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Abstract

I study the competitive equilibria in dynamic Mirrleesean economies where
the agents can trade income contingent assets on a period-by-period basis. I
show that if the private productivity shocks are I.I.D., markets can achieve
efficiency without any government intervention. If the productivity shocks are
Markov then taxation is still not needed, although the government needs to
monitor the asset trades to prevent the agents from making certain trades.

1 Introduction

In this paper I study competitive equilibria in dynamic Mirrleesean economies with
variable labor supply and publicly unobserved productivity shocks. I show that when
people can trade income dependent assets with financial intermediaries, no taxes are
needed to implement the efficient allocations. However, when the productivity shocks
are Markov, there is a need for an external monitoring agency that will prevent agents
from making certain trades. The role of the agency is nevertheless fundamentally
different from the role of a tax authority, because the monitoring agency does not
collect any resources from the agent. I also show that the external monitoring agency
is not needed if the shocks are I.I.D.

One of the main implications of the decentralization I present is that, since the
income dependent assets are traded on the spot markets, long term contracts be-
tween an individual and the financial intermediary are not required. This result is
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important since long-term contracts are usually perceived to be necessary in order
to obtain efficiency in dynamic private information economies. The idea behind the
decentralization is that, before the current shock is realized, the agents’s objectives
are aligned with government’s objectives - both are interested in maximizing the
expected utility. If one assumes that the agents can only trade risk free bond, as
in Albanesi and Sleet [1] or Kocherlakota [11], then the agents do not have enough
instruments to achieve as good insurance as the government can provide, and taxes
are needed. But with income dependent assets, they can insure themselves by choos-
ing a asset portfolio with income dependent assets in the previous period. Income
dependent assets act thus in the same way as a tax function.

There are two implications of this result. First, conclusions about (nonzero) opti-
mal taxation in such framework critically depend on the assumption that some assets
are not allowed to be traded. In other words, if one studies taxation in a framework
where the set of assets to be traded is exogenously restricted, he is in fact not study-
ing an economy with private information frictions but an economy with completely
different type of friction - exogenously missing markets for income contingent assets.
Second, the paper hopefully increases the appeal of private information as a source
of frictions for positive studies of dynamic economies. If markets can achieve efficient
allocations without any need to resort to long term binding contracts or taxation,
then it seems more plausible to hypothesize that efficient allocations are actually
achieved in some way, as in Kocherlakota [12] or in Maziero and Ales [13].

The argument of this paper is very closely related to the one of Prescott and
Townsend [15],[16]. They show that competitive equilibria in many private informa-
tion economies, including a static version of the one considered here, are efficient if
markets for type dependent contracts are considered. One contribution of this paper
is to make an explicit connection with the optimal taxation literature. Unlike in
Prescott and Townsend, I consider an indirect decentralization where the agents are
not required to report their type to the financial intermediary and mere observation
of their incomes by financial intermediaries is enough to execute the trades.

The paper is also closely related to the decentralization in Golosov and Tsyvinski
[6]. There are three main differences. First, agents in Golosov and Tsyvinski sign
long-term contracts with financial intermediaries, who provide them with consump-
tion and direct their production. The agents do not trade any asset themselves. In
contrast, this paper relies on a sequence of short term asset trades executed directly
by the agents. Second, Golosov and Tsyvinski do not require the external moni-
toring agency to be present, while monitoring is needed for the decentralization of
this paper (unless the shocks are I.I.D.). Thus, external monitoring can be seen



as a substitute for long term contracting. The third difference is that Golosov and
Tsyvinski study direct decentralization where financial intermediaries condition their
payments on agents’ reports about their productivity, while this paper studies both
direct decentralization and indirect decentralization.

There are two related decentralizations for dynamic moral hazard economies.
A decentralization with income dependent assets is provided by Kocherlakota [10].
Similarly to this model in case of Markov shocks, a monitoring agency is required
to prevent the agents from making certain trades. Another type of decentralization
is provided by Grochulski [7]. Grochulski studies a dynamic moral hazard economy
and shows that the efficient allocations can be implemented in a market economy
where the agents trade unsecured debt with financial intermediaries and are subject
to discharge under certain conditions of bankruptcy law. The bankruptcy law is
exogenous and serves a role similar to the external monitoring agency in this paper.

The paper is divided in three parts. In the first part, I provide a recursive
representation of the constrained efficient allocations. The recursive representation is
novel. I recursively characterize the social planner’s primal problem and use a vector
of social planner’s expected costs conditional on the current shock as a state variable.
I call the costs conditional on the current shock as ex-post costs, to distinguish
them from the expected costs at the beginning of the period, called ex-ante costs.
The reason why the ex-post costs are used as a state variable is that they turn
out to be closely linked to the income dependent assets the agents will hold in a
competitive equilibrium. In contrast, ex-ante costs do not, in general, have any
physical counterpart in a competitive equilibrium.

In the second part I study a direct decentralization where agents trade one period
contracts with financial intermediaries. The contracts consists of two elements: for
each possible report of the agent they specify the asset payment and the income
the agent must produce. While the direct decentralization is not the main objective
of the paper and is in principle not needed, it provides a useful intermediate step
between the social planner’s problem and the indirect decentralization. I show why
the external monitoring agency is needed in order to achieve efficiency. If the external
monitoring agency is not present, the agent might gain from reporting an incorrect
type, while at the same time choosing consumption and a next period contract that
is inconsistent with the behavior of the agent whose report has been mimicked. The
external monitoring agency is needed to prevent such joint deviations by restricting
the agent in her ability to choose next period contracts.

The indirect decentralization is analyzed in the third part. Compared to the
direct decentralization, the indirect one has two advantages. First, I show that



the contracts traded are simpler and consist only of asset portfolios. Second, type
reporting is not needed. It is implicit in a sense that the financial intermediaries infer
the agent’s type indirectly from the agent’s behavior. This makes asset trading more
realistic than contract trading in the direct decentralization. The cost of indirect
decentralization is that the efficient incomes must always be invertible, so that the
financial intermediaries could infer the agents’ current type from their income. This
additional restriction is again not needed if the shocks are 1.I.D.

The paper is organized as follows. Next section provides a simple example to
show the main intuition behind the results. Section (3) sets up the environment,
defines the constrained efficient allocations and characterizes them recursively. Sec-
tion (4) studies direct decentralization with report dependent assets while section
(5) studies indirect decentralization with income dependent assets. Section (6) dis-
cusses additional roles left for taxation and concludes. Proofs can be found in the
Appendix.

2 An Example

Consider the following static economy where production and consumption takes place
only in one period. The agents receive publicly unobserved productivity shocks § € ©
where O is a finite set. The probability of getting a shock 6 € © is 7(6). The utility
function depends on consumption ¢ and labor [ and is given by u(c) — v(l). The
income y is given by y = 0l. There are no government expenditures in this economy.

Let c: ©® - R, and y : © — R, be consumption and income assigned to the
agents by the social planner. The social planner maximizes the expected utility of
the agent by choosing an allocation {c,y}:

subject to an incentive compatibility constraint

0 e argégaxu(c(a)) - v(#) vV € © (1)

and a resource constraint requiring the cost of an allocation to be equal to some

initial wealth level B : B
B = [c(6) — y(6)]n(9). (2)



Denote the efficient allocation by a pair of functions ¢*(B, #) and y*(B, ). I will
now compare two different ways of decentralizing the efficient allocation. The first
one involves government and uses income taxes to redistribute the resources. The
second one involves no government, but allows the agents to trade income dependent
assets before the uncertainty about productivity is revealed.

2.1 Decentralization with Income Taxes

The optimal tax problem is standard and has been studied many times, beginning
with Mirrlees [14]. The government imposes an income tax function T'(B,y) where B
is individuals’ initial wealth level and y is income they realize. After learning about
their productivity, the agents maximize utility by choosing income and consumption
subject to a budget constraint

c=B+y—T(B,y). (3)

Define the optimal tax function 7*(B,y) by using the efficient allocation as fol-
lows: T*[B,y*(B,0)] = B+y*(B,0)—c*(B,0). The optimal tax function is extended
appropriately beyond the range of y*(B, -). The taxation principle implies that when
individuals with initial wealth B and productivity @ face the tax function T*, they
will find it optimal to choose the efficient income y*(B, ) and consume the efficient

amount c*(B, 0).

B
).

2.2 Decentralization with Income Dependent Assets

Consider now the following market arrangement. Before the productivity shock is
revealed, the agents are given a chance to trade with financial intermediaries, using
their wealth B and buying a portfolio of income contingent assets. The portfolio of
income contingent assets a pays a(y) units of good if the agent chooses to produce
y units of income. Financial intermediaries act competitively and price portfolios of
income contingent assets as a whole, rather than pricing individual assets separately.
Let P(a) be the price of an asset portfolio a. The agent can choose any portfolio she
can afford. The budget constraint is given by

B = P(a).

It is useful to think through the agent’s problem backwards. Suppose that the
agent has chosen an asset portfolio a. When the agent produces y units of goods in



period 1 she is paid a(y) units of goods from the financial intermediary and hence
consumes

c=y+aly). (4)
Let y*(a, ) and ¢*(a,6) be the utility maximizing income and consumption choice of
an agent who has previously chosen a portfolio a.

Comparing (3) and (4) one can see that the agent’s asset portfolio a acts in
essentially identical way as the government’s net income y — 7. Thus, in principle,
the agent’s ability to self insure is the same as the government’s ability to redistribute
resources. The question is whether the agent will have the right incentives to insure
herself. The answer is yes, and it follows from two arguments. First, ex-ante, both the
government’s objective and the agent’s objective is identical: both want to maximize
expected utility. Second, since the financial intermediaries maximize profits, the
equilibrium price of any portfolio a must be equal to the expected costs for the
financial intermediary. Thus, the price of a portfolio a is given by

P(a) = aly'(a,0)]m(6)de. (5)

0cO

In particular, the portfolio a’(B,-) = B — T*(B,-) that "mimics” the optimal tax

function is feasible to the agent. To see this, suppose that, given portfolio a'(B,-),
the agent wants to choose the efficient income level y[a*(B, ), 0] = y*(B,0) :

Pla’(B,)] =) _d'[B.y(a'(B,-),0)]n(6).
= [B—=T"(B,y"(B,6))x(6) = B,

0cO

where the last equality follows from the fact that the aggregate tax payments under

T* are zero. If the agent chooses the portfolio a’(B, -), one can easily show that she
will indeed want to choose the efficient income level after the shock is realized. The
efficient allocation is therefore implemented with income dependent assets

The example shows the main idea behind decentralization with income dependent
assets: before the shock is realized, the agents have the right incentives to insure
themselves. This idea will carry over to the more general model. The example also
correctly suggests that asset trading before the shock is realized is a key in obtaining
the efficient allocations and shows how the financial intermediaries price portfolios
by inferring the agent’s probabilities of incomes.

On the other hand, the example is too simplistic on several dimensions. The fact
that there is no period with both asset trading and production is, as we shall see,



restrictive, and the results in a multiperiod model will need to be somewhat modified.
There are also important differences between economies with Markov shocks and
economies with I.I.D. shocks and these differences have been blurred by the simple
example. And, finally, while there is an equivalence between decentralization with
taxes and decentralization with income dependent assets in the static example, such
equivalence exists for recursive formulations of dynamic economies only if the shocks
are [.I.D.

For all these reasons, it is important to consider a more general multiperiod model
with Markov shocks. I will also link the competitive equilibrium allocations directly
to the efficient allocations, and circumvent the discussion of decentralization with
income taxes completely.

3 Constrained Efficient Allocations

There is a finite number of time periods 7" and the economy starts at time zero.
Period utility is given by a function u(c) — v(l) where u : Ry — R is strictly
increasing and strictly concave, and v : R, — R is increasing and strictly convex, ¢
is consumption and [ is labor supply. The agents discount future utility at rate (3,
0<p< 1.

Each period the agent receives a productivity shock 6§ € © where O is a finite set
with I elements. The productivity shocks follow a Markov process with probability
of a shock 0" next period if the current shock is 6 given by m(6'|#). The initial shock
f_, € O issupposed to be publicly known and is the same for everyone. For any ¢t < T
one can construct the probability of any sequence of shocks 6% = (6, 0, ...0;) € O
given 6_; and it will be denoted by 7*(6*|6_1). The productivity shocks affect the
agent’s income: if the agent supplies labor [ and her productivity is 6 then she
produces income y = 6l.

The social planner has access to a credit market. He faces a sequence of in-
tertemporal prices of consumption ¢ = {q;}1,, where ¢; > 0 is a relative price of
consumption between periods ¢t and ¢t + 1. Let Q; = Hﬁ;éqi. In what follows I will
take the sequence of prices as a parameter.!

'In this paper I will not attempt to endogenize the intertemporal prices of consumption, as in
Albanesi and Sleet [1] and Atkeson and Lucas [2]. Endogenizing ¢ is not likely to change any of the
main results of this paper.



3.1 A Sequence Formulation

The social planner chooses an allocation Z = {Cy, Y}, given by a collection of
report and time contingent consumption and income plans C; : B X © X ettt —
Ry and Y, : Bx © x ©! — R . The allocation is indexed by the present value

of costs By € BC R and the initial shock §_; € ©.2 Let U(Z,0_,) be the lifetime
utility an agent gets from the allocation Z:

U(202)=3 3 Al — oyt go),

t=0 gteot+1

The allocation must satisfy two constraints. First, it must be incentive compati-
ble: any possible reporting strategy o = {o;}L,, where 0; : B x © x ! — © must
be dominated by truthtelling:

U(Z,0_,)>U(Zoo,0.,) (6)

for all possible reporting strategies 0. Second, the social planner is restricted by a
requirement that the present value of the costs must be equal to By:

T

ST Qo) - v (e'l0-1) = Bo. (7)

t=0 gtcOt+1

The efficient allocation Z* is an allocation that attains the maximum of the
agent’s expected utility among all incentive compatible allocations that have present
value By :

U*(By,0_,) = m?XU(Z, 0_1) s.t. (6),(7). (8)

For a given allocation Z, the present value of the social planner costs follows
a certain stochastic process. Define B;(Z,6") to be the present value of the social
planner’s costs after a history 6 has been realized. It is given by

Bi(Z,0) = C(0") = Yi(0) + D> Y %[@-(929“) =Y, (60", 67|~ (07" ]6r).

j=t+1 gi—tc@i—t

In what follows, I will assume the following:

2The dependence on By and #_; will be kept implicit whenever convenient to reduce the nota-
tional burden



Assumption 1 The efficient allocation satisfies the following equal treatment prop-
erty: If, for any (01,01 € ©% | the allocation satisfies B,(Z,071,-) = B,(Z,0"1,")
then Cy(0°1,60,) = Cy(0"%,6,), Yi(6"1,0,) = Yi(6*.6,) and B.1(0"%,6,,-) =
Bt+1(¢9t_1, (9,5, )

The assumption says that if two histories lead to the same cost vector in period
t then the consumption and income in period ¢ will also be identical and, moreover,
the ex-post costs tomorrow will be identical as well. The assumption is crucial for
the existence of a recursive formulation. If it is not satisfied, the efficient allocation
exhibits memory that cannot be captured by the cost vector and hence cannot be
replicated by a recursive contract.

Assumption (1) is clearly not an assumption about primitives of the economy.
One can however show that it will be satisfied for instance if the period utility is
linear in 6 (or if it is linear in some nonlinear transformation of #).?

3.2 A Recursive Formulation

I will now show that the utility maximization problem can be written recursively,
using the vector of costs as a state variable. The social planner will be constrained
by the requirement that, for each possible realization of the shock § € ©, the costs
must not exceed a given value b(f). Since the costs are contingent upon the current
shock, I will refer to them as ez-post costs. Typical ex-post costs will be denoted as
be R

Each period, the social planner chooses an allocation rule, which consists of report
contingent consumption and income, as well as a vector of next period ex-post costs.
The allocation rule is therefore a collection of functions z = {ct,ys, b}, where
¢t RT x © — Ry is consumption in period t > 0, 3, : Rf x © — R, is income
in period ¢ > 0 and b, are ex-post costs at the beginning of period ¢, defined as
by: RIxO© —=RIfort>1andasby: Bx0O x 0 — R in period zero.

The ex-post resource constraint the allocation rule must satisfy is given, for all
t <T by?

b(0) = c(0) — yu(0) + @ Y besa (6,07 (0'6) VO € O, (9)

0'cO

3The assumption is therefore satisfied for instance if v(l) = I1**, p > 0.

4To economize on notation, I will keep the dependence of the allocation on the ex-post costs b
implicit whenever convenient. Also, when there is a risk of confusion or whenever it is necessary, I
will use the notation b(-) to highlight the fact that b is a vector, and not a scalar.



where bry 1 = 0. Let V;(b,0_) be the maximum lifetime utility at the beginning of
period t < T that the social planner can deliver to the agent given that the ex-post
costs are b € R and the last period productivity shock is §_ € ©. An allocation is
incentive compatible if for all 8 € © the utility of an agent is maximized by reporting
truthfully: for all t < T,

e O)) o L 3Viialbes (6,),6) > e O)) (2

[+8Vialbeya(6,-),6) 6,60 €O,

(10)
where V.1 = 0. Let B, C R! be a set of the ex-post costs for which there exists
some allocation rule in period ¢ that satisfies both the ex-post resource constraint
and the incentive compatibility constraint:

={beR": e,y bis1) : © — Ri x RI such that
(¢t, Yr, bry1) satisfies (9) and (10)}.

The ex-post costs chosen by the social planner are required to be taken from the set
By forallt <T —1:
bi1(60,-) € By Vo € ©. (11)

The efficient allocation rule maximizes the lifetime utility of the agent, that satisfies
the following Bellman equation:

Vi(b,0_) = max Z{u c (0 ytée)

Ct Yt bt+1

]+ BVialbea(0,-), 0]} (0]6-) (12)

subject to the ex-post resource constraint (9), incentive compatibility constraint (10)
and the constraint (11). The efficient allocation rule is denoted by z*.

The social planner’s problem in period zero is different, because the social planner
is only constrained by the ex-ante costs By rather than by a vector of ex-post costs.
Equivalently, one can think of the social planner as choosing, before the period zero
shock is realized, the ex-post costs by subject to an ex-ante resource constraint

= bo(0)m(6]6-1) (13)

0cO

The optimal ex-post costs in period zero thus solve

b (Bo,0_1,-) = arg maxVy[b(-), 0_4] s.t. (13). (14)
b(-)€Bo

10



The lifetime utility the agent receives from the allocation rule 2%, given that
the ex-post costs in period zero are chosen optimally is given by V*(By,0_1) =

~

Vo[bS(Bo, 9717 ')7 971]‘

The definition of the allocation rule does not allow for the possibility that the
efficient allocation rule might depend on the last period shock 6_. This may, at first
sight, appear to be a significant restriction since the agent’s lifetime utility V;(b,6_)
clearly depends on #_. Next lemma shows that such restriction is indeed justified.
In the optimum, the allocation rule never depends on the last period shock.

Lemma 2 The efficient allocation rule in period t, z; = (ct, Yi, bes1) is independent
of the last period shock 6_ for allt <T.

This result is a fairly straightforward implication of the fact that the problem
can be redefined as a problem where the social planner chooses the allocation rule
after the current shock is realized. But after the current shock is realized, neither
the objective function nor the constraints depend on #_. In other words, all the
dependence of the efficient allocation rule on 6_ is already captured in the choice of
the current ex-post costs b.

The recursive formulation constructed in this section can be seen as an alterna-
tive to the recursive formulation of Fernandes and Phelan [4]. There are two main
differences between both formulations. First difference is obvious: Fernandes and
Phelan provide a recursive formulation of a dual problem, while I provide a recursive
formulation of the primal problem. But the most important difference from the point
of view of this paper is the second one: while Fernandes and Phelan use a vector of
ex-ante variables as a state, my formulation uses a vector of ex-post variables as its
state. This is essential because the ex-ante variables are all but one counterfactu-
als: In Fernandes and Phelan they represent the lifetime utility of an agent who has
deviated from truthtelling although noone deviates in equilibrium.® The problem
with the counterfactual state variables is that they are probably impossible to map
to a meaningful state variable in a competitive equilibrium. In contrast, none of the
ex-post costs is counterfactual, because the ex-post costs are independent of the true
productivity shock the agent has received last period. This, as one will see later,
allows the ex-post costs to be linked with state dependent assets in a competitive
equilibrium.

5Similarly, one could write a recursive representation of the primal problem, where the vector of
states would be the present values of ex-ante costs of an agent who has deviated from truthtelling.

11



It is fair to say that for computational reasons the dual formulation of Fernandes
and Phelan is better suited. First, in an infinite horizon economy, the Bellman
operator in a dual recursive formulation is a contraction, while the Bellman operator
in the primal recursive formulation may not be: the presence of the value function
in the incentive compatibility constraint prevents the application of the Blackwell’s
Theorem. Second, the state space of the dual recursive problem can sometimes be
significantly reduced,® while there is no hope to reduce the state space of the primal
recursive problem similarly. But for the purpose of a theoretical analysis presented
in this paper, the primal recursive formulation is a better fit.

3.3 Relationship between The Sequence Problem and the
Recursive Problem

This section studies the relationship between the sequence representation and the
recursive representation of the social planner’s problem. To study the relationship
properly, one first needs to find a way of mapping allocations to allocation rules and
vice versa.

For a given allocation rule z define an allocation Z as follows. Take any B, and
0_ 1 € O. Let BO(B(),H 1,(90) = b*(Bo,e 1,90) For ¢t > 1 let Bt<BO,9 1,‘9t) solve a
difference equatlon Bt+1 (B(), 6_1, 0 9t—|—1) = bt+1[Bt(B0, 9_1, ‘9 ) Ht, 6t+1] Set

Cy(0") = Ct[Bt(Bo, 0_1,0""1,), 0,
}/t(et> = yt[Bt(BOa 0—17 Htila ')7 gt]

Call Z = {C},Y;}L, an allocation generated by the allocation rule 2.

Conversely, for a given allocation Z define an allocation rule z as follows. Set
bi(Bo,0_1,+) = Bo(Z,). Fix b € Rf, §_ € © and construct a set H;(b) = {§!* €
O By(Z,0t71,.) = b} for t < T. The set H; contains all histories up to period
t such that the present value of costs is b. If the set Hy(b) is empty for some b, set
yi(b,0) =0, ¢,(b,0) = b(#) and b;11(b,6,-) =0 for all # € ©. Otherwise, set

ci(b,0) = Cy(0"1,0) for all 91 € H,(b)
y(b,0) = Y;(0"1,0) for all 9" € H,(b)
biy1(b,0,-) = By (01,0, ) for all 01 € Hy(b).

61f shocks are I.I.D., then the vector of states reduces to the promised utility. If a first order
approach can be applied, it is shown by Kapicka [9] that the state space reduces to the promised
utility and a one dimensional costate variable.

12



Call z = {c, s, b}, to be an allocation rule generated by the allocation Z.
Given assumption (1), the allocation rule z is correctly and uniquely defined.

Next result shows the relationship between the sequence problem and the recur-
sive problem. Both problems are shown to be equally capable of solving the social
planner’s problem. In addition, the allocation generated by the efficient allocation
rule is efficient.”

Theorem 3 i) Suppose that z is the efficient allocation rule that solves (12) and
(14) for By € B and 0_, € © given. Then the allocation Z that is generated by z is
the efficient allocation that solves (8) for By and 0_;.

ii) Suppose Z is the efficient allocation that solves (8) for By € B and 6_, € ©
giwen. Then the allocation rule z that is generated by Z delivers lifetime utility
V*(B(), 0_1) = U*(B(), 6_1).

In the next two sections, I will consider a problem of decentralizing the efficient
allocations with state dependent assets in a competitive equilibrium. The decen-
tralizations I consider will critically rely on the recursive formulation of the social
planner’s problem. The reason is that the social planner’s ex-post costs will be
directly linked to the agent’s holdings of income or report contingent assets in a
competitive equilibrium. This result is complementary to the result obtained by
Albanesi and Sleet [1], who link ex-ante costs with holdings of a risk free bond. At
the same time, this result is a key ingredient that allows for a decentralization of the
constrained efficient allocation without any need to use taxes.

4 Direct Decentralization

The market structure I will consider is the following. Each period, the agents trade
one period financial contracts with financial intermediaries. The contracts are con-
tingent on the agent’s next period report and, for each report, specify two things:
asset payoff and income that the agent must produce. In this sense, the contracts
"tie” agent’s assets with income. A generic financial contract will be denoted by
¢ = (a,y), where a € R! is the report contingent asset and y : © — R is the report

"The theorem is asymmetric in a sense that the allocation rule generated by an efficient allocation
is not efficient because it does not solve the recursive social planner’s problem for all possible values
of ex post costs. It only provides a correct solution for the ex-post costs that are selected by the
efficient allocation.
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contingent income. The space of financial contracts is ® = R x Rfr The contracts
are executed at the beginning of the period. That is, at the beginning of the period
the agent provides a report about her shock. That determines the income she must
produce and the asset payoff. After that, the agent decides about her consumption
and chooses a new financial contract.

The markets for the financial contracts are differentiated according to the current
period report of the agent. Prices at each market are linear in quantities and are
determined by the financial intermediaries who supply them competitively. Let p =
{pi},, pe : © — R be a vector of asset prices, where p;(6,6’) denotes the price
of an asset that pays one unit of consumption good tomorrow if an agent reports ¢’
tomorrow and has reported 6 today.

I follow Prescott and Townsend [16] and Bisin and Gottardi [3] by assuming
that constraints that arise from the agents’ private information are imposed directly
on the set of trades the agents can take. In addition to the constraints arising from
private information, the agent is also limited in her choices by an external monitoring
agency. The agency has the power to restrict agent’s choice of next period assets,
given her current contract and current report. The external monitoring agency will
be needed in some, but not all, cases to ensure that the competitive equilibrium
allocation is constrained efficient. The precise role of the external monitoring agency
is discussed later.

I will now formally introduce all the elements of the market economy and define
the competitive equilibrium for the economy, henceforth called a direct competitive
equilibrium.

External Monitoring Agency. The external monitoring m = {m;}L; is given
by a sequence of correspondences m; : ® x © —— R! where my, (¢, é) is the set
of assets the agent can choose in period t if she enters current period with financial
contract ¢ € ® and reports 6 € © to the financial intermediary.

Agent’s problem. It is convenient to consider the agent’s problem in two
stages. In the first stage, the agent chooses her report to the financial intermediary.
In the second stage, the agent produces the required income and chooses current
consumption and next period contract.

Suppose that the agent enters period ¢ with a financial contract ¢. Her lifetime
utility from reporting 6 € © to the financial intermediary when her current shock
is 0 € © is given by a value function Wa[¢(6),0].5 Maximum lifetime utility of a 6

8The value function reflects the fact that the report 0 enters the value function only through the
payment of the financial intermediary ¢(6).

14



type agent from a contract ¢, Wa(¢, ), is attained by a report that solves:

Wi (. 0) = r;gviftd[qs(é), ). (15)

This defines the optimal reporting strategy 04 = {04T_, where 6 : ® x © — O.
The value function Wd[¢(9), 0] is determined in the second stage:

A~

. 0)
600).0) = s ate) ~ i) 83 Wt On00) (10

subject to three constraints. First, the agent’s choices must satisfy her budget con-

straint: R

a(f) = ¢, —y(0) + Zpt a1 (0'). (17)
0'cO
Second, since the financial intermediary is uninformed about the agent’s produc-
tivity shock, it will trade only such contracts that are incentive compatible in a sense
that the agent will want to report their true shock to the financial intermediary next
period:

1 € Xiqa, (18)

where X;,; is the consumption possibility set, given by
Xen={p€®, W,[6(0),0] > Wi, [6(0).0] 0,0 €0}

Third, the external monitoring agency restricts the agent’s choice of next period
assets:

ary1(-) € mega (o, é)

The optimal consumption and financial contract that solve the stage 2 problem
(16) are denoted by é(¢(0), #) and gzgfﬂ(gzﬁ(é), 6). Together With the optimal reporting
strategy 6% one can derive the optimal policy functions 2? = {c{, ¢¢}I,, where

:PxO — R, is glvenbyct(gb, 0) = ¢[p(04(¢, 0)),0] for t > Oandgbf dxO — P
is given by 37(6,0) = S[0(07(6,0)), 0] for t > 1.

Period zero is special because the agents do not enter that period with any par-
ticular financial contract. Instead, the agents start with some initial wealth A,.
The market arrangements are such that before the period zero shock is realized, the
agents are allowed to buy their period zero financial contract ¢g, subject to a budget

constraint B
Ag = Z Po(0-1,00)ao(th). (19)
0O
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The agents choose ¢y to maximize Y, o W (¢, 00)m(60]0-1) subject to (19) and
a requirement that ¢o € Xo. The first period financial contract chosen by the agents
is denoted by ¢g(Ag,0_1).

Financial Intermediaries. Financial intermediaries sell financial contracts.
They can also trade with each other at intertemporal prices ¢ = {q;}_, The trades
of a financial intermediary who operates on a market for agents who have reported
0 € ® are denoted by z = {z;}, where z; : © — R. The financial intermediary
maximizes profits: for all ¢ < T the supply of financial assets z¢ solves

maxthth (0" (6']0) — ZZ:@ )pe(6,6")
§'cO 9O 9'cO 0cO

where the objective function is discounted by ¢; to reflect the fact that assets are
paid only in the next period. It follows that the equilibrium prices are determined
by the probabilities and the intertemporal price of consumption:

Lemma 4 The asset prices satisfy, for allt < T,
p:(0,0") = ¢ (0']0) Vo', 0 € ©°. (20)
The direct competitive equilibrium is defined next.

Definition 5 A direct competitive equilibrium with external monitoring m is given
by prices p, agent’s allocation 2%, trades of financial intermediaries x¢ such that the
agent’s allocation solves (15) and (16), prices are given by (20) and markets clear.

The competitive equilibrium is said to be incentive compatible if, whenever the
agents start with a financial contract from their consumption possibility set, they
prefer to report truthfully to the financial intermediary. Next lemma shows that the
direct competitive equilibrium is incentive compatible. The proof is straightforward
and is omitted.

Lemma 6 For all p € X; all0 € © and allt < T, 6%(¢,0) =0

4.1 Efficiency Properties of the Direct Competitive Equilib-
rium

In this section I study the relationship between the competitive equilibrium alloca-
tions and the constrained efficient allocations. A direct competitive equilibrium is
said to be constrained efficient if it satisfies the following definition:
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Definition 7 A direct competitive equilibrium is constrained efficient if ¢3(Ap,0_1) =
(b5 (Ao, 0-1), ys(b5(Ao,0-1), )] and, for any t > 0, the following property holds: when-
ever ¢ € X, satisfies ¢ = [b,y; (b, )| then for all § € O,

cf(¢,0) = c; (b,0),
¢§l+1<¢7 9) = {b:+1 (ba ‘97 ')7 y:+1( :Jrl(bv 97 ')7 )]

That is the competitive equilibrium is efficient under two conditions: First, the
agents choose the efficient contract’ at the beginning of period zero. Second, in
any period, given that they start with the efficient contract, the agent choose the
constrained efficient consumption level and the next period contract will be efficient
as well.

The external monitoring is said to be efficient if the set m contains only asset
portfolios that the social planner would choose in a given situation: for all § € O, all
t<T -1, mga[(b,y),0] = {b;1(b,0,-)} if y = y;(b,0), and my1[(D, y), 0] is empty
otherwise. The empty set is interpreted as a large penalty for choosing any portfolio,
large enough to deter the agent from choosing such income. If the monitoring is
efficient, then the first welfare theorem holds, as shown by the next theorem.

Theorem 8 The direct competitive equilibrium with efficient external monitoring m
15 constrained efficient.

The reason why the first welfare theorem holds is that with report dependent
assets, the agents have enough instruments to insure themselves through financial
markets. The fact that there is private information is in a sense irrelevant because
the government is as uninformed as the financial intermediaries are. The reason why
the agents choose to insure themselves efficiently is that ex ante, their objective is
the same as the objective of the government, and the equilibrium prices correctly
reflect probabilities of various shocks.

The only restriction needed is the restriction imposed by the external monitoring
agency. The efficient external monitoring is in general needed because there is the
following asymmetry between the social planner’s problem and the direct competitive
equilibrium. In the social planner’s problem, reporting ¢ by a 6-type agent in period
t implies that the agent must consume ¢;(b, #) but also that her next period ex-post
costs are by (b, é, -). That is, if a 6-type agent decides to consume an amount that
is efficient for a é—type agent, she is forced to have the same ex-post costs as well.

9A contract is efficient if the agents choose an asset portfolio equal to the constrained efficient
ex-post costs and the contract income vector equals the constrained efficient income vector.
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A symmetric statement does not apply in the direct competitive equilibrium, since
if a f-type agent reports 6 to the financial intermediary, she is, in the absence of
the external monitoring, free to choose any portfolio and consumption that satisfy
the budget constraint (17). The consumption & (¢(6),0) and next period assets
ay +1((;5(@), 0) are still available to her, but they will in general not be chosen for a
simple reason that a étype agent has a probability distribution of future shocks
that differs from the one of a f-type agent. 10" Therefore ¢} (¢(6 ) 0) # ¢ (o(6 ) ) and
a7.1(4(0),0) # ;.1 (6(0), 0).

The only exception occurs when the probability distribution of future shocks does
not depend on the current shocks, i.e. the productivity shocks are L.LD. In that case
¢ (4(0),0) and a;,,(¢(6),0) are both independent of § and one gets the following
result:

Corollary 9 If the productivity shocks are I.1.D. then the direct competitive equilib-
rium is constrained efficient even without external monitoring.

If the shocks are Markov, the social planner’s problem has features of adverse
selection: when the agents make their decision about next period financial contract,
they already know their current type. It has been shown by Bisin and Gottardi [3]
and Prescott and Townsend [15] that the first welfare theorem sometimes fails in
models with adverse selection. Why doesn’t this problem occur in the Mirrleesean
economy? The reason is that competitive equilibria fail to be efficient only when
the solution to the social planner’s problem features pooling and, consequently, cross
subsidization across types. However, pooling is never a solution in a Mirrleesean
economy because it is never incentive compatible. Thus, competitive equilibria with

efficient external monitoring are always constrained efficient.*!

5 Indirect Decentralization

The indirect decentralization differs from the direct one in one important aspect: the
asset payoffs are contingent directly on the agent’s next period income. Compared

10Note also that the restriction that myy1[(b,y), 0] is empty if y # y; (b, 0) is in principle necessary.
In its absence, the agent might choose a next period contract with an output vector that is only
slightly different from the efficient one. That would "free” the agent from the regulations of the
monitoring agency and make deviations profitable.

HThe failure of the first welfare theorem in Bisin and Gottardi [3] and Prescott and Townsend
[15] is unrelated to the problems that are remedied by the external monitoring agency. The external
monitoring agency is needed because of the dynamic features of the model. It does not collect any
resources and is therefore unable to provide any cross-subsidization.
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to the financial contracts in the direct decentralization, the contracts are therefore
significantly simplified: they are just income contingent asset portfolios. No reporting
to the financial intermediary is needed and there is no need to make an explicit
agreement about the income to be produced.

Since there is only I possible productivity shock values, the agents will in each
period choose at most I different levels of income. One can therefore exogenously
restrict the agent’s choice of an asset portfolio to be such that only assets for only
I income levels 41, s, ...y7, chosen by the agent, are purchased. For all other income
levels the asset payment is implicitly specified to be a large negative number, in
effect preventing the agent from choosing such income levels. Such an assumption
is innocuous, but simplifies the algebra significantly. A typical portfolio of income
dependent assets is thus a € A = R!. The timing is as follows. At the beginning of
the period the agents learn about their current shock and choose the income they
want to produce. The income is observed by the financial intermediary who pays
the agent the amount specified by the contract. Then the agents decide how to split
their resources between consumption and next period asset portfolio.

The markets for financial contracts are differentiated according to the current
portfolio and the current income of the agent. It is assumed that the contracts are
traded as a bundle. That is, there is one price for the whole asset portfolio. The
contract prices are determined competitively. Let P = {P}L,, P, : A2xR, — R
be a sequence of asset prices, where P;(a,y;a’) is the price of an asset portfolio a’ if
the agent holds asset portfolio a today and chooses income y.

Similarly to the direct decentralization, an external monitoring agency will in
general be needed to achieve efficiency. The role of the external monitoring agency
has been discussed in the previous section. Since the discussion carries over without
any change, the external monitoring agency will not be discussed in detail again.

In this section, I will assume that the efficient allocation rule is such that the
income can be inverted to infer the underlying productivity shock. This assumption
will be essential if the shocks are Markov, since otherwise the financial intermediary
will not be able to infer what the agent’s current productivity shock is and therefore
what the probability distribution over future shocks is.

Assumption 10 If0 # 6 then yr(b,0) # y (b, 0) for allbe RY ,allt <T —1.

The competitive equilibrium is called an indirect competitive equilibrium, to dis-
tinguish it from the direct one. The elements of the indirect competitive equilibrium
are defined as follows.

External Monitoring Agency. The external monitoring M = {M;}L_ is given
by a sequence of correspondences M; : A x Ry —— A. where M;,1(a,y) is the set
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of asset portfolios the agent can choose in period t if she enters current period with
assets a € A and produces income y € R,.

Agent’s problem. Suppose that the agent enters period ¢ with an asset portfolio
a. Her lifetime utility from such a contract when her true shock is 6 is given by a
value function W} (a,6), which satisfies

Wi(a,0) = max u(c;) — v(%) + 0 Wii(a, 0)n(0']6) (21)

Ct,Yt,at+1 0o
subject to her budget constraint

a(ye) = ¢ — ye + Pi(a, yi; arya), (22)

and the restrictions imposed by the external monitoring agency:

at1(-) € musa(a, y).

Denote the optimal policy functions by z* = {c!, ¢, ai}L,, where ¢l : AXO — R,
is the optimal consumption in period ¢ > 0, 3¢ : A x © — R, is the optimal income
in period ¢ > 0, and a! : A x © — A is the optimal asset portfolio at the beginning
of period ¢t > 1.

The agents start period zero with some wealth Ay and are allowed to buy an asset
portfolio before the period zero shock is realized. They can buy any asset portfolio
ap that satisfies the budget constraint

Ao = 3" P01, 9)ao(w). (23)

0cO

where the period zero prices depend directly on 6_; because 6_; is publicly observed.
The agents choose ag to maximize Y, Wi (a, )7 (0]6_1) subject to (23). The period
zero asset portfolio that solves this problem is denoted by aj(Ag,0_1, ).

Given that the efficient allocation rule is supposed to have invertible income in
all situations by assumption (10), one may conjecture that the same property holds
for the solution of the agent’s problem: if 6 # 6 then y!(a, ) # yi(a,0), any ¢t < T.
The conjecture will be proven when the first welfare theorem is proven.

Financial Intermediaries. The trades of a financial intermediary are denoted
by z = {z:},, 2 : AX R,y — A where z;.1(a,y) is the number of portfolios
sold to agents who have current portfolio a and produce y. In equilibrium, only
the markets for agents with current assets a and current income yi(a,#) for some
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0 € © will operate. The equilibrium price of an asset portfolio is determined by the
profit maximization of financial intermediaries: for a and y!(a, ) given, the financial
intermediary solves

mafc Le+14¢ Z Z at+1[y§+1(at+1a 0w (0'10) — 241 Pi(a, y; arer),
o 0'co 0o

where the financial intermediaries implicitly determine the current and future pro-
ductivity shock from agent’s choice of current and future income. This is possible by
assumption (10). The equilibrium portfolio prices are given in the next lemma:

Lemma 11 In equilibrium, the asset prices satisfy, for allt <T —1, and all a € A,
Pila,yi(a,0); a111] = ¢ Z at+1[yz+1(at+17 0')]m(6'0) V6,6 € 67 (24)
6'co

The indirect competitive equilibrium is defined as follows:

Definition 12 The indirect competitive equilibrium with external monitoring M is
given by prices P, agent’s allocation 2*, trades of financial intermediaries x such that
the agent’s allocation solves (21), prices are given by (24) and markets clear.

5.1 Efficiency Properties of the Indirect Competitive Equi-
librium

The efficiency of an indirect competitive equilibrium is defined as follows:

Definition 13 An indirect competitive equilibrium is constrained efficient if ab(Ag,0_1) =
bo(Ao,0-1) and for any t > 0, whenever a satisfies aly; (b, -)] = b(-) then for allf € ©

ci(a,0) = ¢;(b,0),

yi(a,0) = y; (0,0),
aiJrl[a? (97 y:+1( :+1(b7 (97 ')7 )] = b:Jrl (bv 07 )

That is, the indirect competitive equilibrium is efficient if the following two condi-
tions hold. First, at the beginning of period zero the agent chooses an asset portfolio
that is efficient in a sense that the asset payments the social planner would get coin-
cide with the constrained efficient ex-post costs of the social planner. Second, if the
agent starts with an efficient portfolio, she chooses the efficient consumption, income
and next period asset portfolio.
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The external monitoring is said to be efficient if, for all t < T — 1, My4(a,y) =
{07,1(b,6,-)} whenever aly;(b,-)] = b(-) and y = y;(b,0) for some § € O, and
mtﬂ(a,y) is empty otherwise. That is, the set M;,, contains only the asset port-
folio that the social planner would choose, given the agent’s type (as inferred from
agent’s income and current asset portfolio). If the agent chooses an income that is
not optimal for any type, then the set M, is empty, in effect prohibiting the agent
from doing so. The first welfare theorem again links the equilibrium allocations to
the constrained efficient ones:

Theorem 14 The indirect competitive equilibrium with efficient external monitoring
M is constrained efficient.

Conceptually, the theorem is a first welfare theorem, but it also contains ele-
ments of a taxation principle.!? Compared to the first welfare theorem (8), it shows
that indirect mechanisms are as capable of achieving efficiency as direct mechanisms
(provided that income is invertible). The proof of the theorem is based on several
related arguments. First, the external monitoring agency forces a 6—type agent to
select the efficient income and asset portfolio of some agent, but not necessarily of
the same type. If however the agent chooses the efficient income and asset portfolio
of, say, 0— —type agent, she also faces prices that the 6— —type agent faces and, as a
consequence, must choose the consumption of the 6— type agent as well. The fact
that the efficient allocation rule is incentive compatible then implies that it is in the
agent’s interest to choose the efficient allocation of her own type.

When the shocks are I.LI.D., one can again considerably simplify the structure of
the problem. As one can expect, the external monitoring agency is superfluous, as
in the case of direct competitive equilibrium. In addition, the pricing mechanism
is simplified as well, because the financial intermediaries do not need to know the
agent’s current productivity shock to assess the agent’s future prospects. It follows
that the invertibility assumption is not needed as well.

Corollary 15 If the productivity shocks are I.1.D. then

i) the indirect competitive equilibrium is constrained efficient even without exter-
nal monitoring,

ii) the competitive equilibrium prices Py(a,y;a’) are independent of a and y for
allt >0, and

iii) Assumption (10) that y* is invertible is not required.

12See Hammond (8] for a statement of the taxation principle.
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6 Concluding Remarks

This paper studies if, and to what extent, can the constrained efficient allocations in
dynamic Mirrleesean economies be recursively decentralized with assets that depend
on agent’s current income (or current report). The recursive decentralization is of
interest, because it does not require long term contracting between the agents and
the financial intermediaries: if the first welfare theorem holds, the efficient allocations
can be implemented with a series of spot asset trading.

I present two alternative decentralizations, a direct one where the agent send
reports about their productivity shocks to the financial intermediary directly, and
an indirect one where the information about the agent’s income is all the financial
intermediaries need to observe. I show that both environments are capable of decen-
tralizing the efficient allocations. However, if the shocks are Markov, slightly stricter
conditions are required for the indirect decentralization: it is required that the agent’s
income is invertible so that the agent’s current productivity can be uncovered from
the income. The main benefit of the indirect decentralization is that the contracts
traded are significantly simpler than the contracts traded in a direct decentralization,
and that the trading arrangements seem more natural because no direct reporting
takes place.

The conclusion of the paper is that the constrained efficient allocations can be
recursively decentralized without any use of taxes. But, in general, the government is
still needed to monitor the asset trades and to prevent the agents from making ”joint
deviations” from the optimum, in consumption and asset trades. The only exception
is when the shocks are I.I.D., in which case no government monitoring is needed
and markets can achieve efficiency without any government involvement. The need
for the external monitoring agency is however not directly related to the fact that
decentralization is recursive. Rather, it is likely to be needed in any decentralization
in which the agents can trade assets, and their budget constraint allows them to
make the joint deviations.

One may claim that the conclusion that taxation is not needed to achieve effi-
ciency is not a very sensible one, because the asset trades that emerge in equilibrium
are probably not observed in actual economies. But such criticism is misguided: if
the assets predicted by the competitive equilibrium are not traded (or are traded
only to a limited extent), one needs to look for reasons why that happens, rather
than restricting the asset trades exogenously. Recently, Ramsey taxation has been
exposed to the following criticism: why should one believe the results if they are
based on exogenous restrictions on the set of tax instruments? Mirrleesean taxation
with exogenous restrictions on asset trades would be prone to a very similar criticism:
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why should one believe the results if asset trades are exogenously restricted?

What are then some possible reasons why the asset markets might be distorted or
nonexistent and a role for taxes reappears? One argument is related to the fact that
period zero is different from all other periods: the agent are given a chance to trade
assets before their shock is known. There is no other period with similar trading
arrangements. One could argue that such trading is in fact not feasible: the agents
are already born with their shock and there is simply no time for such trading. In
that case, income taxation would be called for, but only in period zero. Or, one could
argue the other way: if the agents have a chance to trade assets at the beginning
of period zero, they should also get a chance to retrade their asset portfolios at the
beginning of any period. In that case, asset or income taxation would in general
be needed. The case for taxation is related to the fact that the recursive social
planner’s problem is not time consistent. Consequently, the agent’s problem is not
time consistent as well: the agent would like to retrade the assets, before her shock
is revealed. But asset trading at the beginning of a period would undermine the
commitment that is implicitly contained in the current trading arrangements and
taxation would be needed to correct that. A special situation arises again for I.I.D.
shocks in which case the social planner’s problem is time consistent and trading at
the beginning of a period would do no harm. Taxation would also be needed if
the asset trades with financial intermediaries were not exclusive or if consumption
were unobservable (this situation has been studied by Golosov and Tsyvinski [6] for
different trading arrangements).

Yet another reason for taxation, unrelated to the existence of asset trades, would
occur if the government has some expenditures it needs to finance. Then the gov-
ernment will want to impose a lump-sum tax on the initial assets at the amount
equal to the present value of expenditures. Beyond that, the problem is unchanged
and the first welfare theorems continue to hold. However, if the government has a
stream of expenditures to finance but is not allowed to borrow and save, taxation
in all periods might be needed. The pattern of optimal taxation in such case is left
for future research. For all these cases, the results of this paper are a useful starting
point for such considerations.
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Appendix

Proof of Lemma (2). Since none of the constraints (9), (10) and (11) depends
directly on 6_, the optimal allocation rule in period ¢ maximizes for all 6 € O,

yt(G)
0

max  ufc(0)] — v] ) 4 BV b1 (0, -), 0] (25)

ct(0),y£(0),bt+1(9)

subject to (9), (10) and (11). The objective function (25) is independent of §_ and
so is the optimal allocation rule. m

The following lemma will be used in the proof of Theorem (3):
Lemma 16 Let

Yt+j(ét717 Qiﬂ')

T 6 ).
J

T
U207, 000) = 3 D BH{ulCuss (07,6, —0]
J=0 gtcol+i
(26)
An allocation Z is incentive compatible if and only if for all t < T, for all histories
0t~ € ©t and all current period shocks 6, € O,

éiifl7 Qt)

G800}~ e

[+8Us1[Z, (671, 0,),6,) > u[Cy(0")]|—v[ ] +BU11(Z, 0", 6,)

0 )
27
for all 6, € O.

Proof. Necessity of (27) is straightforward. I will show sufficiency by induction.
Note first that for any history of reports =1 € ©¢, any reporting strategy o such
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that o'~H(6"") = 61 for some history of shocks 61 € O, the lifetime utility
Ui(Z o0,0t1 6, 1) can be written recursively as follows:

U7 0007 002) = Y2 fulCu# o0t — o 1)

0,€0 0,
+ BU[Z 00, (071, 04(60Y)), 0.} 7(0410:—1).-

I (29

Consider now any reporting function in period zero 6y : © — ©. The incentive
compatibility constraint (6) and (27) imply that

U(Z,6-1) = _{ulCo(b0)] - U[Y()éfO)] + BUL(Z, 00, 00) }7(60]6-1)
> 3 (ulCo(Go0)] — o[ 4 517, 00) ol (0l

= U(Z o 0(0)7 971)7

where 0 is a reporting strategy involving only first period deviations, defined by
05" (0o) = 0(60) and " (67) = 6; for j > 1 for all ¢ € @71

Assume now that, for any ¢t > 1, U(Z,0_1) > U(Z o U(tfl),G_l),WhereAa(tfl)
is a reporting strategy involving only deviations in periods 0,1,..t — 1. Let #'~! =
o@D (9t=1) by the history of reports in the first t — 1 following a shock history
6'~1 € O, as prescribed by the reporting strategy oY, Let 6, : © — O be an
arbitrary reporting function in period ¢. Applying the inequality (27) in period t,
taking expectations and using (28) one gets that

U(Z,6,0,_1) > U(Z oo®,0",6,4). (29)

By expanding the expression for U(Z o o1 6_;) using (28) repeatedly ¢ times,
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one gets that

— | o (o (t-1)j (g
U(Zoot 0.0 =Y Y 0 HulCy o (@) - o)

— D a(eilo-)
=0 9icOi J
+ ﬂt_l Z Ut[Z, 0_(16—1)(1&—1)(96—1)7 Qt]ﬁ(et_lle—ﬂ
gt—1lc@t—1

t—1 ' o (o1 (g7 .
>3 Y @ e e o) - o L)

j=0 9icoi
+870 N UZ oo, (oWEN(0Y), 0,y ]m (6" 6_y)
pt—-lcet—1

= U(Zoo®,0_),

where the inequality follows from the inequality (29). Hence U(Z,0_1) > U(Z o
o® 0_;) and the incentive compatibility holds for any reporting strategies involving
deviations in the first ¢ periods. m

Proof of Theorem (3). The proof proceeds in two steps. First, it is shown in step
one that if z solves the recursive social planner’s problem then Z generated by z
satisfies (6) and (7). Hence U*(By,0_1) > V*(By,0_1). Second, a converse result is
shown: If Z solves the social planner’s problem then z generated by Z satisfies (9),
(10) and (11). Therefore V*(By,0_1) > U*(By,0_1). Taken together, V*(By,0_1) =
U*(By,0_,), which proves the second part of the result. That Z generated by z is
efficient follows from the fact that U(Z,60_1) = V*(By,0_1) = U*(By, 0_1), where the
first equality follows from step one.

Step 1: 1 will show that la) Z is incentive compatible and that 1b) it has a
present value of costs By.

(1a) Incentive compatibility. Note first that if an allocation rule z solves the
recursive social planner’s problem and Z is generated by z then

U(Z,0"",0,_1) = Vi| B,(By, 01,0, ), 0,1], (30)

where is defined in (26). By lemma (16), it is enough to show that the allocation Z
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satisfies (27). One gets that

Y;(éti:l? et)

u[Ce(0',0,)] — v |+ BU[2, (67, 6,), 6,

0,
el B Bo.0-1,071 ), 89] — o 2P o PO B (B 6-1,(0.60,.61
= ulci(By(Bo, 0-1,6'",-),6,)] — U[yt(Bt(Bm 0_91, = et)] + Vi b [Bi(Bo, 0-1, 07", +), 0, -], 6]
> ufci(By(Bo, 61,6, ), 6)] — ”[yt@t(BO,e_e? - ét>] + Vi [bea [By(Bo, 0-1,07",-), 0, -], 6]
= ulci(By(Bo, 0-1,6',-),0,)] — ”[yt@t(BO, 9917 = ét)] + Vi1 [Biga(Bo, 01, (0"1,6;), ), 0]

K(étila ét)

= u[Cy (6", 6,)] — o G

|+ BU[Z, (07,64, 6,),
where the first and last equality follows from the definition of Z and from (30),
second and next-to-last equality follows from the definition of By, and the inequality
follows from the incentive compatibility constraint (10). Thus, Z satisfies (27).

(1b) Resource Constraint. It is easy to show that

By(Z,0") = B,(B,,6"). (31)
The present value of costs of the allocation Z is given by

> Bo(Z,00)m(60/60-1) = > Bo(Bo, 0-1,00)(6o]6-1)

0pc® 0pcO

= Z 58(3079—1,90)7T<60|9—1)

00O
- BOa

where the first equality follows from (31), second equality follows from the defini-
tion of By and the last equality from the fact that bi satisfies the ex-ante resource
constraint (13). Thus, Z generated by z satisfies both the resource constraint.
It clearly delivers the same lifetime utility as z, given by V*(By,6_;). Therefore
U*(Bo, 9,1) > V*(Bo, 071).

Step 2: One needs to show that z generated by Z satisfies 2a) the ex -post
resource constraint (9), 2b) the incentive compatibility constraint (10) and 2c) the
constraint (11).
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(2a) Ex-post resource constraint. One can show that By(Z, 0") satisfies
By(Z,0") = Cy(6") — Yi(0") + Z Bi1(Z,6%,0111) w(0441)00). (32)
0'c®

Choose b € R and suppose that =1 € H,(b). The allocation rule z generated
by Z satisfies

ce(b,0:) — y(b,6;) + g Z bir1(b, O, 0p11)m(0r1116:)

oco

= Cy(0") = Yi(0) + ¢ > Bia(6',6011) (01110,)
oco

= Bt(ZJ et)

= b(0),

where the first equality follows from definition of z, the second one from (32) and
the last one from the definition of z again. Hence the allocation rule satisfies the
ex-post resource constraint.

(2b) Incentive compatibility. Define recursively the value of the generated allo-
cation rule z by

Ti(b,6) = S (ulex®)] ~ o[22+ 5Trclbena(6,), 0010

9eo
It is easy to see that if 6*~' € H,(b) then Uy(Z,0" ' 6,_1) = Vi(b,6_). Since Z is
incentive compatible, lemma (16) implies that it satisfies (27). Therefore, for any
be Rl and 011 € Hy(b),

ale00) o5 4 5710 0,0,).04

N L R PR
I BCUPATEN AN
i) o240 4 2.0,

) oY 4 s B 01,0

o A yt(b, ét)
= u[cy(b, 0;)] — v| 5

]+ ﬁf/tﬂ[btﬂ(b, éu ), 04,
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where the first and the last equality follows from the definition of z, the second and
next-to-last inequality follows from the fact that (0*~1,6,) € Hyy1[By1(0°71, 6, -)] by
construction and the inequality follows from (27).

(2¢) Inclusion in B. Suppose that (11) is violated for some ¢t < T"— 1. Then it
follows from (2a) and (2b) that either (32) or (27) is violated in £+ 1, a contradiction.
Hence z generated by Z satisfies (9), (10) and (11).

Define V*(By,0_1) = Ibré%}f%[b’ 0_1]s.t. (13). It is also easy to see that V*(By, #_)

U*(By,0-1). Since z may not necessarily maximize the value of the recursive social
planner’s problem, V*(By, 0_1) > U*(By,0_1). =

Proof of Theorem (8). The proof is by induction. Suppose the agent enters
period T with a contract ¢ that satisfies the assumption of definition (13), i

¢r = [b,ys(br,-)]. Suppose that the agent reports 6 while her true shock is 6.
Then, as follows from the ex-post budget constraint (9), she consumes é[¢(6), 6] =
b(0) — (b, 0) = ¢ (b,0). By lemma (6), the agent reports truthfully, § = 6, and so
ck(¢,0) = (b, 0). Thus, the direct competitive equilibrium is constrained efficient
in period 7.*3 In addition, for t = T, the following equality of value functions holds.

> Wi, 0)m(0]6-) = Vi(b,0-). (33)

0cO

Now suppose that the direct competitive equilibrium is constrained efficient for
all time periods greater than some ¢ < 7" and that the equality of value functions (33)
holds in period t 4+ 1. Suppose also that the agent enters the period with a contract
¢¢ that satisfies the assumption of definition (13), i.e. ¢ = [b,y;(b,-)]. Efficient
external monitoring implies that if a f-type agent reports é, she must choose next

period assets &f+1[¢t(é), 6, ] =0b; +1(b,é, -). The consumption is then determined as
a residual from the budget constraint:
&160(0), 6] = b(0) + 7 (6,0) = > p(0,0")b7,,(b,0,0") (34a)
6'cO
=c;(b,9),

where the first equality follows from the budget constraint and the fact that, by
reporting 6, the agent faces asset prices p(é’ -), and the second one follows from
lemma (4) and the ex-post resource constraint (9). The optimal financial contract

13The competitive equilibrium is said to be constrained efficient in period ¢ if the definition (7)
applies in period t.
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¢l | is given by the asset vector aZ,,[¢;(8), 6] and the income vector g, [¢_1(0), 6, ]
that is chosen to maximize the expected lifetime utility of the agent among all feasible
contracts:

Jrialen(0),6, ] = arg max > Wea{lad[6:00), 6,1, y()], 03w (6']6)
s.t. [at+1[¢t( ) Ly()] € X

It follows that g)f+1[¢t(é), 0,1 = yi1[bega (D, 0,), :]. To see this, suppose by con-
tradiction that Qfﬂ[qﬁt(é), 0, -] # yi1(biga (b, 0,-),-). Then it must be true that

Z +1{¢t+1 ¢t ) ] 0,}7‘- 0’|9 ZVVH—l{ t+1 b 0 ) y;—l(bt—&-l(baé")7')]v€/}7r(0/’0)

0cO 6cO
- ‘/tJrl [bt+1(b7 97 ')7 9]

where the equality follows from (33). But since ¢¢,,[¢:(d),6,-] € X;11, one can con-
struct from the equilibrium allocation a new social planner allocation rule {Zz} };F:t 41
that satisfies (9), (10) and (11) for all j =t + 1...T" and yields strictly higher utility.
Hence {z;}7_,,, is not efficient, a contradiction. Finally, by lemma (6) the agent
reports truthfully and so.

C?(‘éta ‘9) = C: (b7 ‘9)7 (35)
¢:€i+1 (¢ta ‘9) - [bz:rl(bv 97 ')7 y:+1<b:+1 (ba 6, ')7 )] (36)

In addition, the equality of the value function is preserved in period ¢ since

ZWt ¢t> 0‘0 )

0cO

= Sl 600)] o500 5 S WL (60.0). 012 )} w010

= 3 (ulei (0,6)) - v[yf (Z’ D) 4 BViaabia 0.0), Ow(010)}

= V;(b,0_). (37)

where the first equality follows from the Bellman equation (16), second equality
follows from (35), (36) and (33) and the last equality follows from the Bellman equa-
tion (12). Hence the competitive equilibrium implements the constrained efficient
allocation in period t and the equality of value functions (37) holds in period t.
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Thus, the equality of value functions holds in period zero. Similar arguments then
show that the agent chooses the initial financial contract such that ¢d(A4g,0_1) =

[05(Ao, 0-1), y5 (b5 (Ao, 6-1),-)]. m

Proof of Theorem (14). I will prove the theorem by induction. I first show that
the theorem holds in period 7. Fix b and suppose the agent enters period 7" with
assets a satisfying alyi(b, )] = b(+). It follows from the efficient external monitoring
that % (a, 0) = y3(b, ) for some 6 # 0. The consumption ¢%(a, ) is then determined
as follows:

where the first equality follows the budget constraint (22), second one from the
properties of by y&%, third one from the assumptions of the definition (13) and the
last one from the ex-post resource constraint (9). But since z}. satisfies the incentive
compatibility constraint (10), choosing 2% (b, 0) yields lower utility than z:(b,0), a
contradiction. Hence zi.(a,0) = z5(b,0) and, in addition, the following equality of
the value functions holds for ¢t =T :

> Wila. O)m(0]0-) = Vi(b.0-) (38)

0cO

Thus, the indirect competitive equilibrium is efficient in period T

Now suppose that the indirect competitive equilibrium is efficient in all periods
greater than ¢ < T'—1. Then (38) holds in period ¢+ 1. Suppose that the agent enters
period ¢ with assets a satisfying b(-) = a[y;(b,-)]. It follows from the properties of
the asset portfolio a that yi(a,0) = y;(b,0) for some § € ©. Suppose by contra-
diction that 6 # 0. The efficient external monitoring implies that, in such case, the
asset portfolio chosen must be ai, ,[a, 8, y; (i, 1,)] = bj1(b,0,-). The consumption
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ci(a, ) is determined as follows:
ci(a,0) = aly,(a,0)] + y;(a,0) — Pila, y;(a,0); a1 ]
= aly;(a,0)] + y;(a,0) — g Z ai+1[y§+1 (ai—&-l? 0')]m(0'10)

0'cO

= aly;(a,0)] +y;(a,0) — q Z ai+1[y:+1 (ai—&-l? 9/)]7T<9,|é)
0'cO

= b(0) +y; (0,0) — a1 Y b1(b,0,6")7(6'10).

0'cO
= ¢ (b,0),

where the first equality follows from the budget constraint (22) and the second one
from the properties of ¢!, lemma (11) and the fact that, since y(a,0) = y;(b,6) is
chosen, the market mistakenly considers the agent to have current shock 6. The third
equality follows from the fact that the induction hypothesis holds in period ¢ + 1,
the fourth one from the properties of a;,; and the last one from the ex-post resource
constraint (9).
Consider now an alternative market allocation zi(a, 8) = {c}(a,0), 2} (a, 0), 2 (a,0,-)}.

It is easy to verify that the market allocation z!(a, 6) is also budget feasible and sat-
isfies external monitoring. In addition, the fact that the efficient allocation rule is
incentive compatible implies that for all § € ©

0,00 ~o G 48 57 Wil 0, .

= ulci 0,0)] ~ o0 57 (0,6,,

> ulej(a,0)] — o[£ <§’ ) Ve (0.6, 1,6

— uei(a0)] — oDy 4 5 3 W a0, 1.0

0'c6

where the first and last equality follows from the definition of z¢ (z¢) the fact that the

induction hypothesis holds in period ¢ + 1 and from (38) applied in period ¢ + 1 and

the inequality follows from the incentive compatibility constraint (10). The market

allocation Z; thus yields higher utility than Z{ but was not chosen, a contradiction.

Hence z!(a,6) = z}(b,0). It is now easy to verify that (38) holds in period ¢.
Consider now an initial asset portfolio af satisfying

bS(AOv 0 1, ) - aé[yé(bS(AOv 0 1, ')’ )]
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Choosing the initial asset portfolio @} is feasible, as follows from the social planner’s
ex-ante budget constraint (13), the initial budget constraint (23), lemma (24) and
the fact that the induction hypothesis holds at time zero. It also delivers the same
lifetime utility as the social planner’s problem:

ZWé(ag)?H)ﬂ.(e'e*l) = Vo[b5(Ao, 0-1),0_1]
beo
= V*(Ao, 0_1),

where the first equality follows from the fact that (38) holds in period zero and the
second one follows from the definition of V*. There is no other initial portfolio that
can deliver higher lifetime utility: if there were one, it would be chosen by the social
planner. Thus, the agent chooses a}y at the beginning of time zero. m
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