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Applications of Growth Theory I:  

Growth Accounting 
 

• Objective: Use empirical data on output, capital stocks, and labor supply, to interpret history 

(ÒaccountingÓ), to compare across countries, or to make projections.  

• Data sets: observations (Yt, Kt, Lt) at discrete dates t. 

 - Productivity index A is not directly observable Ð must be inferred.  

 - Though capital and labor shares vary, commonly assume Cobb-Douglas: 

� 

! k(k) " ! . 

 - Common labels: Y/L = Òlabor productivityÓ vs. A = Òtotal/multi  factor productivityÓ 
 

• Growth accounting with Cobb-Douglas production: 
 - Write  

� 

Y = K! (AL)1" ! = R#K! L1" !    with 

� 

R= A1−α  = the Solow Residual 
  =>  

� 

lnY = ! lnK + (1" ! )lnL + lnR  with 

� 

lnR = (1! " )ln A 
 

 - Take time-differences to approximate growth [math: 

� 

d ln(x)/dt = 1
x

dx
dt ! " ln(x)] 

  =>  

� 

Δ lnY = α ⋅Δ lnK + (1−α ) ⋅ Δ lnL + Δ lnR 
 

 - General notation for growth over an interval: 

� 

gx = 1
t1! t0

[ln( x(t1) ! ln(x(t0)] 

  =>  

� 

gY = ! "gK + (1#! )"gL + gR 
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Decomposing Growth Rates 
 

¥ Key equations:  

    

� 

gY = α ⋅gK + (1−α ) ⋅gL + gR
= α ⋅gK + (1−α ) ⋅gL + (1−α ) ⋅gA

 

¥ From the data: compute 

� 

(gY ,gK ,gL ) for various time periods; estimate α. 

 - Use Cobb-Douglas to infer  

    

� 

gR = gY −α ⋅gK − (1−α ) ⋅gL   or 

� 

R = Y
(K ! L1" ! ) 

 - Use 

� 

R = A1! "  to infer TFP:  

� 

gA = gR /(1! " ) or  

� 

A = R1/(1! " )
 

 

¥ Growth accounting for per-capita variables   [Math: Growth of ratio = difference of rates] 
 - Income: 

� 

gY /L = gY ! gL = " #gK ! " #gL + gR = " #gK /L + gR 

 - Growth in K/L called capital deepening. Conclude: 
 

¥ Growth of per-capita income = Capital deepening and productivity growth. 

- Growth accounting means decomposition of growth rates into components. 

- Sometimes decompose further: multiple types of capital and labor, each weighted by its 

factor share. Multi -factor productivity is the residual Ð a Òmeasure of ignorance.Ó 



(2b)-P.3 

 

Approximation for General Production Functions 
 

¥ Claim: Growth accounting formulas are generally valid as approximations: 

 - Argument:  

� 

Y = f (k) ⋅AL = f (ex ) ⋅AL  with 

� 

x = ln(k) = ln(K AL) 

  =>   

� 

lnY = ln f (ex) + ln A + lnL 

  Note that 

� 

d
dt ln f (e

x )[ ] =
f '(ex )
f (ex )

!ex =
f '(k)
f (k) !k =" k (k) 

  =>  

� 

d
dt lnY = αk(k)

d lnk
dt + d

dt lnA + d
dt lnL

= αk(k)
d
dt lnK + (1−αk(k))(

d
dt lnA + d

dt lnL)
 

 

 - Conclude: Growth accounting relationships always hold for instantaneous growth rates.  

 - Growth over discrete time intervals not exactly linear if factor shares (weights) vary.  
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Time Series Example  

¥ How do you interpret the following data?  

 - Output:  Y(1980)=100, Y(2000)=200. 

 - Capital:  K(1980)=100,  K(2000)=180 

 - Labor force: L(1980)=100,  L(2000)=150. 

¥ Step 1 - Compute growth rates 

   

� 

gL = 1
20 [ln(150)− ln(100)] = 2.03%.  

   

� 

gY = 1
20[ln(200) ! ln(100)] = 3.47%, so 

� 

gY /L =1.44%. 
   

� 

gK = 1
20 [ln(180) ! ln(100)]= 2.97%, so 

� 

gK /L = 0.94%. 

  - Note: Output grew faster than capital => Economy is not in steady state.  

¥  Step-2: Use the average capital share to calibrate α. Here suppose α=1/3. 
 

¥  Step-3: Infer total productivity growth: 

  

� 

gR = gY ! " #gK ! (1 ! " )#gL = 3.47% ! 1
3 2.97% ! 2

3 2.03% =1.13% 

¥ Growth accounting: 
 - For GDP growth:   TFP 1.13%, capital 

� 

0.99%= 1
32.97%, labor 

� 

1.37% = 2
3 2.03%. 

 - For per-capita income:  TFP 1.13%, capital deepening 

� 

0.31%! 1
30.94% 
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Application II: Relating Theory and Data 
 

¥ Observation: growth rates 

� 

gL ,gR,gA usually vary over time. 
 - Solow model assumes constant 

� 

gL = n and 

� 

gA = g: only an approximation 

 - Steady state has predictive power if (n,g) are stable; otherwise moving target. 
 - Diagnostic for balanced growth:  
  Steady state implies 

� 

gY = gK = g+n and 

� 

gY /L = gK /L = g 
 

¥ International applications: 

 - Basic question: How does growth theory apply to international data? 

   Traditional: apply growth theory to each country separately. 

   Alternative: integrated world economy, though with frictions. 

 - Accounting: Compare TFP levels and growth rates across countries. 
 - Specific questions: 
  1. What explains income differences? (Also miracles & disasters) 

  2. What limits the mobility of capital and labor across countries? 
  3. Is there ÒconvergenceÓ or Òconditional convergenceÓ in incomes? 
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Capital Flows and the Return on Capital 
 

• Theory: Return on capital 

� 

R = f '(k) ! " =#k! (1! # ) ! "  is declining in k 
  => Return-seeking investors should invest in countries with low capital-labor ratios. 
  => Puzzle: Why doesn’t capital flow from rich to poor countries?  
 

• Interpretation: 
 1. Barriers: The Feldstein-Horioka puzzle (1980): Investment rates and savings rates are 

highly correlated across countries. (Also: barriers to labor mobility.) 
  Sources of barriers? Political risk, information costs, or transaction costs. 
 

 2.  TFP differences: recall 

� 

k = K /L
A .  

  If  

� 

Ai < Aw, then 

� 

(K /L)i < (K /L)w is consistent with 

� 

ki = kw . 

  => Observed cross-country differences in K/L suggest differences in TFP. 
 

• Solow model in open economies:  
 - Explain GDP (D=domestic) by national work force (incl. immigrants) and capital stock. 
 - Capital K is determined by investment, not savings (estimate s by I/Y).  
 - GNP may differ (N=national): includes return on savings invested abroad, excludes return 

on capital owned by foreigners. 
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Convergence 
 

• Conditional convergence:  
  (1) Countries with common model parameters (s, n, δ) should converge to same k* and y*. 

  (2) Countries with common k* and common productivity A converge to same K/L and Y/L. 

  (3) Countries starting with kt<<k* should grow faster than countries with kt>>k*. 
 

• Unconditional convergence: all countries converge to a common per-capita income (Y/L) 

  Not predicted by the Solow model. Implied by capital mobility & convergence in TFP. 
 

• Findings:  
 - Caveat on selection bias: better data for successful countries. (See Romer sec. 1.7) 

 - Model extension in empirical work: add human capital as production factor, which is 
produced by investment in education. 

 - Find: conditional convergence but persistent differences in per-capita income   
  Factor 30-50 between top/bottom. Solow model explains part => residual: TFP  
 - Residual TFP differences are correlated with openness to trade and with social 

infrastructure (legal system, tax system, corruption, protection of property rights and patents)  
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Application to Demographic Change  
(Bohn 2006. Strictly optional reading) 

 

• Issue: Birth rates have declined around the world. Life expectancy is increasing.  

  What are the implications for the world economy? 

 - Growth accounting for the G-20 countries for 1980 and for 2000. Infer TFPs and TFP growth. 

 - Construct world labor force by weighting each country’s labor force by its TFP.  

 - Assumption about U.S. TFP growth and about TFP convergence. (Several alternatives.) 

 - Assume savings rates stay constant as is 2000. Assume capital is internationally mobile (equal MPKs) 

 - United Nations & World Bank projections for population growth in the 21st century (by country) 
 

• Graphical illustrations: 

 1. The motivation: Population growth by cohort. 

 2. Input data for the growth model: Growth rates of the world labor force and world effective labor. 

 3. Key results: Capital-output ratios. Returns on capital. 

  [Note: Capital/labor and income/worker are increasing functions of capital/output.] 
 

• Preview: Point of the paper is that savings rates are likely to change.  

 => Discuss after we study optimal savings decisions. 
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  Figure 1: World Demographic Projections   Figure 2: The Actual and Effective World Labor Force 

 
  Figure 3: The Solow Model Ð Implications for Capital and Returns 
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 Not shown here: Alternative scenarios for productivity growth – lower K/Y and higher returns if growth is faster. 
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Application III: Natural Resources 
¥ Question: To what extent are limited natural resources limiting economic growth? 

¥ Cobb-Douglas approach (Romer 1.8, here modified) 

- Land T (fixed) and energy E (exhaustible resources) as factor of production, weights β and γ: 

    

� 

Y = K! "(AL)1#! # $ # %"T$ "E% 

 R(t) = Resource stock at time t, starting with fixed value R(0) 

- Resource use: RdtdRE −=−= /  = Rate at which the resource is extracted 

- Define sE = E /R  = Share of the resource used in the current period, assumed constant 

 => R and E are declining over time: EsEERR −== //   

 [Differs from Romer: here E is productive. But R and E proportional -> same qualitative implications as Romer] 

¥ Implications for per-capita income: 

� 

y=Y/(AL) = k! "(T/AL)# "(E/AL)$ 

- Growth accounting => 

� 

gy =! "gk +# "($n$ g)+%"(gE $n$ g) 

- On a balanced growth path 

� 

gy = gk,gE =! sE implies 

   

� 

gY /L = gy + g =
1! " ! # ! $

1! "
g !

$
1! "

%sE !
$+#
1! "

%n  

¥ Results: 1. Fixed resources and land reduce output growth. 

   2. Per-capita income growth is still possible if g is high enough  

 - Nordhaus: 0.2-0.3% growth reduction 

 - Caveat: Share of energy in factor income has been declining 
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Learning Objectives 
 

• Applied: Ability to solve problems 
 - Do growth accounting – decompose historical output growth. 
 - Compute Solow residuals. Compute returns to capital. 
 - Compute growth projections – looking forward.  
 Problem sets for practice. 
 

• Conceptual: 
 - Know examples of how the growth model can be adapted to answer research questions. 
 


