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Part 4: Overlapping Generations Models

¥ Basic Version: Each birttohort lives for two periods, young and old age.
- Individuals are identical except for their date of birth => Each generation has a representative agent.
- Young individuals earn labancome, consume, and save. Savings are invested in capital and earn a return.
- Old individuals consume their investment earnifrgbasic version)

=> Key issueHow much does the young generation save

¥ Comparison to representative agent models:
- Technical shift: trade easier individual problem for aggregation issues.
- New issues: Intergenerational redistribution, dynamic inefficiencyE

¥ Flexible framework: OG can be extended to many periods, more choices, more heterogeneity.

¥ Agenda here:
1. Basic modebdynamics of the capital stock.
2. Government policy: Debt, taxation with income effects, social security.
[Real spending withdraws resources as in representative agent kod#isng new, hence ignored.]
3. Altruism and bequests: The dyhasnodel as limiting case.
4. Dynamic inefficiency: excessive savings cannot be ruled out.
Phenomena in inefficient economies: Bubbles, Ponzi schemes, fiat money as store of value.



A. The Basic Model(see Romer ch.2B)
¥Preferencedndividuals bon in period t maximize: u(Cy)+! "u(Coiyq)

- Preferences u: increasing, declining marginal utility.
- RomerQOs notation: Time preferehcdiscount factot =1/(1+ ), power utility.

¥ConstraintsLabor income when young & working ={WExogenousdbor supply.]
- Savings = Assets.dnvested at an interest rate JExogenous to the individual.]
Intuition: If one period ~ generation ~-3B years, then 1+r~300%.
- Budget equation for workers: Cita =W

- Budget equation for tieees: Cotp = (A+14q) - &
=> Intertemporal budget constraint: W, =C, +ﬁ-c2t+1

t+1

¥Optimality condition U (Cy) =!"U(Chap) " @+ = 1;:3;1 "U(Cy41)

- Graphical solution: Indifference curve diagram = Tperiod model.
- Lower consumption in retirement!if> ry;.
-Implicit solution for assets: UMW —a)=8-1+r ) U ((1+rg)-a)
=> Savings function: a, =a(W,r,). Savingsates, =a,/W,=s(W,,r,.,)

- Savings function is increasing in W. Interest rate has an ambiguous effect.
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Example #1(Logarithmicutility): u(c) =In(c)

L o=(4r ) =(r )=
Clt ( t+1) C2z+1 ( t+1) (1+rt+1)at a

t

and Wi,—a,=C,=aqa,lp == at:L'VI/t

1+
: _ !
¥ Conclude: Constant savings rate a, /Wt =7
C1—9
Example #Power utility) u(C) = )

FOC: CiP=B-(l+1,)-Coy =  Cou=[! "@+r )M cy,
= VVt - Clt T ﬁCZHl = Clt + ﬁlle ) (1+ r.t+1)1/9_1 ) C]_t
1 1
C, = W = (1" "
1t 1+ $1/# "(1 +]/;+1)1/#!1 t a‘[ ( 1+ $1/# |(1+ rt+1)1/# 1
1

n1/# 1U#A1
1+ H1+ryq)

)W,

and S = S(r;q) =1!

¥ Conclude:
1. For homothetic utility, consumption and assets are proportional to income.

2. The sign of th interest rate effect depends on the elasticity of intertemporal substitétion 1/

If 1/#>1, then s(r) is increasing. If#d1, then s(r) is decreasing.



Production
¥ Labor supply = Young generation: L =L_1-1+n)
¥ Output: Y, =F(K,AL)-8K, or y, = f(k,) = F(k,,1)— Sk,
[Romer assume®=0. Here subsume depreciation into f() to keep the notation comparable.]
¥ Firms maximize profits => r, = f'(k,) andw, =W, A, = f(k,)—k, - f'(k,)

where w = wage in efficiency units. Each wker supplies Aefficiency unit

Equilibrium Conditions

¥ Capital = Savings by the young:
K=LtaW,r,)=LW1sW,1,)

— — L At W — S(W 'At’r+ )
= ke =15 an A SWTw) = G ig W

- Note: No balanced growth if the savings rate depends daevkof wages.

=> From now on assume eith@o growth (A constant) or power utility.

¥ Verify WalrasO law: Goods market is in equilibrium whenever the capital market is.
Demand for goods: L; -Cj; +L_1-Co +Kiyg

Supply of goods: Y, +K;
L -Cy+Liq-Co+Ky=L,-(Wy—a,)+ L,y -Q+nr) a4+K,

=[L;-W,+L,qa, 1 1] +[Kia—L;-a; ]+ L, 5-a,1=Y,+0+K,
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Capital Accunalation

¥ Evaluate the savings function at the equilibrium factor prices:

k.= SLANMS (k)" kg L (ke )5 S (k)] [F(k)" k) (k)]

t+1 (1+n)!(1+g)

¥ Determinants: 1. savings rate of workers. 2. growth factor (n,g). 3. Wage income.

- Interpret Wage as (labor share) * (output):
w(k;) = f(k)! k" f'(k)=# (k)" (k)
, _ fk) kA (k) —qn kAR

where! ; (k,) ) 1 )

- Aggregate savings rate = (savings rate of workers) * (labor share)
Kern e =D L(Y)

¥ Conclude: Accumulation equation defines a mapping fgaokk.1

_ S[Aca (k) f k), (k)]
= kg = At IO Gl g () (k)

is the labor share in output.

¥ Intuition:
- Demand for capitalk;,; = (f') 1(rtJrl) is downward sloping
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- Supply of capital depends on the savings function, on the labor share, and on a growth factor.

- Potential existence problems in case of backvartting saving& with a variable labor share.

¥ Graphical illustration®2omer Fig.2.13
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FIGURE 2.13 Various possibilities for the relationship between k, and k;
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¥ Properties of the capHatcumulation mapping:

_ ALV () F (K] | o

- Apply the implicit function theorem to obtain the derivatfiweify on your own]

dk., _ S(ay f+o ' fyro fs, A (o Fay ' f)+ay fs, fdk,, /dk

dk (1+n) (1+Q)
dk.,, _ L f' :
= (!I?ql " l+s ’Lf( ) I(t+1(1"' AtSN)( =+ ) [Slope in levels]
r (1+n)#1+g)
din(k,.,) _ k, dk,.q _ 1

OCLfA S, kocL
an) "k kg aren 1+ )(“+ ) [Slope in logs]

dk.;
dk

¥ Condition for monotone convergenegg—‘ >0.

din(k,,,)

dinck <1 at 4%-line.

¥ Stability condition

<1. Equivalent to{

¥ Sufficient for stability anchonotone convergence:

- Cobb Douglas production (do, '=0), and
din(k,,;)

- Homothetic preferences wih<1 (sos, ! 0,s,, =0). Then(O < din(k,)



Example Log-utility & Cobb-Douglas production

¥ Logutility implies constants = B/(1+ f3)

¥ CobbkDouglas implies constart; =1—a andw(k,)=(1! " )##c"
. ! /(1+! w $

¥ Dynamics: k= W;H)g)(l#f];) k;

_ dkt+ _ I/(1+I) ngny $H#1
= di, = iy #9)"8 7k

din(k,,) —
- Note thatdky,; /dk; > 1 for small k. But0 < = =<l

=> Monotone convergence from any k>0.
: _ L+ "
¥ Steady state: k' = ) A#$)" K" )

B o 1!
= K [(1+ n() (1+)g) (1#$)]%#$

¥ Compare to Solow model, whére = [ +‘§i,]y#

- Matchesfor Sygq

=> Another interpretation of the Solow model

=s-(1-a),0=1,and(1+n)-(1+g)=1+n+g

¥ Question to think about: What goes wrong with the analofyifl?
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