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Abstract

Thi s paper exanines the inpact of governnent policy on the allocation
of aggregate risks in a stochastic OG nobdel w th production. The market
allocation is generally ex ante inefficient in tw ways. The inpact of
current shocks is neither efficiently shared by the living cohorts nor
efficiently shared with future generations. An efficient allocation could
be inplemented (approxi mately) through standard policy instrunents such as
debt and social security. In practice, governments seem to shift risk in
the “wong” direction, however, notably through the issue of safe debt. A
social security privatization that replaced a social security system by

governnment debt would likely be efficiency reducing.



1. Introduction

In econonmies with finitely lived agents, the governnent has an inportant
role as an institution that can act on behalf of unborn generations. The
redistributional effects of government debt and pay-as-you-go socia
security are well known. |In stochastic econonies, governnent policy also
affects the allocation of risk; see Enders and Lapan (1982), Smith (1982),
Fi scher (1983), Stiglitz (1983), CGordon and Varian (1988), and Gale (1990).
What are the risk sharing effects of U S. fiscal policy? Wat would be the
characteristics of an efficiency policy?

In an OG econony, the market allocation of risk is generally ex ante
inefficient due to the inability of the unborn to insurance thenselves.1
CGovernnent intervention is potentially Pareto-inproving. This paper
suggests, however, that fiscal policy is less far-sighted in practice: By
suppl yi ng debt securities and other safe clains to the old, the governnent
seenms to protect current generations (voters) by shifting too nuch risk to
future generations.?

| exami ne the allocation of aggregate risks in a Dianond (1965) type
over | appi ng- generati ons econony with production. The nmain objectives are to
determine how the equilibrium allocation of risk depends on governnent
policy and to conpare alternative nmarket allocations to the benchmark of a
Pareto-efficient allocation. Production is inportant in this context,
because it places governnment interventions in an environnment in which the

| abor incone of the young and the capital income of the old are naturally

1| focus on ex-ante rather than interimeffici ency (Pel ed, 1982; Wight, 1987) because
interimefficiency inposes virtually no constraints on policies that shift risk from
current to future generations (see bel ow).

2 The risks at stake are huge. Just a percent per year higher growth over a generation
woul d make the next generation nmuch better off and substantially reduce the debt-GDP
ratio. Rsk-shifting also plays a key role in recent social security reformproposal s (see
Bohn, 1997; Advisory Council, 1997; and bel ow).



correlated and because it allows risk sharing with the unborn through
variations in capital investnent.

Efficiency requires that the inpact of all econonm ¢ shocks is shared
by the young, the old, and the unborn. The old and the young should bear
consunption-risk in proportion to their risk tolerances. The risk sharing
wi th the unborn depends on both preferences (wllingness to bear risk) and
technology (ability to shift risk over tine). The narket allocation of risk
is generally not efficient, except for the special case of log-utility
conbined with Cobb-Douglas production, 100% depreciation and pernanent
productivity shocks. For substitution elasticities below one (the
enpirically relevant range; see Hall 1988), the efficient allocation tends
to i npose too nuch risk on the young generation.

Regarding fiscal policy, it is fairly obvious that any efficient
all ocation could be inplenented through state-contingent taxes. This is
worth noting but too obvious to be interesting. Mre challenging are
qguestions about actual policy: Gven a sinple (realistic) tax system how
do standard tools of fiscal policy affect the allocation of risk? I find
that policy tools with simlar redistributional properties--debt and social
security--have very different risk-shifting effects. |If the governnent
operates a wage-i ndexed social security system all cohorts share the risk
of uncertain future productivity growh. |If the governnent issues safe
debt, it provides safety to the old but increases the volatility of after-
tax incones for future generations. Future generations will have to pay a
non-contingent debt service out of a stochastic incone, inplying a
relatively high (low) tax rate whenever pre-tax incones are unexpectedly

| ow (high).



In practice, governnments tend to issue substantial anounts of safe
debt and only partially wage-index their social security systens. These
policies seemto shift risk in the wong direction, because the resulting
supply of safe assets to the old shifts productivity risk from old to
young, who already bear too nuch risk. |[|f the governnment engages in
redistribution, it should do so through risk-sensitive tools such as wage-
i ndexed social security (or nominal debt wth productivity-contingent
inflation) rather than through safe debt.3

The distinction between state-contingent and safe policy tools is
also relevant for social security reform Proposals to replace socia
security by governnent bonds or to substitute “individual accounts” for a
trust fund holding governnent debt (e.g., Feldstein, 1996; Advisory
Council, 1997) wuld shift even nore productivity risk to future
gener ati ons.

Met hodol ogically, the paper differs sonmewhat from the literature.
Fol | owi ng business cycle and finance literature, | use log-linearizations
to exani ne assunptions about preferences, technology, and policy that are
nore general than those that would yield closed form solutions. | do not
use calibration, however, but instead derive analytical solutions to the
nodel's log-linearized optinal decision rules. The analytical solutions
reveal how preference, technology, and policy paraneters interact to

generate the nmodel's risk characteristics and aggregate dynanics. 4

3 An extensions section expl ores conmplicating factors that might alter theresults, but |
find that none is sufficient to rationalize safe debt.

4 The busi ness cycleliterature often uses calibration or sinulation nethods to exam ne
such issues. (See Bohn (1997) or Rios-Rull (1996) for calibrated OGnopdels.) | argue that
anal ytical solutions are nore desirabl e here, because the objectiveis to derive general
condi tions under which certain policies are efficiency-increasing. In any case, the
anal ytical fornul as here provi de an explicit, general mappi ng fromstructural paraneters
to reduced formcoefficients (or to popul ati on noments) so that readers interested in
calibration may insert their own preferred val ues.



A nunber of sinplifying assunptions are nmade to avoid distracting
technical conplications. The assunption of tw period Ilived agents
elininates private risk sharing.® For npst of the paper, | focus on i.i.d.
productivity risk, Cobb-Douglas production, and an inelastic |abor supply.
A final section explains how the nodel can be generalized to cover |abor-
| ei sure choi ces, CES- pr oducti on, and other rmacro shocks. Sur vi val
uncertainty, idiosyncratic risks, denographic uncertainty, bequests, and
distortionary taxes are left for future research.® Dynanic efficiency is
assuned throughout, to rule out bubbles and related issues that would
di stract fromrisk sharing.

The paper is organized as follows. Section 2 describes the general
ri sk sharing problemand the efficiency benchmark. Sections 3 set up a nore
specific nodel that allows paranetric conparisons between alternative
all ocations. Section 4 explains why the market allocation tends to inpose
too much risk on the young. Section 5 exami nes sinple policy interventions
and shows that policies observed in practice appear to be efficiency-

reduci ng. Section 6 provides extensions. Section 7 concl udes.

2. The General Risk Sharing Problem

This section explains the general franework and the efficiency benchmark.
Thr oughout the paper, | consider an OG nodel with two-period lived

agents. Ceneration t consists of N individuals who work in period t and

are retired in period t+l1. They have preferences U(cl, c?4+1) over

consunption cl;i in period t (when young) and c2 41 in period t+1 (when ol d).

Goods are produced with capital Ki and labor. To sinplify, | assune that

SWth nore than two peri ods, there woul d be private risk sharing between “mi ddl e- aged”
and ol d agents, but still no risk sharing with the unborn, which is one of the key issues.
6 | di osyncratic risks could be shared within a cohort. Tax-distortionsarepotentially
i mportant because the government will have to vary tax rates to execute risk sharing
contracts on behal f of the unborn. R cardi an bequests woul d nake the nodel uninteresting.



each young agent supplies one unit of labor, so that Ny is also the |abor
supply. Aggregate output F(K¢{, N, zt) is stochastic, driven by a stochastic
process of productivity shocks zt.’ The econony’s resource constraint is
(2.1) Kiew + Noele + Neope2r = F(Ke, Noz).

The value of depreciated old capital is subsunmed in F(X. Uility is
increasing and strictly concave, production satisfies the Inada conditions
and constant returns to scale. This structure is sufficient to explain the
principal policy and efficiency issues. (Extensions are in Section 6.)

In a market setting w thout governnent, agents of generation t divide
their period-t wage incone into consunption and savings (st), w = TH/IN =
cli + s¢t. Savings are invested in capital, Ki+; = Ni>st. In period t+1, each
agent consunes the c%4+1 = RK41-St, Where R 41=TF(®/TKi+1 is the gross
return on capital. The consunption of the old (c%) depends on their past
savings and on the current return on capital, RK. The consunption of the
young (cli{) depends on the wage rate w and on expectations about the return
on savings, RKi4+1. Apart from the stochastic productivity, this is a
standard Di anond (1965) econony.

Cenerally, zy affects both wages and the returns on capital so that
both the young and the old bear productivity risk. Under reasonable
assunptions (see below), wages and returns are neither independent nor
perfectly «correlated.8 In the absence of perfect correlation, t he
consunption variance of both cohorts could be reduced if they could poo

their resources. But of course, the young cannot trade before birth.

7 The process z; can be vector-val ued to avoi d stochastic singularities bel ow The shocks
may be tenporary or permanent, and the nay include shocks to real governnent spending
(viewed as a reduction in privately avail abl e resources).

8 A strength of the production nbdel conpared to endowrent nodels (e.g., Gale 1990) is
that empirically notivated assunpti ons about production will provide gui dance about the
correl ation of incone across cohorts.



The inability of agents to trade before birth provides an obvious
motivation for policy intervention, though perhaps a too obvious one.® In
practice, governnments intervene in econonic activity for variety of
reasons, e.g., to redistribute resources or to finance real governnent
spending. Such policies wll generally have (side-) effects on the
allocation of risk wthout necessarily being notivated by risk sharing
considerations. Hence, | wll examne policy fromtwo perspectives. First,
what are the characteristics of efficient allocations? (Such allocations
could be inplenented by appropriate state-contingent taxes.) Second, what
are the risk-sharing effects of practically relevant policy tools such as
social security and government debt? The answer to the first question one
wi Il provide an efficiency benchnark for the second one.

The set of Pareto-efficient allocation can be obtained as a solution

to the social planning problemof maximnmzing a welfare function
¥

(2.2) W = Eol a wetk]
t=-1

subject to the resource constraint (2.1). The initial capital Kg and the
t=-1 consunption of the old, c2.q, are given; the w{>0 are determnistic
wel fare wei ghts

There is some controversy in the literature about ex ante versus
interim efficiency (Peled 1982; Wight 1987). If period-t agents have ex
ante well-defined preferences over states of nature, Pareto-efficiency

i nvol ves one representative agent per period (fixed weights w¢), as assuned

above. If agents born in different state of nature are considered distinct

99nthis sinple nodel, it is obvious that the governnment, and only the governnent, can
solve the efficiency problem e.g., though state contingent taxes. In a nore realistic
mul ti-period nodel, all but the youngest agents could share risk privately. The risk of
being born in a “bad” state of nature m ght still raise serious policyissues (especially
i f nost shocks are pernmanent, nuking far-ahead hedgi ng val uabl e), but the anal ysi s woul d
be much nmore conplicated. The strength of the two period nodel is that it is rich enough
to yield interesting positive results in a tractable setting



agents, (2.2) nust be interpreted as double sum over states and periods
with birth-contingent agents having distinct welfare weights. The latter
(interim efficiency) is a nuch weaker «criterion, because a Pareto
i mprovenent would require that no birth-contingent agent in any birth-state
is made worse off. By construction, this precludes an analysis of risk
sharing issues involving future generations, which are at the heart of this
paper. The stronger notion of ex ante efficiency is therefore the
appropriate efficiency benchmark. 10

The social planner’s first order conditions provide two necessary

conditions for ex ante efficiency,
dbi-1 wi-2/N-1 _ dEt U

2.3 = ; d
( ) dCzt wi/ N dClt an
dE U _ dU
(2.4) dol, © Et[dC2t+1>Rkt+1].
BEq. (2.3) is a *“distributional optimality condition” Iinking the

consunption of old and young.1l Eq. (2.4) is an “intertenporal optimality

condition” that reveal how the planner allocates resources over time by
varying the capital stock. Note that (2.4) is identical to the individual

optimality condition for savings. Hence, the planning problem can be

10 since the issue is controversial, | provi de sone addi ti onal notivationinthe appendi x
(TO BE COWLETED). There are three nmain reasons to assune fixed wel fare wei ghts. First,
U S, policy makers are apparent concerned about ri sks i nposed on future generations (e.g.
inthe social security reformdebate), i.e., they reveal a willingness to naketradeoffs
across state of nature. Second, interimefficiency is perhaps best interpreted as a
technical “trick” that allows theorists to treat OG economes as if they were Arrow Debreu
economes. At |east, this was Wight's original nmotivation (1987, p.190). Wthout denying
its useful ness el sewhere, it woul d be counterproductive in this paper: This paper has
virtually the opposite objective, to work out the inplications of agent’s inability to
trade before birth. Third, there is an alternative, distributional notivation for fixed
wei ghts: Nanely, ex ante efficient allocations are the subset of interim efficient
al l ocations chosen by a soci al pl anner who does not favor one birth-contingent agent over
another. In terms of policy, concern about ex ante efficiency is equivalent to a concern
about not being unfair to sone future birth-contingent agents. Thus, readers who favor
interim efficiency on philosophical grounds nay interpret the paper as being about
distributional neutrality rather than about efficiency. Regardl ess of the |abeling, |
woul d contend that state-contingent variations in the wel fare of future generations are
wort h st udyi ng.

11 condition (2.3) issimlar tothe efficiency condition in endowrent nodels, e.g., in
Gale (1990) and Stiglitz (1983). This paper goes beyond the endowrent literature by
focusing on risk sharing in an explicitly dynam c setting, where individuals earn
endogenous factor incones and the social planner can shift resources over tine.



decentralized through state-contingent taxes/transfers. The efficiency
condition (2.3), in contrast, is not generally satisfied by the narket
all ocation. For tinme-separable utility, for exanple, (2.3) calls for a
determ nistic, nonotone |ink between the contenporaneous consunption of the
young and the old (cl and c%).

The characteristics of the efficient allocation and of the market
all ocation clearly depend on preferences, the production function, and the
stochastic process generating aggregate disturbances (zt). Starting in the
next section, | wll inpose assunptions (enpirically notivated ones) about
functional fornms and stochastic processes to conpare the alternative
allocations and to determne which preference, technology, and policy

paraneters tend to produce snaller or larger inefficiencies.

3. The Allocation of Risk in a Production Economy

This section lays out a sinple market nodel with paranmetric assunptions
about preferences, technology, and shocks. The assunptions are designed to
ensure bal anced growt h and a Markov process for the macroecononi ¢ dynam cs,
a setting that allows economically insightful conparisons of actual and
efficient allocations. To prevent clutter, generalizations are deferred to
an extensions section.

Regardi ng production, | assune that the technology is Cobb-Douglas
and that aggregate wuncertainty is due to an stochastic process for
productivity A with i.i.d. growth rate a;. The output of new goods is

Yo = K@ Aptg) -2
where a is the capital share. The total resources available for consunption
and capital investrment are F(® = Y + v¥;, where v is the value of old
capital (net of depreciation). The stochastic conmponent is z{=A. The

mar gi nal products of |abor and capital are



Kt -
(3.1) w= (1-a) ALK AN = (1a) A ) K T
Kt -
(3.2) R = aked HACN) 18 4 v = ax o)A Y

where ki.1 = Ki/(A-1Nt-1) is the effective capital-labor ratio (lagged),
1+at=At/ Ar-1 is the productivity growh rate, and 1+n=N/N.1 i s the constant
popul ati on grow h rate.

Since At is the only source of disturbances, capital and |abor income
are determnisticly Iinked (though not linearly, if vt0). This stochastic
singularity is clearly restrictive, though instructive: In contrast to
endowrent nodels that wusually enphasize relative incone risk, the focus
here is on other sources of inefficiency--preferences, differential
exposure to comon shocks, and (bel ow) policy.12 The Cobb- Dougl as assunpti on
is notivated by enpirical stability of factor shares. An extension to CES
is in Section 6.

In nmodeling the time series of total factor productivity, it seens
reasonable to abstract from short-run autocorrelation, because each period
anounts to a generational tinme unit of about 20-30 years. The assunption of
i.i.d. productivity growmth inmplies a random walk in productivity |evels.
Though this assunption is enpirically reasonable, 13 tenporary shocks to the
productivity level may be of theoretical interest because the young shoul d
be able to bear temporary shocks nmore easily than the old, through
consunpti on-snoot hi ng. Hence, the extensions section wll also exam ne

tenporary productivity shocks.

12 Baxter and Jermann (1997) and Bohn (1998) have shown that capital and | abor i ncone are
al nost perfectly correlated at | ong horizons, suggesting that an enphasis on rel ative
i ncone risk would be inappropriate. Section 6 will show howthe stochastic singularity can
be broken by maki ng the val ue of ol d capital stochastic w thout changing the main results.
13 The question of a unit root in GDP versus trend stationarity with occasional breaks is
controversial in the literature. Despite the controversy, the unit root assunptionis nore
appropriate at generational frequencies, because evenif astationary trendfits the data
over a shorter horizons (say, a few decades), the likelihood of future trend breaks
implies a unit root-like uncertainty in the very long (keeping in mind that, say, 20
periods in this nodel are about 400-600 years).



For preferences, | assune honothetic wutility to obtain balanced
growt h, but | consider a nore general functional form than CRRA, for three
reasons. First, intertenporal substitution and risk aversion turn out to
play very different conceptual roles in the nodel: R sk aversion is
essentially irrelevant for the market dynanmics but crucial for efficiency
assessnents, while intertenporal substitution is inportant for both.
Second, the equity premiumand real rate puzzles (Mehra and Prescott, 1985;
Vi | 1989) suggest that CRRA utility wth plausible intertenporal
substitution paraneter would inply a risk aversion far too low to natch the
equity premium To avoid this problem | assune preferences that are at
least in principle consistent with enpirically revealed attitudes towards
risk. Finally, the possibility of age-dependent risk-aversion should not be
assuned away at the outset. For these reasons, | assune a recursive nhon-
expected utility function
(3.3) U = %hf{ (cliye + rf B[ (c2g+q) (1-h2)]}e(2-h2)] (1-h1)/e
to capture the preferences of generation t, where r is the rate of tine
preference and E;[4 denotes the conditional expectations at tine t. This
specification is simlar to Epstein-zZin (1989) and Wil (1989), but
generalized to allow different degrees of risk aversion for old (h2) and
young (hl); the elasticity of intertenporal substitution, 1/(1-€), is not
necessarily their inverse. For interpreting the solutions, | wll often
concentrate on the special cases of time-separability (hl=1-e), age-
i ndependent risk aversion (h1=h2), or the CRRA case (hl=h2=1-¢).14

For positive analysis, the only relevant property of (3.3) is the

i mplied marginal rate of substitution,

14 since CRRA is taken as benchmark for the inter pretation, readers unconfortable with
non-expected utility should not worry that the results rely on non-expectedutility. The

limting cases e=0, h1=1, and/or h2=1 are covered as usual by applying de | hospital’s
rule.

10



02t 41 } 1-e-h2{ cly }1-e
Et[(02t+1)(1'h2)]}1/(1'h2) 02t+1

(3.4) MRS(cly, c2r41) = 1o
Note that the MRS depends on intertenporal substitution and on the risk
aversion of the old, but not on hl. Since the young cannot participate in
risk-sharing contracts before birth, their risk aversion is not
identifiable frommarket data.

The operation of this econony is straightforward. Every period, the
young di vide their given wage income into consunption and savings (st), cl;
+ st = w and the old consune the return on savings, c2+1 = RKt4+1-St.
Savings and the capital stock are deternmined by the optimality condition

(3.5) Et [ MRS(cli, c2p4q) R¥p41] = 1

and the equilibrium condition s = K41/ Nt = ki#:. Since productivity is
non-stationary and all choices are proportional to A.1 (due to honothetic
utility and constant returns to scale), it is <convenient to study
productivity-ratios such as cl/A.1, c2/A.1, W/A.1, and k¢.1, which are
stationary. In ratio form period-t consuner decisions only depend on w/A
and its deternminants, ki.1 and a; (see 3.1). The re-scal ed econony therefore
follows a Markov process with state variables ki.1 and at. 1

The special case of log-utility and 100% depreciation deserves a
separate comment. Wth Cobb-Dougl as production and full depreciation (v=0),
the wage inconme of the young and the capital incone of the old are

perfectly correlated and proportional to each other,

Kt -
RS 1 = @A Temy) AL = 10 (L)

If in addition utility is logarithmc, the savings rate is constant. Then

proportional incones translate into proportional consunmption, (2.3) is

15 | ndi vi dual deci si ons al so depend on expect ati ons about F*t +1, but because of honothetic
utility and constant returns to scale, (3.5) reduces to Ef[MS((w/A-

kt+1,li<t+1-kt+1)><ﬁ<t+1] = 1, an inplicit function for kiy in terms of w/A. Thus,
deci si ons depend only on w/A.

11



satisfied, and it is straightforward to verify that the nmarket allocation
is indeed efficient.

This special case is quite non-generic, however . Even with
proportional incones and equal risk aversion, any variation in savings
rates (substitution elasticity * 1) would destroy the proportionality in
consunption and nake the allocation inefficient. The proportionality of
incomes is also fragile, e.g., with old capital (vt0), additional shocks
(below), or policy interventions (below). The special case is nonethel ess
instructive because it helps to focus the analysis on sources of
i nefficiency other than relative incone fluctuations.

In general, the optinal decision rules for consunption and capital
i nvestment are non-linear and do not have closed form solutions. In the
literature, two responses to such problenms are comon. Either drastic
simplifying assunptions are inposed to obtain closed form sol utions, or the
nodel is calibrated to obtain nunerical solutions. Neither approach is
satisfactory here. The only tractable closed form setting, log-utility and
100% depreciation, would be mnmsleading because of its non-generic
properties. And calibration is problematic because the objective is to
understand the qualitative role of preference, technology, and (below)
policy paraneters for the allocation of risk, not to calibrate a specific

econony. 16

Hence, | pursue a sonmewhat different approach. Follow ng the business
cycle literature, | log-linearize the relevant constraints and first-order
conditions, but | derive analytical rather than nunerical solutions to the
log-linearized nodel. The basic linearization is taken around the

16 e coul d of course numericall y simul at e many al ternati ve paraneter settings toobtain
a mappi ng fromparaneters to outcones, but given the nunber of rel evant paraneters, this
woul d require a | arge nunmber of simul ations, without producing a general mapping of the
type obtai ned bel ow.

12



determnistic steady state obtained by equating the stochastic shocks to
their expected values, a;=a (see King-Plosser-Rebelo, 1988a, 1988b). This
linearization is sufficient for understanding nmacroeconom ¢ dynanics, but
it is not necessarily sufficient for policy issues involving uncertainty,
such as questions about precautionary savings and asset pricing.l” | use a
procedure notivated by Canpbell and Viceira (1996) as alternative: The
budget equations are log-linearized as in King-Plosser-Rebelo, but the
Eul er equations are evaluated exactly under the assunption of | o0g-nornal
di sturbances. The resulting policy functions are identical to the King-
Pl osser- Rebel 0o sol ution except that they include intercept terns reflecting
the nean “displacenent” of the stochastic relative to the determnistic
steady state. Mst results bel ow are about the slope coefficients, however,
so that the King-Pl osser-Rebel o approach is sufficient and log-normality is
not required. The fact that simlar results can be obtained with a nethod
that recognizes precautionary savings and the equity premium is still
reassuring.

To be precise about the notation, let x (w thout subscript) be the
determnistic steady state of any stationary variable xi, let Qt = In(xt)-
In(x) be the log-deviation fromthe steady state, and |et

A A A
Xt = Px0 * PxkXt-1 *+ Pxaft,
denote the log-linearized law of notion, where px; are fixed coefficients
that can be interpreted as elasticities. The intercept terns pxg are
formally included but set to zero in the King-Pl osser-Rebel o approxi nati on.

The main focus will be on the coefficients pyxg and pyxk of the consunption

and investnment rules wunder alternative assunptions. These coefficients

17 The argunents for social security investnents in the stock nmarket (e.g., Social
Security Advisory Council 1997) are usually based on a non-trivial equity prem um But the
equity premiumis zero if one linearizes around determnistic steady state.

13



reveal to what extent the different cohorts are exposed to risk, either
directly (high pxa or through endogenous fluctuations in capital (th/dla\lt_
i =pxkPkk! " 1Ppka). Throughout, non-stationary variables such as consunption
and wages are scal ed by | agged productivity to induce stationarity.18

The key elasticity coefficients are as follows.1® The wage-
productivity ratio w/A-1 has elasticities pyk = a and pyg = 1-a (see 3.1).
The consunption of the old (= their incone) has elasticities
(3. 6a) Peok = a + (1-a)8v/RK, and  pgoa = (1-a) X 1-v/ RX).
Wth full depreciation (v=0), capital income is proportional to wage
inconme, so that the elasticities are the same as for the wage. Since the
income from selling old capital is independent of a; and linear in Kki.q
(versus a weight a<l in new production), a high value of old capital (v/RK)
rai ses pcgok above a while reducing pc2q bel ow 1-a.

The young divide their wage incone between consunption and savings.
I f savings respond nore to a shock than the wage, consunption nust respond
| ess, and vice versa. The relative responses are determ ned by individuals’

willingness to substitute intertenporally. Conbined, these considerations

i mply

- ab - ax(1-D)
(3 6b) Pcik = S+( 1- S) . D’ Pcla = l-a + S+( 1- S) . D’

—_ —_ a _ - 7a = -
(3 60) Pkk = Psk = S+( 1- S) . D’ Pka = S+( 1- S) .D Psa 11

where s=s/wis the steady state savings rate and
D=1+ (1-.—;1)>(1-\//R'<)-[1%—e -1]

18 A scaling by l|agged productivity is nore convenient that a scaling by current
productivity, because a positive shock a; woul d produce a negative responseinratios |ike
cii{/A (due to higher A), which is counterintuitive. The el asticities of cit/At_l with
respect to a; and k; are the sane as the corresponding el asticities of ¢'y itself, so that
one can onit the scalinginlabelingthe elasticity coefficients pgj,z. That is, pgi,a =

fin(c'y) _in(c'¢/A-1) _fin(c/A)
Tn(I+ar) ~  Wn(Lva) ~  Wn(l+ay)

19 petails of all derivations are in a technical appendi x avail abl e fromthe aut hor. The
derivations are generally straightforward, but quite |engthy.

+ 1.

14



is a constant that is above (below) one if and only if the elasticity of
substitution 1/(1-e) is above (below) one. The relation ki = st/A ties the
dynanics of the capital stock to savings.

For e=0 (log-utility), D=1 inplies pcia = Psa = 1l-a, so that
consunption is proportional to the wage and the savings rate is constant.
The capital stock then has a “generational” autocorrelation coefficient
pkk=a. (The elasticity pkag=-a is negative, because ki=st/(1l+a;) is scaled by
current productivity. The Ki4+1-level is increased by a;.)

For a higher elasticity of substitution (e>0), D>1 inplies p¢ik>a,
Pcia<l-a, pkk<a, and pgkg>-a. Intuitively, savings incentives depend on the

expected return on capital (see 3.5). As a |log-linear approxination,

(3.7) Rh+1 = PRe X(ate1 - Ki),

where prc = (1-a)X1-v/RK). Hence, the expected return Et[IQ‘Hl] = —kaXQt
depends negatively on current investnent. In equilibrium an increase in
the effective capital labor ratio ki.q1/(1l+a;) wll always raise ki and

therefore reduce the expected return on savings. Lower interest rates
trigger an incone and a substitution effect. For e>0, the negative
substitution effect dom nates so that the savings rate declines in response
to a higher ki{.1 and/or lower a; value. These nobvenents in the savings rate
reduce the consunption inpact of productivity shocks (pcia as e ) and they
magni fy the inpact of initial capital (peik-).2°

For e<0, the incone effect dom nates. Then the savings rate rises
with ki.1/(1+at) so that the consunption inpact of productivity shocks is

larger than with log utility: pc1a>1-a. Wth inconplete depreciation (v>0),

20 19 gain further intuition, note that e reduces pkk and |pkgl in absolute value and
thereby reduces the inpact of ki.; and a; on R ;. That is, increased intertenporal
substitution i nduces savi ngs responses that partially offset the interest rate changes
that woul d ot herwi se occur.
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D becones less sensitive to variations in e because any given change in
savings has a smaller inpact on interest rates (see 3.7).

If one conpares (3.6a) and (3.6b), one finds that an the elasticity
of substitution below 1 (e<0) is a sufficient condition for pec2g £ 1-a < pcia
and pcok * a > pecia (for all v30). If v>0, pcra < Pcla and Pc2k > Pcik apply
even for some substitution elasticities 1/(1l-e) above 1 (because safe
capital tends to affect the c2-elasticities nore than the cl-elasticities).

Under these conditions, the young bear nore productivity risk than the old,

while they are | ess exposed to changes in initial capital

These conditions are likely satisfied enpirically. Hall (1988)
suggests that 1/(1-e) is near zero, so that pgc1a>pc2a for all v30. Mreover,
i f one thinks of generational savings as a repetition of annual savings and
uses annual data to calibrate v/RK, an annual return on capital of about 6%
and a depreciation rate of about 5% suggests that v/RK »0.95/1.06 = 0.90 is
far above zero. Setting, e.g., a=1/3, e=1l, and s=0.2, one finds pc1a = 0.67
>> peoa = 0.07. The young bear vastly nore productivity risk than the old. 21

Finally, note the risk aversion paraneters hl nor h2 do not appear in
any of the above formulas. Though risk aversion has sone inpact through
precautionary savings, it is essentially irrelevant for the narket
allocation.22 This is intuitively reasonable, because individuals cannot
privately share risks across generations. Their exposure to risk is
therefore determined by technology (a,v) and by the young generation’s

Wil lingness to substitute intertenporally (e).

21 see Bohn (1998) for a nore elaborate calibration. This sinple calculation my
exaggerate the quantitative difference in risk exposure if the value of old capital is
correlated with productivity growmh or if productivity shocks have atenporary conponent;
see Bohn (1998) and bel ow The qualitative point is robust, however.

22 |n the Canpbel | - Vi ceira styl e approximation, one can show that the intercept terns pko,

pPc10, and pc2o are functions (conplicated ones) of h2. Hence, h2 affects the s-val ue at
whi ch (3. 6b-c) areeval uated. The Ki ng- Pl osser - Rebel o approach abstracts fromt hi s ef f ect
by linearizing around a determnistic steady state.
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The unequal exposure to productivity risk in the market allocation
rai ses natural questions about the welfare inplications. This is exan ned

in the next section.

4. Efficient Allocations in the Parametric Model

To obtain an efficiency benchmark for the narket econony, consider the
pl anning problem of Section 2 wth the preference and technology
assunptions of Section 3. Sone insights can be obtained from the
distributional efficiency condition (2.3) alone, while others require a

conpl ete solution to the social planning problem

4.1. Distributional efficiency
The nmarket allocation does not generally satisfy one key condition for
Pareto-efficiency, the distributional condition (2.3). It can be |og-

linearly approxinated as

N N N N - - N
(4. 1a) h2x2 - hicl = (h2-h){ch.p+a.g) + (1-)) &5 Ppreks

+ [hi-h2+j { 1-e-h1)]/ ( 1- €) PReK; - 1.

where j T (0,1) is a constant. (Intercepts are suppressed; prk i s defined as
in 3.7, c/\'t denotes the | og-deviation of ci{/A.q fromits steady state.)

This efficiency condition applies for any set of fixed welfare
wei ghts. Intuitively, different welfare weights prinmarily affect the
pl anner’s desired |level of intergenerational redistribution, but they do
not have a direct effect on the efficient allocation of risk.23 For this
reason, one nmay refer to “the” efficient allocation of risk wthout
conditioning on the wel fare wei ghts.

In the special case of CRRA utility, hl=h2=1-e, (4.1a) reduces to cl\zt

N
=cli. That is, with CRRA utility, the young and the old should be exposed

23 since the el asti city coefficients are evaluated at a particular steady state, the
wel fare wei ghts nay have an inpact by changing the point of evaluation, but this effect is
quite indirect.
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equally to variations in all state variables. Hence, the finding of unequal

elasticities in Section 3 inplies that the narket allocation is generically

i nefficient.

If wutility is tine-separable (hl=1-e) but with potentially age-

dependent risk aversion, (4.1a) inplies
(4. 1b) 62, = (h1/h2)l; + (1-hi/h2)of el 1+ar. 1+pred (1- ) Ke. 1] .
Since the bracketed term is known at time t-1, (4.1b) inplies that the
young and the old should be exposed to current shocks in inverse proportion
to their risk aversions: p‘ecoa = (h1/h2)p"c1a, Where the stars (") denote
efficient elasticities. Thus, an allocation that inposes nore productivity
risk on the young than on the old can be rationalized by preferences with
age-increasing risk aversion (hl<h2).

Preferences with exogenous age-dependent risk-aversion are quite non-
standard, however. Also, since hl is wunobservable from narket data,
efficiency is untestable if one treated hl as a free paraneter. On bal ance,
the point that age-dependent risk aversion might rationalize grossly
unequal exposure to shocks is noteworthy because the notion that the young
are nore risk-tolerant than the old has sone plausibility. But a further
anal ysis would not be particularly insightful. For the subsequent analysis,
| will therefore assume h=hl=h2, i.e., focus on the nore standard case of
Epstein-Zin utility (or CRRA, if h=1l-e).

For Epstein-Zin utility (h=hl1=h2), (4.1a) can be witten as
(4.2) 02, - ol = hpky + hokp. 1.
where hq1 = (1-j)X1-e-h)/hpr/ (1-€) and hy = jX1-e-h))/hpgri/ (1-€) are non-
zero for non-separable preferences (htl-e). If wutility is non-separable,
(2.3) and (4.2) include intertenporal |inkages, which are responsible for

the capital terns in (4.2). For hqt0, efficiency is consistent w th unequal

18



N, N
consunption novenments (c?tlcl{). The details depend on the dynanmics of the
capital -labor ratio, i.e., they require a solution to the conplete socia

pl anni ng probl em

Even in the CRRA case, a solution of the conplete problem is needed

to determine by how nmuch consunption should change in response to any

particul ar shock, and to what extent the inpact of a shock can be shared

with future generations through changes in capital investnent.

4.2. The Social Planning Problem
The overall planner’'s problem is essentially a standard infinite-horizon
optimal growth problem except that there are two goods (cl, c?) and a quite
general Epstein-Zin type function. Mdst of the interpretation will focus on
CRRA preferences, h=1-e, but since substitution and risk aversion have
fundanmentally different economic roles, all fornulas are presented for the
Epstein-Zin case, so that one can imediately recognize if a formula's
econom ¢ intuition involves substitution or risk aversion

As usual, the optinmal risk-sharing problem does not have a closed
form solution. A natural approach to characterizing the properties of the
optinmal risk-sharing policy is therefore to log-linearize the econony
around its steady state.24 As in the market case, | will derive approximte
solutions analytically.

In addition to the distributional condition (4.2), the planning
problem involves (2.1) and (2.4). The resource constraint (2.1) yields the
| og-linearization

VAN N AN N N
(4.3) skt + spely +soc? = (a+sy) ki-1 + (1-a-s)oa

24 Note that the conpl ete set of ex ante efficient allocations includes allocationswith
unbal anced growt h. One coul d exam ne unbal anced growt h by |inearizing around a perfect
foresight path, but this generalization would not be insightful. | therefore assune

exponential wel fare wei ghts, wg = Ny>w!, to ensure bal anced growth. The intercept terns
Pxo are usually suppressed to sinplify the notation.
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where s1=cl/ (Y/N), so= 1/(1+n)x2/ (Y/N), sk=k/y and s, = v/anssk are output
shares, y=Y/(NA), and an=(1l+n)x 1+a). Not surprisingly, high productivity
growmwh and a high initial capital stock increase the consunption and
i nvest ment opportunities.

For the intertenporal efficiency condition (2.4), one obtains

(4.4) Ei[c2s1] - (clhi+ar) = - preki/(1-).
Intuitively, efficient capital investnment is determned by the tradeoff
bet ween consunption snoothing (equating the |.h.s. terms in 4.4) and
intertenporal substitution (e). For interpreting the r.h.s. of (4.4),
recall from (3.7) that —kath is the deviation of the expected return on
capital fromits steady state.

If one uses (4.2) to elininate é\lt from(4.3-4), one obtains a pair of
expectational difference equations in (cl\zt, ﬁt). For CRRA utility, it is
straightforward to show that the systemis characteristic roots (my, np)
satisfy O<m<1<RK/an<np, where R¢/an>1 is inplied by the social planner’'s
transversality condition. For htl-e, | assune that m<l<np; this holds in a
nei ghbor hood of h=1-e and seens satisfied for plausible paranetrizations.
The dynamic system is then saddle-path stable and, when conbined wth
(4.2), it yields decision rules for (/l;t, cl\zt, cl\lt) as functions of the
Mar kov state vector (/l;t_l, Ia\lt). Specifically, one finds

A A

n *
(4.5a) kt = m xkt-1 + pka Xat
* - _ a.+SV A ) ~
where pka = -(1 1/”E)ml (-1,0) and ml (0,1), and
N

N % N
(4. 5b) c2t = pieak X Kt-1 + p'c2a X at

* oy = atsv 4 * o 25
where pcoa = 1-(1-1/rr2)><81T52 I (0,1) and p cokl (0,1).

25 Formul as for m, n, p*czk are not di spl ayed because they are conplicated functions of
t he paraneters (see the appendix). For CRRA utility, the coefficients on a; and k; are

rel ated: p*czazl- p*cgk and p*ka:-nl.
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Thus, the efficient capital -productivity ratio is positively
autocorrelated (m>0) and it depends negatively on a;. Since p'ka>-1, the
savings and capital investnents |evel depend positively on productivity,
however: dl n(Ki+1)/dl n(1+at)=p sa=1+p ka>0. For CRRA utility, (4.2) inplies
cl = cl\zt so that the elasticities in (4.5b) also apply to é\lt. For 1-eth,
one finds
(4.5c) P'cik = P cok - hi-m - hp and p'cia = pc2a - h1 - Pka
Since p“ka<0 and m>0, p*c1k>P c2k and pcia<P c2a hold iff h>1-e (because then
hi, ho<0). The high equity prem um suggests that the condition h>l-e is
likely satisfied enmpirically (see Wil 1989). If one includes CRRA as a
| ower bound for h, the enmpirically plausible paraneter set is h3l-e. This

inplies p'coa ® P'clas @ quite strong result: The old should carry at |east

as _nmuch exposure to productivity shocks as the young.

Risks can also be shared with future generations through state-
contingent variations in the capital stock. The elasticity p‘kaq deternines
the magnitude of these variations, and the root m determines the tine
horizon, the rate of decline in the inpul se response function. Since p“kal (-
1,0) and mi (0,1), the n-period ahead response of the capital-productivity
ratio satisfies pkgm" 1l (-1,0). Hence, the response of consunption |evels,
din(citsn)/din(l+at) = 1 + pcim™ Ip ka>0, i's unanbiguously positive at all
hori zons: Productivity risk should be shared.

In the narket allocation, shocks are also propagated through the
capital -labor ratio, but the elasticities generally differ fromthe optinal
val ues. A general conparison depends too nany paraneters to be insightful
here. Recall, however, that for elasticities of substitution near one
(e»0), pkk=-pka»a is close to the capital share and virtually unaffected by

v. For v>0 and e»0, one finds m>a, p'ka<-a; both are increasing in absolute
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value with v. At least for these parameters, the nmarket allocation has a
too | ow autocorrel ati on of capital

Overall, the market allocation of risk differs from the efficient
allocation in how they allocate risk on the two living generations and in
how they share risk with future generations. In the efficient allocation
the old should bear at |east as much productivity risk as the young. But

the reverse inequality applies in the narket allocation

5. Policy Intervention with Sinmple Tools
In practice, the governnent intervenes in the market allocation in many
ways, e.g., through governnent debt, social security, and taxation. In
addi tion to their wel | - under st ood di stributional effects, such
i nterventions have an inpact on the allocation of risk. This section wll
exam ne these risk-sharing effects from two perspective: First, what
policies would be necessary to inplenent an efficient allocation of risk?
Second, what are the risk sharing inplications of policies that are
observed in practice? The distinction is inmportant because | wll argue
that observed governnent practices are in fact difficult to reconcile with
ef ficiency.

| focus specifically on social security and governnent debt, because
they are nobst prominent tools of intergenerational redistribution. Since
social security is wage-indexed while government debt is a safe claim (or

nearly safe), they turn out to have very different risk sharing effects.

5.1. Social Security and Governnent Debt
This section adds three types of governnent intervention to the narket
nodel of Section 3, nanely governnent debt, social security, and taxes on

t he young.
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In general, governnent debt can have a variety of effects that depend
on its type (state-contingent returns) and its growh path. Since debt is
usual ly considered a safe claim (abstracting from inflation risk), | wll
assune for now that government debt offers a safe return RPt4;. Debt Di+1 isS
issued in period t and natures in period t+1. To stay in a balanced growth
setting with Mrkov uncertainty, | assune that the stock of debt is
proportional to the growh path AXN: D41 = dp&AN, where di=d(ki) nmay
depend on the capital-labor ratio.?26

In principle, debt service can be provided by taxes on the young or
on the old (tl; and t%), subject to the budget equation
(5.1) ROODr = Notdy + Neopt? + Dreg
For this section, | consider taxes on the young only, i.e., set tl =
RO D/ N - D41/ Ne and t2%=0. (t2 is defined for reference bel ow. Governnent
spendi ng coul d be added, too, but that would only conplicate the analysis.)
Taxes on the young are a useful benchmark because a tax on wages can be
interpreted as a lunp-sum tax (given a fixed |abor supply) and because
governnent debt would neutral if the debt holders (the old) were
responsi ble for the debt service.

One key feature of safe debt is that along any bal anced growh path,
t he debt service depends negatively on productivity grow h:

1+a
(5.2) th/ A1 = Ropd(ke-) - o, od(ke)

Intuitively, old debt becones snall relative to current income when growh

is high, but it is a heavy burden when growh is slow That is, debt

i ncreases the exposure of taxpayers to productivity risk.

This observation raises sone i mediate and troubling questions about

the efficiency inplications: |If the young are already too exposed to

26 This is not a serious restri ction, since the efficient allocation has thisstructure.
The assunption of safe debt is inportant; nodifications are discussed bel ow.
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productivity risk w thout governnent intervention, as Sections 3-4 suggest,
why is safe governnent debt so widely used in practice? | wll return to
this question bel ow.

Next, consider social security. Social security is nodeled npst
easily by assunming a wage-indexed, pay-as-you-go (PAYG system that pays
benefits Ni.pbxw at a fixed replacement rate b to the old generation and
collects payroll taxes Ny*m>x;t from the young. The PAYG constraint inplies
that the tax rate g nust equal the cost rate b/(1+n). In the U S., social
security benefits are indexed to the average national wage level at the
time of retirement and inflation-indexed thereafter, i.e., partially wage-
i ndexed and partially safe in real terms. Here | assune full wage-
i ndexation, for sinplicity and to highlight the contrast between social
security and safe debt.?27

The econony then works as follows. Wrkers earn a disposable incone
wX1-g)-tl that is either consumed (cl{) or saved, either in capital
(equity securities, sk) or in government bonds (sP;),

(5.3) cly = wl-q) - tly - skp - sby.

The old receive wage-indexed social security benefits with a replacenent
rate b and (bel ow) pay taxes t2 4+1. Their consunption is

(5.4) c%+1 = Répapsky + ROp4psPy + bwgar - t2p4r.

Savi ngs behavior is deternined by the optimality conditions

(5.5) Et[ MRS(clt, c2p+1) R a1l = Ef[ MRS(cly, c241) ROp41] = 1.

In equilibrium the interest rate on governnent bonds nust clear the bond

market, Dt+1=Ne>sP. The next period's capital stock is Ki+1=Ni>sKi. Wth the

27 A partially wage-indexed system would have internediate properties that could be
inferred fromthe pure cases of safe debt and fully i ndexed soci al security. Inanearlier
version of this paper, | also added a social security trust fund with debt and equity
investnents. Since if debt above is interpreted as gross debt mnus a trust fund,
alternative trust fund investments can be captured inplicitly by naking alternative
assunptions about the return on net debt; see Bohn (1998) for a nore detail ed anal ysi s of
trust fund investnents.
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above assunptions on policy, the econony scaled by the productivity trend
still follows a Markov process with state variables ki.; and a;. Again,
there are no closed form solutions except in uninteresting special cases.
Hence, | log-linearize around the steady state and evaluate the allocation
of risk by examning the resulting elasticity coefficients.

The formulas for the elasticity coefficients for consunption and
investnment are shown in Table 1. They reveal that policy affects the
al l ocation of risk in several ways.

First, safe government debt reduces the exposure of the old to
productivity risk (d-® sg-® pgog ). Intuitively, the income of the old is a
I inear conbination of wage-proportional clains, [a/(1-a)X1+n)+b] x4+, and
clains that do not depend on current productivity, RP4+psdi+vssKi. For v>0
and/or d>0, these fixed claims necessarily reduce the elasticity of c2 4
with respect to productivity shocks.

Second, safe government debt increases the exposure of young to
productivity risk (d-® pgi1a-).- In equilibrium the resources available for
consunption plus savings are
(5.6) cly + sky = wx1-q) - tl - sb

= wx1-9 - RPOA 1/ (1+n)>d(Kt-1) .
Through taxation, workers are responsible for a predeternined debt service.
They are in effect endowed with a | everaged claim on wages, with |everage
created by governnent debt. Hence, governnent debt nmgnifies the inpact of
productivity shocks on consunption ¢! and on capital accunul ati on
(psa=pkatl-). Through capital investnent, the inpact on future generations
is also increased.

Third, the government can control the autocorrelation of the capital-

| abor ratio by varying the elasticity of debt issue with respect to the
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capital stock, pgk. Since ki changes in response to productivity shocks, a
debt policy that makes debt a function of ki is a tool to allocate
productivity shocks over many generations.

Finally, note that social security does not appear explicitly in the
above elasticities. Wth Cobb-Douglas production, wage-indexed soci al
security benefits are proportional to wages and to gross capital incone.
For v»0 and d»0, social security sinply increases the incone of the old by
a fixed percentage affecting the allocation of risk. For v>0 and/or d>0,
soci al security increases share of old-age incone that is effectively wage-
i ndexed, which raises pc2g by reducing sy/s2 and sg/s2. Apart from the
latter effect, social security is essentially neutral with regard to the
al location of risk.?28

Social security is nonetheless conceptually inportant because it
allows the government to separate distributional and risk-sharing issues.
By substituting debt for social security, the government can alter the
all ocation of risk wi t hout necessarily changi ng the scal e of
intergenerational redistribution (say, as neasured by the steady state
gener at i onal account bal ance), and it can change the scale of
redi stribution without affecting the allocation of risk.

How then should the government operate its debt and social security
policy? Since individuals’ consunption-savings decisions satisfy the sane
Eul er equation as the social planner, it is sufficient for obtaining an

efficient allocation if the governnent equates the actual dynanics of the

capital stock to the efficient dynamics, i.e., if it sets pkk = m and pkg =

p'ka- These efficiency conditions provide tw equations for the two policy

28 | do not pl ace much wei ght on v>0, because the inpact is limted and likely snall:
Though soci al security increases pc2g by reduci ng sy/ s2, pc2a remains bel ow 1-a and pcia
remai ns unchanged. When conparing soci al security to debt, the viewthat social security
is roughly neutral is also useful to avoid exaggerating the differences.
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paraneters d and pgk.- By setting d and pgk appropriately, the governnent can
i mpl enent an efficient allocation of risk. Moreover, this is possible
wi thout constraining distributional goals if social security is used to
control the overall scale of redistribution.

Now recall that the market allocation wi thout governnent inposed too
much productivity risk on the young and too little on the old. Inspecting
the formula for pg1a, one finds that a reduction in pgig and an increase in
Pc2a both require d<0, i.e., a negative anmount of safe debt. Even if one
qguestions the realism of negative debt, it is clear that a positive anount
of safe debt shifts productivity risk in the wong direction. In practice,
however, many governnents in the world are issuing essentially safe debt.
Such policies appear to be suboptinal .29

The finding that governnent debt shifts risk in the wong direction
cannot be dismissed by with reference to distributional objectives because
the governnent could instead nake transfers to the old through social
security. For v»0, social security is approximtely neutral with respect to
risk-sharing, so that social security transfers would not disturb the
allocation of risk. If v>0, social security would even raise pg2q and
thereby shift productivity risk in the “right” direction. In either case,
if the government wants to nake transfers to the old, this could be done
nore efficiently through social security than through governnent debt.

The risk sharing argunent against safe debt has sone immediate
i mplications for social security reform Several recent proposals to reform
social security propose a reduced future replacenent rate in the

tradi tional system conbined with bond financing (“recognition bonds”) to

29 Note that this argunent against safe debt is quite different fromthe usual tax
snmoot hi ng argunents (Lucas and Stokey 1983, Bohn 1988). Here | assume | unp-sumtaxes,
maki ng tax snoot hing argurents irrelevant, and | rely heavily on deviations fromRi cardi an
neutrality.
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soften the distributional inpact (e.g., the PSA plan in Advisory Counci
1997; Feldstein, 1996). Such proposals can be interpreted as a reduction in
b conbined with an increase in d. Such reforms would clearly shift
productivity risk from the old to the young and to future generations.
Based on the anal ysis above, this would be efficiency-reducing.

A simlar risk-shifting occurs if mandatory “individual accounts” are
introduced in a way that reduces the social security trust fund. A trust
fund hol ding government bonds effectively reduces the net, publicly-held
debt (d) below the gross Treasury debt. If the trust fund is reduced, e.g.
when payroll taxes are diverted into individual accounts, this would
increase the net debt and thereby the exposure of future workers to

productivity risk.30

5.2. O her Policy Instruments

In this section, | wll examine tw additional policy tools that have an
i mpact on the allocation of risk, inconme-proportional taxes paid by the old
and state-contingent governnent debt.

I ncone taxes deserve comment in this context because they are w dely
considered inportant risk sharing tools. True incone taxes are problematic,
however, because a tax on the capital inconme of the old would usually
di stort savings decisions; the inplied second-best considerations are
beyond the scope of this paper. It is instructive, however, to consider a
setting in which the old pay a lunp-sumtax equal to a fraction xt of their
factor incone. (For exanple, consider an incone tax conbined with a tax

credit that provides the correct savings incentives on the margin.) For

30 These coments shoul d not be interpreted as a conpl ete assessnment of any particul ar
policy plan because a specific pl an may have many ot her, potentially offsetting features.
For exanple, a shift fromdebt to equity holdings withinagovernnment-run trust fund will
al so increase net governnent debt, which |ooks efficiency reducing. Such a shift has
different inplications than an individual accounts plan, however, if the trust fund
benefits future generations; see Bohn (1998).
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ri sk-sharing purposes, such a tax is equivalent to an incone tax because
its revenues vary with productivity in the same way. Since the capital
income of the old is (RK-1)Ki.1, the tax on the old collects revenues
(5.7) t2; = xt{axmati(;ﬁ)a-l + v-1] k¢ 1A 1

For the tax rate, three sinple cases are worth considering. First,
suppose xt=x i s constant and assune that the young pay whatever residual is
needed to maintain debt service. Then the tax paynments by the old are an
increasing function of the productivity shock a;. Hence, the residual
exposure of the young to productivity shocks is increased. This does not
resol ve the puzzle of why governnents issue safe debt.

Second, suppose that the young pay taxes at a fixed rate, tl/w =
constant. Then the disposable inconme of the young is wage-proportional and
Xt must vary such that the old pay for the entire debt service. In this
case, debt does not alter the allocation of risk, because Ricardian
neutrality applies when the debt holders are taxed for the debt service. In

this case, debt is uninteresting.

Finally, consider a uniformincone tax, i.e., suppose x is equated to
the wage tax on the young (x=tl/w such that (5.2) and (5.7) are

satisfied). Then x; nust satisfy

k k 1l+a
xox [ (Fhyax(ra) 12 - (1v)x L] = Rpn(kiD) - S oabad(k).

Hence, x; is a decreasing function a;, which neans that safe debt stil
i ncreases the exposure of the young to productivity risk, though |less than
in the case of t2%=0. The intuition is that debt is neutral to the extent
that the old pay part of the debt service.

Overall, one finds that incone-proportional taxes inposed on the old

do have risk-sharing inplications. But safe debt still shifts productivity
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risk from old to young--in the wong direction--except in the case of
Ri cardi an neutrality.3?

State-contingent debt is perhaps a nobre pronising extension. Such
debt is not unrealistic if one interprets nom nal debt as state-contingent
and treats inflation as a governnment control variable that determ nes he
state-contingent variations in the real return on nonminal bonds. Let prpa be
the elasticity of RPi(at) with respect to a;. For any level of debt, an
increase in prpg shifts productivity risk from young to old. Hence, an
efficient allocation of risk could be inplenented in principle by setting
Proa Sufficiently high.

Though promi sing, the nom nal contingency is probably not a plausible
rationalization for governnment debt. This is because an unrealistically
high elasticity would be required to shift risk in the “right” direction.
For exanple, one can show that the risk exposure of the old with ppya'0 is
gi ven by

Pc2a = 1-a - (1-a)sy/s2 - (1-a-proa) *sd/ S2
(notation as in Table 1; assuming t%=0 for sinplicity). For proa<l-a,
governnent debt is still shifting risk away fromthe old and onto the young
and future generations. Recall from (3.7) that dIQ‘t/d,a\lt = prkEl-a<l. Thus,
to be effective, nonminal debt would have to have an elasticity coefficient
Proa>1l-a above the corresponding coefficient on capital. Nominal bonds that
are nore “risky” than claims on capital appears unrealistic. In addition,
the argunent for nom nal debt assunes an inflation rate with determnistic
link to productivity growth. If the governnment cannot control inflation

perfectly, “noise” in inflation would add a new stochastic shock to the

31 | am not pursuing nore general state-contingent taxes on the old because it is
conplicated to design capital inconme taxes in a way that avoids distorted savings
incentives (Chari et.al, 1991; Zhu, 1992; Bohn 1994). In addition, it is too obvious that
general state contingent taxes coul d achi eve efficiency.
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econony, a shock that would redistribute resources across generations and
therefore be inconsistent wth distributional efficiency. Overall, |
conclude that nominal debt is less damaging than safe debt, but not nuch
better, unless one allows for extrene paraneter values for the state-

dependence of returns.

6. Extensions
This section generalizes the main nmpdel in several directions to exam ne
the robustness of the above results. Notably, | wll discuss other

aggr egat e shocks, elastic |abor supply, and CES-production

6.1. Other macroeconomnic risks

In the main nodel, permanent productivity shocks were the only source of
aggregate risk. Here | consider three other sources of risk: tenporary
productivity shocks, an wuncertain salvage value of old capital, and
gover nnent spendi ng shocks.

Tenporary productivity shocks are worth di scussing because they raise

questions about the role of consunption-smoothing. |f productivity shocks
are tenporary, the young may be able to bear them nore easily than the old
because they can consunption-snooth over two periods. But since temporary
productivity shocks reduce interest rates while permanent productivity
shocks increase interest rates, the inplications are far from obvious. The
differential income effects may be offset by differential substitution
effects.

To examine this issue nore formally, suppose one adds a tenporary
productivity disturbance et to the nodel and redefines output to be

Yo = K@ A l+er) ) 12
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If et is i.i.d., both the positive nmodel of Section 3 and social planning
probl em of Section 4 retain their Markov structures, now with an additional
state variable e;. The zi{-shock of Section 2 becomes a vector z=(A e). The
| og-linearized decision rules gain an additional term for the et-shocks
(pxex/;t in the positive nodel, p*xex/;t in the nornative nodel). But since the
pPxa and pxk coefficients remain unchanged, all previous results about
per manent shocks and about initial capital renain unchanged.

The efficient solution for CRRA wutility again requires equal
coefficients for old and young consumers, p*cie=p c2e. |n the market nodel,
the distinction between pernmanent and tenmporary shocks is irrelevant for
the old, i.e., pc2a=Pc2e- FoOr the young, the consunption response to
tenporary shocks generally differs from the response to pernmanent shocks
because of differential consunption snoot hi ng and i ntertenporal
substitution effects. The difference in the elasticity coefficients is

Pcia - Pcle = ﬁ%ﬁ,
which is positive if and only if DE1l (see Table 1 for notation). Recall
that D=1 applied in the case of wage-proportional incones and log-utility,
hence pc1a=pcler INn this special case, the differential interest rate
novenents exactly offset the differential income effects, producing equal
consunption coefficients. 32

For wage- proportional incomes (v=0) and a CRRA utility wth
elasticity of substitution below one (e<0), one finds D<l and therefore pc¢ie
< Ppcila- Then the differential i ncone-effects (consunption-snoot hing)
dom nate and the consunption response of the young pcie is below 1-a. If in

addition v»0, so that pcoe»l-a, one may have pgie < Pc2e, SO that the old

32 A posi tive tenporary shock provides a consunption-snoothing notive to save nore, but it
al so raises the prospective capital -labor ratio ki, and hence depresses interest rates. In
contrast, a permanent shock reduces ki and raises interest rates, providingasubstitution
notive to save nore. In the log-utility case, these two nmechani sms are equal |y strong.
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bear too nuch risk. Safe governnment debt would have a role as a tool for
shifting tenporary productivity risk to the young.

Even if pc1e<pcre, it would be preferable, however, to find a policy
instrunment that only shifts tenporary risk and not permanent risk. In any
case, the negative autocorrelation in productivity growh that one should
observe with tenporary shocks is not apparent in the data.33 Hence, one
shoul d be cautions about drawi ng policy conclusions from the theoretical

case of tenmporary productivity shocks.

Second, consider adding uncertainty to the return to capital.

Productivity shocks (permanent and tenporary) inply a deterministic |ink
bet ween wages and the margi nal product of capital, which nmay be considered
restrictive. To see the inplications of independent novenents in the return
to capital, suppose the salvage value of old capital is an i.i.d. random
variable v¢{. In practice, the old hold a variety of long-lived capital
goods of uncertain value so that one nmight think of a stochastic vy as a
general “valuation risk.” The return to capital is then still correlated
with productivity and wages, but contains additional noise. The nodel
retains its Markov structure, now with vy as additional state variable and
with Ot-terrrs in the log-linearized decision rules.

In the narket allocation, valuation risk is a generation-specific
risk, since the old generation holds all the capital. One finds pcoy>0,
while pc1y=0 and pky=0, which is inefficient. Bohn (1998) has shown that
social security trust fund has an interesting risk-sharing role in this
context. Wth defined benefits, the risk and return of social security
equity investnents would be carried by future generations, so that equity

investnments are a neans to share valuation risk, to inplenent an allocation

33 Wth tenporary shocks, productivity growth should have a negative autocorrel ation:
(1+at +1) *(1+et +1)/ (1+et)-1 is above Eat+1 in expectation whenever et<k et +1.
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with p“civ=p coy>0. Overall, independent novements in the return to capita
are another potential source of inefficiency but they do not overturn

previ ous findings. 34

Third, shocks to governnent spending are potentially inmportant source

of risk (e.g. war spending). In the normative npdel, a stochastic,
exogenous share of governnent spending gi in output can be accommpdated
easily, because government spending reduces the resources available to
consunption and capital investnment |ike a negative productivity shock. To
mai ntain the Markov structure, let the spending share gi be i.i.d. wth
mean g. Then an efficient allocation requires a negative response of old
and young consunption (p*clg<0, p*cgg<0, with equal coefficients in case of
CRRA) and a burden-sharing with future generations through variations in
capital investnent, p*kg<0. In a market setting, efficient responses to
spendi ng shocks could be inplenmented in various ways, e.g., by allowng
taxes and debt to depend on spending shocks. A nore detailed analysis is
beyond the scope of this already |ong paper, but it is worth noting that
this source of wuncertainty could be included fairly easily and w thout

changi ng other results.

6.2. Variable |abor supply

The assuned inelastic |abor supply may be considered restrictive, too. One
m ght argue, for exanple, that the young can bear nore risk, because they
can “recover” from bad shocks by increasing their |abor supply, whereas the

retired old have to live with their given resources. 3°

34 A stochastic vi may nodify the results on productivity risk, if v, and a are

correlated. If the correl ated conponent is subsuned into a;, pc.oa Would effectively be
increased. This would quantitatively nodify the previous results, but qualitatively
overturn them

35 This concern was raised on several occasions when | presented an earlier draft.
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To exanmine this issue, assume that individuals are endowed with one
unit of time and have preferences over consunption and |eisure. By
assunption, the old are excluded from the |abor market and use all their
time for leisure. The young consume |y units of l|eisure, where O0£l{£1, and
provide |abor supply 1-1ty. Efficiency and individual rationality both
require that the narginal rate of substitution between young consunption
and leisure equals the wage rate. In the normative analysis with tinme-
separable utility, innovations in consunption and l|eisure wuld have to

satisfy

2 1
(6.1) dey =A%t Ly

? X T el Ue xdlt,
where the subscripts in U and Uz denote partial derivatives.

In general, the relative volatility of the old and young generations’
consunption depends on the correlation and the substitutability of
consunption and leisure. For the special case of U =0, (6.1) inplies
P c1a=(h2/ h1)p coa, like (4.1b) in Section 4, so that the previous results
about relative consunption volatilies remain largely unchanged. | f
consunption and |leisure are substitutes (U;<0) and negatively correlated
(as one may suspect in case of productivity shocks), the consunption of the
old should actually be nore volatile than the consunption of the young.

To say nore about the correlation of consunption and leisure, a
paranetri zed nodel is again needed. As exanple, consider a time-separable
CRRA specification with a Cobb-Douglas aggregator over consunption and
leisure, Ut = u(cl,1t) + ru(c?,1) with u(c,1) = [ctf]1L-h/(1-h), >0. The
Cobb- Dougl as aggregator inmplies a unit elasticity of substitution between

consunmption and |eisure, which is necessary for a balanced growth. The

efficient | og-linearized decision rules can be derived as before.
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One finds: (a) In the special case of log-utility (h®1) and v=0, the
| abor supply is constant and the wage-proportional allocation is efficient,
as in the fixed labor nodel. (b) In the enpirically nobst relevant case of
h>1 (low elasticity of substitution), negative productivity shocks induce
an increase in |labor supply so that consunption and |eisure are negatively
correlated. Since h>1 inplies U; <0, a variable labor supply inplies that
the consunption volatility of the young should indeed be less than the
consunption volatility of the old, contrary to the “recovery” argunent
notivating this section.

Intuitively, the “recovery” argunent fails because states of nature
with low incone are also states of nature in which the marginal product of
| abor is low. Hence, it would be inefficient to ask the young to work nore
when aggregate incone is low Overall, the section shows that the |abor-
| eisure option of the young and the exclusion of the old from the |abor
mar ket do NOT create a presunption that the young are better able to bear
risk than the old. As shown above, the labor-leisure choice nmay be
irrelevant (with log-utility) or even call for less risk-bearing by the
young. Although other paranetrizations may conceivably vyield different
results (I am not striving for generality here), the main nodel with fixed
| abor supply provides a reasonabl e approximation for the optimal allocation

of risk.

6.3. CES Production

The Cobb- Dougl as technology in the main nodel inplies a unit elasticity of
substitution between capital and labor. This is a significant restriction
because a non-unit elasticity changes the relative riskiness of capital and

| abor incones. To see this, consider a CES-production function

Yi = [aKd +(1-a) (AN ) ]I
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with elasticity of substitution 1/(1-j); Cobb-Douglas is the linmiting case
j =0. Technol ogi cal progress is assuned permanent and |abor augnenting (to
ensure bal anced growth), as in the nmain nodel.

Economi cally nost interesting is the case of an elasticity bel ow one
j<0. A positive productivity shock that raises the effective supply of
| abor (N¢>¢) relative to the stock of capital will then reduce the |abor
share in output relative to the capital share. This nmagnifies the effect of
productivity shocks on capital income and danpens the effect on |abor
i ncone relative to the Cobb-Dougl as case. Hence, the old generation faces a
nore volatile nmarket income than the young, suggesting that the nmarket
all ocation may inpose too much risk on the old. This is reinforced by the
fact that the efficient allocation calls for productivity shocks to be
absorbed by variations in the savings rate that reduce the volatility of
old and young consunption relative to the Cobb-Douglas case. The |abor
augrmenting nature of technical progress is inportant here, because it nakes
the effective | abor supply the main source of uncertainty.

Overall, a CES-technology with elasticity paraneter below one nay
theoretically justify governnent interventions that shift risk fromold to
young, such as safe debt. An elasticity of intertenporal substitution bel ow
one and a non-zero salvage value of old capital would, however, reduce the
relative consunption volatility of the old. An elasticity of factor
substitution below one is therefore by no neans sufficient to justify

gover nnent intervention. 36

36 A wvei ghting of these factors would require an enpirical analysis beyond the scope of
this paper. For the mai n nodel, | assune Cobb- Dougl as t echnol ogy because the qual itative
inplications of alternative preference and policy paraneters are nost easily explainedin
a Cobb- Dougl as setting (yielding wage-proportional incones), and because Cobb-Douglasis a
standard assunptioninthe production literature (e.g., Gonmme and G eenwood, 1995). The
data are difficult tointerpret. Inannual U S data, the sinple correlation betweenthe
| og capital share and the | og output-capital ratiois actually negative (-0.31 for 1929-
1996, -0.33 for 1954-1996), contrary to what one woul d need to rationalize safe debt. But
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7. Conclusions
The paper has exanmined the intergenerational sharing of macroeconomc risk
in a stochastic OG nodel. In the market allocation wthout governnment, the
old and the young share productivity risk through its inpact on capital and
| abor incone. A conparison of the market allocation with the set of ex ante
Pareto-efficient allocations shows that the narket allocation is generally
inefficient. The market allocation of risk depends inportantly on
individuals' intertenporal elasticity of substitution--the wllingness to
spread risk over time--and not primarily on risk aversion. The optinal
allocation requires that old and young bear consunption risk in inverse
proportion to their respective relative risk aversion

For plausible parameters, the market allocation w thout governnent
i mpose too nmuch productivity risk on the young and too little risk on the
ol d. Qbserved governnent policies are difficult to interpret as efficiency-
improving in this context. Not abl vy, safe governnent debt shifts
productivity risk fromthe old to the young, reinforcing the inefficiency.

A wage-indexed social security system has every different risk
sharing properties that governnment debt. It is essentially neutral wth
respect to the allocation of risk. Thus, if the governnent engages in
i ntergenerational redistribution, productivity-contingent transfer schenes
such as wage-indexed social security seem preferable to governnent bonds
This finding has sonme relevance for the current social security reform
debate, suggesting that a reduction in social security acconpanied by an
i ncrease in net governnment debt would be wel fare-reducing.

Overall, the widespread governnent practice of issuing essentially

safe debt nmmkes one wonder if politicians have been tenpted to offer safe

careful production studies have found evi dence for a belowunit elasticity (e.g., Lucas,
1969); a nore detailed analysis is best left for future research.
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securities to current voters  without consi deri ng--perhaps wi thout
recogni zing--the inplied risks for future generations. Judging from the
public confusion about the nerits of social security equity investnents,
which involves simlar risk sharing issues, the hypothesis of inperfect
understanding by politicians and/or their voters is perhaps not

i mpl ausi bl e.
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Table 1: Elasticity Coefficients with Debt and Social Security

Consunption of the old (c2/A-1):

a + (1-a)sy/s2 - (a+prk-Pdk) sd/ S2

Pc2k

Pc2a l-a - (1-a)»sy/s2 - (1l-a)ssg/s2

Consunption of the young (cli/A.1):
a + (PRcPdk) - Sd

Pelk = "g4(1-s-s4) D D
_ axX1-D) + (1-a)»syD
Pcla = 1-a + s+(1-s-sg)D

Capital -1abor ratio (kt):
_ a + (PR Pdk) - Sd

Pkk = s+(1-s-sg)D
_ a - Sd
Pka = = g4(1-s-sq) D
Not at i on:

S1, S2, Sk = Ratios of worker-consunption to output, retiree-consunption to

out put, and capital to output, respectively.

sy = v/(1+a)/ (1+n)»sk = Ratio of old capital relative to current output

sq = R/an-d/y = Ratio of initial debt incl. interest to current output.
Pre = (1-a)X1-v/RK) = Elasticity of interest rates with respect to capital.
pdgk = Elasticity of debt issue d(k) with respect to k (a policy paraneter).

s = sk/[(1-gf1-a)] = Wrker savings as share of wage incone net of social

security taxes.

sd = sdg/[(1-gx1-a)] = Initial debt as share of wage incone net of social
security taxes.
D=a + prd(1-€) + (1-a)sy/s2 - (a+prk- Pdk) sd/ S2

where d is assunmed small enough that D>O0.



