the effects of second
period work effort¢) on the level and the interest sensitivity of savings? Provide an economic
interpretation of these effects.
b. Define the capitdlbor ratio kas the capital stock divided bgtal labor supply. Explain whyk;
= a(W,Wi+1,1t+1)/ (1+y).
c. Compute the steady state capital stock and the steady state interest rate. Is the aggregate savings
rate constant?



4.3. Consider an overlapping generatiensnomy in which individuals receive exogenous
endowment income rather than factor incomes. The emphasis in this problem is on distinguishing the

income growth over generations (denoted m) versus income growth over an individual life cycle
(denoted g). Indliduals of generation t receive an incomewen young andy{1+g) when old.

Across generations, endowments grow at the ratg;m=y(1+m)y;. Individuals maximize the utility
function In(qy) + B:In(c2y and they can borrow and lend at a constant interest rate r. The population
growth rate is a constant n.
a. Hav does an increase in the growth rate of individual incomes, g, affect individual savings?
b. How does an increase in m affect the aggregate savings rate, taking g as given? The aggregate
savings rate is defined as the ratio of total savings to totabwendnts.
c. Assuming g = m, how does an equal increase in m and g together affect the aggregate savings rate?
d. Comment on the following claim: OA country with high income growth tends to have a high
savings rate.O

4.4. This question is about overlappigenerations when individuals have OlirgaadraticO utility as
defined below. Other assumptions: Only the young work. The cohort size L is constant. There is no
government. Production is Colibouglas with capital sharf@ <! <1, 100% depreiation, and
productivity A. Factor incomes aree, = A, - (1-)- k%, 1+ 1, =a- k™, wherek, =K, /(A,L)
is capital per worker. Except when noted below, productivity is conséqr, A.
For parts (ec): Assume gerration tOs preferences are
U = u(Cy) + Coray, whereu(C)=y- C— 1.

Note thatu'(C) =/ " C is positive forC < y and negative foC > /. Assume throughout that
C <!, so uility is increasing on the margin.
a. Set up the optimization problem of a young individual in period t. Derive the optimality conditions.

Derive individual savings as function of the wage and the interest rate.

b. Draw the demand and supply for nextipeé®s capital as function of the interest rate.
Use the diagram to show that there is a unique market clearing interest rate. Shiqw, tisaan

increasing function of, .
c. Suppose productivity A is growing aviéme. Explain why the economy does not have a steady
state. Describe (in words) how growing productivity will affect the capital market equilibrium.
For parts (ee): Assume generation tOs preferences are
U =Cy; + U(Cy,,), where agairu(C) =/ "C#%C2 andC</.
d. Set up the optimization problem of a young individual in period t. Derive the optimality conditions.
Derive the individual savings function. How do savings depend on the wage and the interest rate?



e. Draw thedemand and supply functions for next periodOs capital to show why the existence and
uniqueness of a capital market equilibrium is problematic.
Can you show that there is unique solution &py; ? [Hint: Write the equilibrium conditioras

(I+ ry1) - Ky = Cypyy and examine how both sides dependiop; ]
Is ki+; an increasing function of,? Doesk;,  increase if productivity increases?

45. This questions about an overlapping generations economy with a social security system.
Individuals have a utility function U = In{g + B:In(cat+1). They supply one unit of labor in the first
period of their life. The production technology is Cdbbuglas with capital share and 100%
depreciation. Let wbe the wage rate; Ibe the interest rate, anglie the capital stock per worker.
The population growth rate is n.

a. Derive the savings function of young workers and then derive the steady state capital stock in this
economy. Under what conditions {greater than or less than n?

b. Suppose in a periogl the government unexpecteditrimduces a pagsyou-go social security
system of the following form: Each period, a fractioof the wage income is taxed. The tax
receipts are immediately distributed to the old generation.

Describe the impact of this social security system on the economy (on all variables that you
consider relevant). Can you determine the new steady stdtempmortant for welfare
comparisons whether or not the economy without social security was dynamically efficient?
Explain your findings.

4.6. Consider the following overlapmm generations economy. Individuals in generation t maximize
utility U = In(cyy) + B - In(cot+1). They work one unit when young, earning a wageawd save an
amount @ Output is produced with a Cotibouglas technology Y= K{“aN1® and 100%
depreciation. The number of individuals in generation t;iSTNe size Nof generations t gws at a
fixed rate n>0, N1 = (1+n)aN
There is also a government that operates agsgwpu-go social security system: Each period, the
young pay a tax {I= t-w;, O<t<1. (Since labor supply is fixed, the tax is lump sum.) The receipts are
given to theold as a transfer TR
a. Set up the individual optimization problem for generation t, derive the first order conditions, and
derive the savings functiofHint: Savings should depend opand TRy1.]
b. Explain why the ratio of transfers to wages is/WR=t-(1+n)= b.
c. Derive an equation linking next periodOs capital labor ratiskg+1/Nt+1 to the current capital
labor ratio k, and determine the steady state.

For parts (dXf), suppose the econgnis in steady state at some daterhen population growth
unexpectedly stops: In periog] everyone learns that;Mill be constant for all=t,.
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d. Suppose tax rateis held constant; transfers are varied, if necessary. Determine how the change in
population growth affects the time path of the capital stock.

e. Consider the same change in population growth, but assume that ratio of transfers to taxes, b, is
held constant. Again, determine how the change in population growth affects the timetpath of
capital stock.

f. Compare how the alternative policy responses in (d) and (e): How do the capital stocks differ? Can
you tell which different generations are better of with one ore the other policy?

4.7. Consider the following overlapping generations economy. Individuals in generation t maximize a
power utility function
U=25(C)™" +B5(Cas)™™
with 0<B<1 and6>0. Cohort size grows over time at some rafehat may vary over time, so
L,=L, 1-(1+n,). Lois given. Output is given by a linear production functigr= rk; + wL,,
where r and w are positive constants. In period 0, cal§igab O is held by the old. Le(T3,,75,)
denote period net taxes on the young and old. I&tdenote individual assets. Depreciation is zero
productivity is constant; there is no government spending and no government debt.
a. Set up the optimization problem of a young individual in period t for arbi(f#@y7s,) . Derive the
optimality conditions. Explain hovg; depends on wages, taxes, and interest rates.
b. Consider a simple social security system: Taxes on workers are a cdnsarfi, =/ <w.
Transfers to retirees arg; =/ "(1+ n), wheren, =n is constanandn <r.
Explain how social security affects asset accumulation. Does the economy have a steady state?

How fast is convergence? Explain your findings.
c. Suppose population growth declines:=n" for t! t,andn,=n" <n for t! t, +1. Assume

taxes on workerare unchangedt 7>0,and letT,; = 7- (1+ n;) vary.
How does the decline in population growth affag? (When does the impact start?) Which

generations experience higher or lower utility than without reduced population growth?

4.8. This question is about axverlapping generations economy in which there are dugaldds that
produce earnindé to be specificfruit trees. Except for the fruit trees, the assumptions are standard:
Individuals have logutility with time preference parametpr They consume and work in theirst

period of life and receive a wage.Wwhey consume but do not work in the second period. Firms
produce output from capital and labor at constant returns to scale. The capital ehé&xexisl and

the depreciation rate is 100%. To simplify, assumettiere is no population growth and no
government. The number of fruit trees and their yield is exogenous. The number of fruit trees equals
the number of individuals per generation. Initially, each member of the old generation owns one tree.
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Each period, &ree yields units of output, where>0 is a constant. Trees drdinitely lived. Let p

be the periogd market price at which the old sell trees to the young. Lieésthe number of fruit trees

that each member of the young generation buys at time t; bettkeamount of savings that each

member of the young generation supplies to the capital market; £e¢-pi+k; be the total individual
savings. Individuals take wages, interest rates, and tree prices as given.

a. Derive the steady state capital stock ki #re steady state interest rate r* for the econasitiyout
fruit trees, i.e., for the standard OG model. Show that the economy is dynamically inefficient for
someo. values.

b. Specify the individualsO optimization problem with fruit trees. Show thaquiisgum price of a
fruit tree must satisfy the condition

(*) Pt = E+Pe+1)/(1+7+2),
where {41 is the rate of return on capital.

c. Assuming (*) holds, derive the individual demand functions fargand ¢¢+1. Specify the
economyOs equilibriuoonditions.

d. Derive conditions for the steady state interest rate r*, the steady state capital stock k*, and the
steady state price of fruit trees p*. Can you show that this economy is always dynamically
efficient?

4.9. Consider the following overlapping generasi@eonomy. Individuals in generation t maximize
utility U =4/c,, +!4/C,,., . They work one unit when young, earning the wageamd save an

amounta.. Output is produced with a Cotibouglas technology Y= K“aN1® and 100%

deprecation.Population grows at the rate ni:AN= (1+n)aN Initially, the government is inactive.

a. Set up the individual optimization problem, derive the first order conditions, and derive the savings
function.

b. Derive an equation linking next periodOs capital labor ratioHg+1/N+1 to the current capital
labor ratio. Graph the demand and supply of capital as function of the interest rate. Is there a
unique equilibrium?

c. Starting in periodd, the government spenddgfixed sharg of output,so G=vyY.. If theyoungare
taxedto finance this spending, what changes in the economy relative-fb)@a)
(Qualitativeanswerssuffice. Discuss the immediate as well as the long rdieces$)

d. Assume spending as (c), but assumeheold are taxedo finance tle spending How are
economic outconedifferent than in (a)c)?
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