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Abstract

This paper characterizes the dynamics of optimal income taxes in a multi-
period Mirrleesean economy where agents have private information about both
their ability and their human capital. I provide theoretical results showing con-
ditions under which marginal income taxes are decreasing over time. The main
reason is that schooling and labor supply are substitutes in the short run, while
in the long run both become complements.

I calibrate the economy to U.S. data and solve numerically for the dynamics
of efficient allocations and optimal taxes in two reforms: A reform where the
government minimizes the costs of delivering a given distribution of lifetime
utilities, and a Rawlsian reform, where the government only cares about the

utility of the least able agent. In both reforms the marginal income taxes
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decrease significantly over time, on average by 25% in the first reform and by

20% in the second reform.
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INTRODUCTION

I study efficient allocations and optimal taxes in a dynamic economy where agents
are heterogeneous in their ability to produce output, and can invest in human capital
to augment their productivity. Neither their abilities nor human capital are observable
by the government. I calibrate the economy to US data and solve numerically for the
dynamics of efficient allocations and optimal taxes. I also provide analytical results

for several special cases.

I provide quantitative results for two types of reforms. In the first one, the govern-
ment takes the existing distribution of utilities as given and minimizes the present
value of costs of delivering that distribution. In the second reform, the government is
Rawlsian and minimizes the present value of costs of delivering a given lifetime utility
to the least able agent. In both reforms, the average marginal income taxes decrease
significantly over time: under the first reform from 41% to 16%, and under the Rawl-
sian reform from 65% to 45%. However, the cross sectional profile of marginal income
taxes is very different. Under the first reform the marginal income tax schedule is very
similar to the pre-reform tax schedule, with lower ability agents facing lower marginal
income tax rates. Under the Rawlsian reform the marginal income tax schedules are
U-shaped: low ability agents face extremely high tax rates, agents in the middle of
the ability distribution face lower income taxes, and the income taxes increase again

for high ability agents. In both reforms the shape of the marginal income tax schedule



does not vary much over time.

While under the first reform the government saves only 3.31% of resources, under
the Rawlsian reform the government saves 115.5% of resources. It is not surprising
that the Rawlsian reform saves more resources because it places much less constraints
on the problem. But the difference in magnitudes and small savings under the first
reform indicate that most of the potential gains can be found from reallocation of

resources across individuals rather than across time.

Since human capital is unobservable, the efficient allocation can be implemented
by using only one tool: income tax. The incentives to accumulate human capital are
therefore provided only indirectly, through variations of income tax rates over time
and across agents. The analysis of the efficient allocations shows that the optimal
tax reform starts with relatively high marginal income tax schedules, and decreases
them over time. There are several effects that contribute to this result. On one hand,
current labor supply is complementary to past human capital investment: agents with
higher schooling in the past supply more labor because they are more productive. On
the other hand, since both labor and current human capital investments require time,
current labor supply is a substitute to current human capital investment. In the short
run, past human capital investments are already made, and only the substitution
effect remains. Thus, marginal income taxes should be relatively high to encourage
human capital investment and future labor supply. In a two period economy, only
the complementarity effect applies in the second period, and the marginal income
tax rates decrease under a very general set of conditions. In an infinite horizon
economy both effects operate in the long run. Numerical simulations show that the
complementarity effect ultimately dominates, and marginal income tax rates decrease

over time.



Related Literature

Recent research on optimal taxation with private information followed the seminal
contributions of Mirrlees (1971), Mirrlees (1976), and Mirrlees (1986), and extended
them to dynamic economies. It has focused primarily on cases when the dynamics
of efficient allocations is driven by gradual revelation of private information over
time (Albanesi and Sleet (2006), Battaglini and Coate (2008), Farhi and Werning
(2005)), when the dynamic is driven by an aggregate state variable (Werning (2007))
or both (Golosov, Kocherlakota, and Tsyvinski (2003), Kocherlakota (2005)). In
contrast, this paper focuses on a case when the driving force behind the dynamics
is an unobservable individual specific state variable, namely human capital. Such
environments have been recently studied in a two period setting, namely by Grochulski
and Piskorski (2005) who study unobservable risky human capital and by Albanesi
(2007), who studies observable risky physical capital. This paper abstracts from
riskiness of human capital, but allows for fully dynamic environment with infinitely
many periods.

Unlike most of this research (Werning (2007) is an exception), this paper assumes
that individual abilities are permanent. The main role of income taxation is therefore
to redistribute resources across time and people, rather than to provide insurance
against dynamically evolving shocks. While the assumption of permanent shocks
may seem restrictive, it is worth noting that heterogeneity in fixed effects is estimated
to contribute something between 47% (Storesletten, Telmer, and Yaron (2004)) and
90% (Keane and Wolpin (1997)) to the variance of lifetime utility and thus can be
considered at least as important as idiosyncratic shocks.

Dynamic private information environments where the dynamics is driven by an
unobserved individual state variable have not been studied much so far because such

problems have been relatively hard to solve. Bohacek and Kapicka (2008) show in a



somewhat different setting that these problems can be conveniently partitioned them
into a static and a dynamic subproblem, with both of them being relatively easy to
solve on their own. This paper uses similar partitioning to solve the social planner’s
problem.

This paper is also closely related to Kapicka (2006) where I analyze the optimal
steady state allocations when human capital is unobservable, the government is re-
stricted to use current income taxes and agents cannot borrow or save.! This paper
extends these results in two ways. First, no exogenous restrictions on the tax system
are imposed. Second, I now solve for the whole transitional dynamics of efficient al-
locations. These additional results come at a cost, however. First, I assume that the
government can freely borrow and save at an exogenously given interest rate rather
than assuming that the resource constraint must clear in each period. Second, I
assume that preferences take a very particular form: there are no income effects on
leisure. Such preferences were recently used by Diamond (1998) to show that the anal-
ysis of the static optimal taxation problem can be much simplified. This specification
brings even more benefits in a dynamic setting, because it simplifies computation of

the efficient allocations.?
THE MODEL

The agents live for T" periods, where T" can be infinite. Each period agents can

choose their working time /;, and time spent by accumulating human capital s;. The

1See also Diamond and Mirrlees (2002) who analyze unobservable human capital investments
in a static framework. While their framework cannot capture all the aspects of human capital
accumulation, it allows them to give exact conditions when endogeneity of human capital will cause
the optimal marginal income taxes to decrease.

2In addition, Saez (2001) shows that, at least in a static setting, the optimal tax system is not
so different from the optimal tax system when income effects are nonzero.



preferences are given by

T

Y Bla—V(s), 0<pB<L,

t=0
where V : R2 — R is disutility from working and schooling. It is twice continuously
differentiable on R% | in both arguments, strictly increasing and strictly convex. It
is also assumed that Vi3 > 0 so that current schooling and current labor supply are
substitutes. Note that the period utility is linear in consumption: there are no income
effects on leisure.

Each agent is assigned some minimal lifetime utility entitlement U(#) < co. The
function U : © — R is thus the lower bound on the utility distribution a social planner
must deliver.

The agent’s human capital at the beginning of period ¢ + 1, hsy1, depends on time
spent accumulating it in last period s;, previous human capital h;, and is given by a

function G : Ry x [0,1] — R,
hiyr = G(hn St)-

The human capital accumulation function G is continuously differentiable on R, X
(0, 1], strictly increasing and strictly concave. Schooling time required to have next
period human capital h;;; when current human capital is h; is obtained by inverting
the production function and will be denoted by S(hy, hyt1).

Each individual is associated with an ability level § € [0, 0] = ©, which is constant
over time. Agent’s ability and human capital determine her skills 6h; and, together
with labor supply, her output y;, = 0hil;. The ability is drawn from a distribution
function F, which is differentiable and has density f(#).

Agent’s abilities, as well as her human capital and labor supply, are private infor-



mation of the agent, and are not observed by the social planner. The only exception
is the initial human capital hg, which is identical for all agents and is assumed to

publicly observable. Consumption and output are both publicly observable as well.
Efficient Allocations

An allocation is defined as a collection of functions o = (u,y, k') where u : © — R
specifies lifetime utility, y = {y;}1, with y; : © — R, specifies output in period t,
and W' = {hy 1}, with hy : © — R, specifies recommended amount of human
capital at the beginning of period ¢ + 1.?

Since the agent’s ability is her private information, the social planner needs to
motivate the agent to provide a truthful information about her. At the beginning
of period 0 the agent reports her type to the social planner. She chooses a human
capital sequence B = {Bt+1}tT:o- The utility of a 6— type agent who reports 0 is

T

. . (0
W, (hg, 6;60) = mﬁe}xu(e) - Zﬂt[v(%(ﬁl )>S(ht, hiy1)) — V(Hh )
t=0 t !

The incentive compatibility constraint requires the allocation to be such that 6—
type agent prefers to report her own type to any other report and chooses the recom-
mended human capital sequence. Thus, an allocation o is incentive compatible if, for

all 0 € ©,

{he1(0)}, € argmax W, (hy, 0;0)
W, (ho,0;0) > W,(ho,0;0) V0 €O, (1)

Note that W, (hg,0;0) = u() by construction and so any incentive compatible allo-

3Schooling s; and labor supply I; can be recovered by inverting the human capital production
function and output production function respectively.



cation delivers the distribution of utilities u by construction. Let %/¢ be the set of

allocations that are incentive compatible.

The social planner minimizes the costs of delivering the distribution of lifetime
utilities U or, equivalently, maximizing the present value of revenues, subject to the
constraint that the allocation must be incentive compatible. It is assumed that the
interest rate equals to the discount rate.

Since Y Bler = Soro B + V(I s0)) = u+ S 8V (I, 51), the revenue max-

imization problem can be written as

T

W ho) = iy [ {Zmyt(e)—v<;§§ff§),s<ht<e>,htﬂ<0>>>]—uw)}f(e)de,

»Iic
A -0

subject to the promise keeping constraint

u(@) > U(0) Vo< o. 2)

The efficient allocation is the allocation that attains the minimum of the social plan-
ner’s problem. Note that the efficient allocation does not determine the sequence of
period utilities, or, equivalently, the sequence of consumption allocations, but only
their present values.*

The social planner’s revenue maximization problem has the advantage that it does
not directly depend on any particular social welfare function. But it in fact en-
compasses one particular form of government’s preferences toward inequality. If
U(0) = —oo for all # > @ then the social planner’s preferences are Rawlsian: the

social planner cares only about the lifetime utility of the lowest ability agent 6.

4The nonnegativity constraint on consumption is not imposed explicitly, but it is checked numer-
ically in the quantitative simulations.



FIRST ORDER APPROACH

In this section I will characterize the incentive compatible allocations by using the
first order approach. The incentive compatible allocations will be easier to character-
ize in terms of labor supply [;(0) = 5/};—((90)) rather than in terms of output. Thus, from
now on, an allocation o is given by o = (u, [, h').

Necessary conditions for incentive compatibility are given by the envelope condition

in 0 and the first-order condition in Ay q: °

Proposition 1 If an allocation is incentive compatible then

6 T .
) = 3 Ve + (), 3)

and

li+1 Ghi+1
L > BV Ly, 4
Gy~ B( l,t+1ht+1 + Vstt1 Gs,t+l) (4)

with equality only if S(hi, hey1) > 0, where V,(0) = V,[1:(6), S(hi(0), hiy1(0))], and
Goi(0) = G [hi(0), S(hi(0), hiy1(0))].

Equation (3) shows how the agent’s lifetime utility varies with her type. The vari-
ation in lifetime utility is proportional to the informational rent the agent obtains
from having a given ability level. The utility of the lowest type agent, who gets no
informational rent, is given by w(f). Equation (4) is the Euler equation in human
capital investment. The left hand side equals to the marginal costs of increasing
human capital next period by one unit. The right hand side shows that there are

two types of private benefits from such an investment. First, higher investment in

. . . . . . 1
human capital increases agent’s income next period. This effect is equal to V41 ht:l'

Second, higher investment in human capital today decreases the amount of next pe-

5All proofs can be found in Appendix 1.



riod schooling time required to achieve a given level of human capital two periods

Ght+1
Gs,t+1°

ahead. This effect is captured by the term V4 The equation (4) thus says
that as long as the agent is not limited by the requirement that schooling is negative,
marginal costs of investing in human capital equal to the marginal benefits of doing
SO.

Constraints (3) and (4) limit social planner’s choices in a conceptually different way.
In the absence of the Euler equation (4) the social planner would be able to provide
incentives for schooling and labor supply separately. Conditional on labor supply,
schooling can be chosen without any distortions, i.e. marginal costs of schooling
equated to social marginal benefits of schooling. As shown by Bohacek and Kapicka
(2008), the social planner would typically want to increase schooling above the level
the agents would privately choose. If, on the other hand, the constraint (3) is missing,
then the social planner can eliminate distortions in labor supply completely by setting
labor supply to be such that V;; = 6h;. Schooling is given by (4), and the social

planner uses individual specific lump-sum transfers to satisfy the promise keeping

constraint (2).

Let YFOC be the set of allocations that satisfy the first order conditions (3) and (4).
The constraints (3) and (4) are necessary for an allocation to be incentive compatible,
but they are not sufficient. Hence YIC C YFOC and the solution to the relaxed
social planner’s problem may not be identical to the solution of the social planner’s
problem. There are two reasons why this may be true. First, an individual could
find it profitable to deviate jointly in her choice of human capital and in her choice of
report.® Second, even if joint deviations were not profitable, the envelope condition
(3) might still not be enough to prevent a deviation in the report itself. This problem

is well known from the static optimal taxation literature.

6Kocherlakota (2005) argues that similar joint deviations are in some cases profitable in a model
where savings are hidden.
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I will therefore compute the efficient allocations assuming that the first order ap-
proach is valid. After that, I will provide a numerical ex-post verification procedure

that will justify this procedure.
The Relaxed Social Planner’s Problem

A relazed social planner’s problem is defined as a problem of maximizing the present

value of revenue of delivering (U) by choosing an allocation that belongs to X0¢:

A

W(U, ho) = min /@ {Zﬁt[yt(e) =V (1:(0), S(h(0), hiy1(0)))] — U<9)} f(0)do,

ocenFocC
()

subject to the promise keeping constraint (2).

Let 1(0) be the Lagrange multiplier on the Envelope condition (3). Define a cu-

mulative distortion function X, by

1 F(9) [ ue)f(e) e

Xul0) = 0f(0)  1-—F(0)

The cumulative distortion function captures the redistributional aspects of the social
planner’s problem. It consists of two terms. The first one is the ratio of the mass
of people with abilities above any given ability level to a density of people with that
ability. The second term reflects the social planner’s preferences toward redistribution
implicit in the promise keeping constraint (2).”

The cumulative distortion plays an important role in the determination of the
efficient allocations. The reason is that knowledge of the cumulative distortion for a

given agent allows one to determine the whole sequence of efficient labor supply and

human capital allocations:

"Note that in case of Rawlsian preferences () = 1 for all § > 6, and so X, () = 570

11



Theorem 2 An allocation o*, together with the Lagrange multipliers on the envelope
condition p*, solves the relazed social planner’s problem if and only if satisfies the

envelope condition (3), the promise keeping constraint (2), and for all 6 € O,

T
[17(6, ho), H"" (0, ho)] € argmax Y 5'{0hl, — Vi = Viele X, (6)}, (6)
=0

s.t. Buler Equation (4),

(6 [u(0) — U(0)] = 0. (7)

The relaxed social planner’s problem can thus be broken into a continuum of sepa-
rate maximization problems (6), connected only through the cumulative distortion
function. This is very convenient both analytically and computationally. Comput-
ing the cumulative distortion function may be complicated, but it is an essentially a
static problem. On the other hand, all the dynamics in the model is captured in the

maximization problem (6), where only X, () needs to be known.
IMPLEMENTATION IN A MARKET ECONOMY

Consider now a market economy with income taxes. The agent’s problem in such an
economy is to maximize utility subject to a present value budget constraint, taking the
tax system as given. In this section I define the efficient tax system that implements
the efficient allocation, and show that it depends only on the past history of incomes.

To define such a tax system, I first construct a single tax function ®({y;}_,) that
depends on the infinite sequence of incomes and implements the efficient allocation.
I will then show that this tax function is equivalent to a sequence of tax functions
{®,3L,, @, : Rfl — R where taxes are paid each period and depend only on the

past history of incomes.

12



Define a function o({y;}L_,, #) that solves the following problem:

T

Y

mas S F e = Vg S )] = o({n} Lo, 0) = Wor (ho,6:6),
{hen Yo 45 Oh,

where o* = {c}(0),y; (0), hi.,(0)}1_, is the efficient allocation. The function ¢({y;}{_,,0)

is the present value of tax payments that will keep a #-type agent indifferent between

choosing a sequence {y;}._, and the efficient allocation. The tax function ® is defined

as a supremum of functions ¢:

S({y}_o) = sup e({yi}i—o,0)- (8)

The function ® satisfies the following property:

Lemma 3 ®({y;(0)},) = 21—, 5'[vi (6) — ¢} (0)]-
By construction of the tax function ® and by Lemma 3, when an agent with ability

0 faces the tax function @, she prefers a sequence {y;(0)}_, to any other sequence

{y:}L,. In other words, the tax function ® implements the efficient allocation.

The tax policy ® defined in (8) has an undesirable feature that it depends on all
future income and human capital levels. Fortunately, ® is not the only tax policy that
implements the efficient allocation. There are other tax policies, that are equivalent
to the tax policy @, but do not depend on future variables. Following Werning (2007),
I consider the following sequential representation of agent’s tax liabilities. The agent

pays taxes each period and tax payments in period ¢, ®;(y"), are given by

@:(y") = B [P({yitizo) — 2{wi}izo)];

where ®({y;}!_,) is a tax paid by someone with an income sequence (yo, y1, .-, 0, 0, ..).

®,(y") represent additional tax liabilities of an agent that, instead of not working from

13



period t on decides to work for one additional period t and chooses income y;. The

present value of tax payments under the sequential representation is given by

Y By =) 857 e({yidise) — e({uiizsl = e({yit o).

and so is, for any sequence {y;}._,, exactly identical to the tax liabilities under the
original tax system ®. Hence the sequence of tax functions {®;}L , implements the

efficient allocation as well.
SOME EXAMPLES SOLVED

Analytical results for the maximization problem (6) are not available with the
current level of generality. This section will therefore analyze its the solution in
several special cases. Each of them will illustrate some aspects of the general model.
In all the examples below, marginal income tax rate refers to the marginal rate of

substitution between consumption and output, 7(0) = 1 — X;ngz; . Marginal income

tax rates will be analyzed in terms of their dynamics, and compared to the marginal
income tax rate 7° one would obtain in a static economy without human capital for

the same cumulative distortion X. ®

Separable Utility, Full Depreciation. Start by assuming that the disutility of
labor and schooling is additively separable and human capital fully depreciates each

period. One then obtains the following result:

Proposition 4 If V(I,s) = v(l) + e(s) and G(h,s) = s then the optimal marginal

icome tax rates are given by

(14~ HX
[ENGEEVES Sy

where v = YL (see

8The static marginal income tax rate 7° is given by 7° = v

Diamond (1998)).

14



To=T"
o 14el s
-7 24vi4ell—7s

t=1...T,

v' (1)
(1)

e'(s)

se’’(s)

where v = and € = are the elasticities of labor supply and schooling.

The marginal income tax rate in period 0 is thus identical to the static marginal
income tax rate 7°. As follows from the second part of the Proposition, from period
1 on the marginal income tax rates are lower than 7°, and are constant over time.
The reason why the marginal tax rate is higher in period 1 is that labor supply in all
periods except for period 0 is complementary to investment in human capital: higher
labor supply increases incentives to accumulate human capital in the previous period.
On the other hand, the initial human capital hg is fixed at the time of the reform,
and will not respond to variations in the marginal tax rates in period 0.

Unobservability of human capital is essential in obtaining this time profile of marginal
income tax rates. One can easily show that if human capital were observable, the
social planner would like to set the marginal income tax rates to be equal to 7° in
all periods. At the same time, he would equalize marginal cost of schooling to social
marginal benefits by setting e’(hyy1) = (0l;41. This violates the Euler equation (4),
because individuals only equate marginal costs of schooling to private marginal ben-
efits, which are lower because of the income tax.” Schooling subsidies are needed to
increase incentives to invest in human capital.

In the absence of the envelope condition (3) the cumulative distortion X is equal
to zero. The social planner would set both labor supply and human capital to their
first best levels. A closed form solution for the first best levels can be obtained, and is
given by lp = hi#”, and for t > 0, l; = l{:l@”% and h; = k:;ﬁe% for some constants

k; and kj,. Those values are in general incompatible with both the promise keeping

9Tt is easy to show that while the Euler equation (4) is given by €’ (h¢+1)her1 = Bv'(ly11)li+1, the
social planner would like to set e’(hyy1)hir1 = B[1 + (1 + v~ 1) X0 (Lg1)lpy1-
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constraint (2) and the envelope condition (3).

Inseparable Utility, Full Depreciation. Now assume, more realistically, that
labor supply and schooling are substitutes in a sense that higher labor supply increases
marginal disutility from schooling and vice versa. Assume again that human capital
fully depreciates. If the economy lasts for only three periods 0, 1, 2 then the marginal

income tax rates are characterized as follows:

V*l
Proposition 5 If V(l,s) = %, G(h,s) = s and T = 2 then the optimal

marginal tax rates satisfy 1o > 11 > 1o and 1o < T°.

The first part of the proposition shows that the marginal income tax rates are now
strictly decreasing in all periods. The reason is that, in addition to complementarity
between future labor supply and current schooling, current labor supply is a substitute
to current schooling. In period 0 the complementarity effect is zero and a lower labor
supply has an extra benefit of increasing incentives to invest in human capital at time
0. On the other hand, in period 2 the substitution effect is zero since no schooling takes
place in period 2. Higher labor supply has an extra benefit of increasing schooling in
period 1. In period 1, both the complementarity and substitution effects are in place
and the marginal tax rate lies somewhere in between.

The level of the marginal income tax rates in the first period is determined by two
effects. First, as mentioned in previous paragraph, the fact that labor supply and
schooling in period 0 are substitutes tends to increase the marginal income tax rate.
Second, the elasticity of labor supply increases because labor supply constitutes only
a part of nonleisure time. The second part of the proposition shows that with CRRA

utility the second effect dominates.'”

Separable Utility, Incomplete Depreciation. Next proposition returns to

OHowever, one can show that with CARA utility it is the first effect that dominates. Human
capital considerations can therefore increase marginal income tax rates in the first period.
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the case when utility is separable in labor and schooling, but allows for less than full

depreciation of human capital.

Proposition 6 IfV(l,s) = v(l)+e(s), G(h,s) = h®s'* and T = 2 then the optimal

marginal tax rates satisfy 7o > 1 > To and o = T°.

If human capital does not fully depreciate then the marginal income tax rates again
decrease over time. The reason is now that higher labor supply in period 2 increases
incentives to invest in human capital in both period 0 and period 1, while higher
labor supply in period 1 increases incentives to invest in human capital only in period
0. Thus, labor supply in period 2 should be encouraged more, i.e. marginal tax rates
should be lower. Marginal income tax rates in period 0 again coincide with marginal
tax rates in a static economy, because the utility is additively separable in labor and

schooling.

Inseparable Utility, 2 periods. If the economy has only two periods then ana-
lytical results are available even without imposing any restrictions on human capital
production function, and for utility function that is not separable in labor supply and

schooling;:

-1
Proposition 7 IfV(l,s) = % and T =1 then the optimal marginal tax rates

satisfy 7o > 1 and Ty < T°.

The marginal income tax rates are again decreasing, and, at least in the second period,

are lower than the marginal income tax rates in a static economy.

Previous examples show several principles that most likely drive the intertemporal
profile of marginal income taxes in a more general infinitely lived economy. First, the
intertemporal profile will be driven by the strength of substitutability between labor

supply and current schooling, and complementarity between labor supply and past

17



schooling. Whenever the role of complementarity grows over time, as it does in the
second and fourth example, marginal income taxes will decrease with time. Second,
the intertemporal profile will depend on how fast human capital depreciate over time.
One can, however, determine the magnitude of those effects only through numerical
simulations.!!

Finally, note that in all four examples marginal income tax rates decrease over time
regardless of the initial human capital level hy. What matters is how much schooling
people choose relative to the labor supply, and not the absolute level of schooling (or
human capital). In all four examples schooling is inefficiently low relative to labor

supply, because people do not take into account all social benefits from schooling.
QUANTITATIVE RESULTS

In this section I will numerically compute the optimal allocations and show how
the welfare maximizing tax reform looks like. Set T' = co. The disutility of nonleisure

time and the human capital production function take the form

I+ s)”f1
1+t

G(h,s) = (1 —=0)h+ o(hs)“.

V(l,s) =

The parameters to be chosen are the utility parameters £ and (3, the human capital

production function parameters o and §, and the ability density f(6).

Utility Function Parameters. The time period is one year and so 8 = 0.96,
implying the annual interest rate of 4%. The parameter v is closely linked to the

Frisch elasticity of labor supply. Indeed, in a static model with no human capital,

1 Kapicka (2006) shows that if the human capital production is Cobb-Douglas then the com-
plementarity effect dominates the substitutability effect in the steady state of an infinite period
economy. The long run marginal income tax rate is then strictly lower than 7°, as in Example 4.
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the elasticity of labor supply would be equal to v. Endogenous human capital accu-
mulation complicates this link for three reasons. First, short-run labor elasticity is
not the same as long-run labor elasticity. Second, labor supply responses to tempo-
rary changes in wages or taxes are different to labor supply responses to permanent
changes in wages or taxes. And, third, the link depends whether schooling (or part
of thereof) takes place on the job and is included in the measures of reported hours
worked.

To obtain a fraction of schooling attributed to reported hours worked I proceed as
follows. According to Francis and Ramey (2009), people nowadays spend on average
about 2.6 hours per week at school, and about 23 hours at work. The ratio of formal

schooling to reported hours of work is ¢ = %. One can show that the model predicts

that steady state labor supply to schooling ratio is é =p= W, identical
for all agents. For those two facts to be consistent with each other, a fraction %

of schooling must take the form of on the job training. This number turns out to be
0.67.

Empirical studies typically find that the short-run Frisch labor supply elasticity is
between 0.1 and 0.3.'% For the benchmark calibration I therefore choose k to be such
that the short run elasticity of labor supply with respect to permanent wage changes
is 0.2, assuming that 67% of schooling takes place on the job and is therefore included

in the measure of labor supply. The resulting value of v is 0.302.

Human Capital Production Function Parameters. The evidence regarding
the parameters of the human capital production function is very diverse. The esti-

mates of a range from about 0.5 to over 0.9. The evidence regarding ¢ ranges from

2Tmai and Keane (2004) show that omitting human capital accumulation biases the estimates of
the labor supply elasticity downwards. Their revised estimates are not directly applicable to this
model, however, because in their environment human capital accumulation takes a very different
form of learning by doing.

13 See Pencavel (1986), Table 1.22. For females, the labor supply elasticity is typically higher.
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0.0016 to 0.089.'* For the benchmark simulation I choose o = 0.625, as estimated by
Huggett, Ventura, and Yaron (2009), and ¢ = 0.04.

Distribution of Abilities. The distribution of abilities is calibrated in the fol-
lowing way. I first parameterize the actual U.S. tax code. Then I compute the steady
state distribution of incomes under this tax code and set the distribution of shocks
to be such that the distribution of earnings in the model is the same as in the data:
If the c.d.f. of carnings in the data is F (Y') and the model predicts steady state earn-
ings of a 6— type agent to be Y(H) then the c.d.f of the ability distribution is given
by F(f) = F(Y(0)). The tax return data for 1992, smoothed by a 7-point moving
average, are used for the empirical distribution of earnings. The ability distribution
is discretized by a vector of N = 300 ability levels.

The U.S. income tax code is approximated by the following function:

T'(y) = ko (y -+ ,@‘%) + (7 + Tos)y.

This functional form has been recently used frequently in the quantitative public
finance literature.!” The consumption tax rate 7, is set at 5.2%, following Mendoza,
Razin, and Tesar (1994). The payroll tax rate 7y is set at 12.4%. Gouveia and Strauss
(1994) show that parameters rg = 0.258 and x; = 0.768 best approximate the U.S.
income tax. The remaining parameter ko is chosen in order to match the average
marginal income tax rate of 17.4%, as reported by Gouveia and Strauss (1994). The
resulting value is ko = 0.000226.

The calibration yields the following results. The average income per person in the

calibrated allocation is $45321 and the Gini coefficient of income is 0.397. Leisure,

14 See Browning, Hansen, and Heckman (1999), Table 2.3 and 2.4, Huggett, Ventura, and Yaron
(2009) and Trostel (1993).

15Gee Castafieda, Diaz-Giménez, and Rios-Rull (1999), Conesa and Krueger (2006), or Conesa,
Kitao, and Krueger (2009).
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schooling and human capital all increase with abilities. Since the human capital
production function exhibit increasing returns, human capital distribution is more
unequal than the distribution of labor supply or schooling. The labor-schooling ratio p
is 2.27 is independent of the abilities, and so all people spend 69.4% of their nonleisure

time by working, and the remaining fraction by schooling.
Benchmark Results

The calibration procedure generates a distribution of lifetime utilities u, and a
distribution of initial human capital levels hy. In the benchmark reform I numerically
compute the relaxed social planner’s cost minimization problem (2), where the social
planner needs to deliver a lifetime utility of at least u, taking the initial distribution of
human capital as given.'® I verify that the resulting allocation is incentive compatible.

(see Appendix 2 for details).

The first panel of Figure 1 plots the average optimal marginal income tax rates for
all periods. They decrease by about 25 percentage points, from 41% to 16%. The
decline in average marginal tax rates is consistent with the intuition conveyed in the
examples: initially, labor supply and schooling are substitutes, and it is optimal to set
the marginal income tax rates high to encourage schooling and future labor supply.

In the long run, the complementarity effect takes over and marginal income tax rates

16Calibrating the ability distribution to the data creates a theoretical problem, because it implies
that there is a history of incomes for each agent, and that initial human capital stock varies across
people. The social planner could in principle use this information to infer the ability of each agent.
The differentiated lump-sum taxes could then be used. See Berliant and Ledyard (2004). To
circumvent this problem, I will assume that the government is prohibited by a constitution to use
the initial human capital and incomes before period zero as a direct argument in the tax function.
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decline.'”

[INSERT FIGURE 1 HERE]

The second panel of Figure 1 plots the optimal marginal tax rates in periods 0, 50,
and 250, and compares them with the pre-reform tax schedule. The shape of the
marginal income tax schedule is approximately the same over time. Thus, although
the marginal income tax schedule shifts over time, taxes do not become any more
(or less) progressive. The shape of the marginal income tax schedule itself doesn’t
change much from its pre-reform shape. This is mostly driven by the restriction that
the reform cannot change the distribution of utilities.

The optimal tax reform provides modest cost savings of 3.32% of government’s
present value of resources. This is equal to approximately $300 per person per year.
The first panel of Figure 2 shows that the aggregate output increases significantly
in the long run by 60% (to $71826 per person), but declines in the short run (by
11% to $39817 per person immediately after the tax reform is implemented). The
reason is that a decreasing pattern of marginal income taxes motivates people to
increase schooling. The third panel of Figure 2 shows that, in the short run, schooling
increases by 25% on average, while labor supply decreases by 12%. In the long run,
both schooling and labor supply increase by 18% on average. Human capital increases

by 31% on average in steady state.

[INSERT FIGURE 2 HERE]

The distribution of a change in income, labor supply and schooling is plotted in the

second and fourth panel of Figure 2. All agents are qualitatively affected in the same

17 If schooling were observable then the marginal income taxes would be approximately constant
over time. See Bohacek and Kapicka (2008) for numerical simulations. Similarly to Example 1,
unobservability of human capital is therefore critical in obtaining the decreasing marginal income
taxes over time.
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way: income and labor supply decrease in the short run and decrease in the long
run, while schooling increases both in the short and long run. The Figure shows that
long run increases in income schooling and labor supply are the largest for the high
ability agents. On the other hand, the short run decline in income and labor supply
is U-shaped: the decline is the smallest for the low ability and for the high ability

agents.
Rawlsian Reform

A Rawlsian social planner is only constrained by the requirement that the utility
of the lowest able agent must be u(6). He is free to choose the utility of all the other
agents freely, subject to the constraints (3) and (4). Figure 3 shows the distribution
of lifetime utilities before and after the reform. The lifetime utility of a majority
of agents decreases. Interestingly, the lifetime utility of the ablest agents increases,
despite the fact that the social planner does not care about their utility directly. The

only reason why this happens is that it helps to increase the social planner’s revenue.

[INSERT FIGURE 3 HERE]

Figure 4 shows that, on average, the marginal income tax rates are now much higher
than in the previous reform. Marginal income taxes now decrease from 65% to 45%
on average. Initially, almost all people face higher marginal income taxes, while in
the long run people earning more than 50000 USD a year face lower tax rates. The
pattern of the marginal income tax schedule is now drastically different from its pre-

reform shape, with tax rates first decreasing with income, and then increasing again.

1-F 18

It’s shape is caused primarily by the shape of the cumulative distortion X = = -

18 See Saez (2001) for the optimal marginal income tax schedule in a static setting, which has a
similar shape.
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Marginal income tax rates decrease over time for all ability levels. This is true despite
the fact that lower ability agents decrease their human capital over the transition. The

decline in marginal income taxes is, however, significantly smaller for those agents.

[INSERT FIGURE 4 HERE]

The Rawlsian reform provides savings of 115.5% of the present value of resources,
equal to $10471 per person and year. That is, the savings are 35 times higher than in
the previous reform. It is, however, not surprising that the difference is large, since
the Rawlsian problem provides significantly less constraints on the social planner’s
problem. In the long run, the aggregate income increases by only 30%, while average
schooling and labor supply actually slightly decreases. Therefore, almost all the
welfare gains are obtained not from an overall increase of schooling or labor supply,
but from a better reallocation of those across people. In other words, the increase
in welfare comes mainly from an improvement in the correlation between ability and

human capital or labor supply.

Alternative Assumptions

This section investigates the intertemporal profile of the marginal income taxes
under alternative assumptions about the utility function parameter n and the human
capital production function parameters 0 and «. I focus on the Rawlsian reform
because, due to exogeneity of the cumulative distortion, the comparison is easier to
make.

The first panel of Figure 5 shows the average marginal income tax rates when n
is set to a low and high value of 0.20 and 0.39, and when « is set to a low and
high value of 0.5 and 0.7. Higher parameter values decrease the marginal income tax

rates, while lower parameter values increase them. This is intuitive, because higher 7
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corresponds to higher labor supply elasticity, and higher o implies that human capital
is more sensitive to schooling. In both cases, marginal income tax rates create larger
distortions. Hence, in the optimum, marginal income tax rates decrease. The second
panel of Figure 5 shows that with higher depreciation of human capital the decline
in average marginal income taxes is steeper and faster. This is also intuitive, because
the convergence to steady state is now faster. However, the magnitude of the decrease

is not affected by the depreciation rate very much.

[INSERT FIGURE 5 HERE]

CONCLUSIONS

This paper analyzes efficient allocations in a dynamic economy where private infor-
mation ability shocks are permanent and human capital is endogenous and unobserv-
able by the government. The main contribution is that it does in a framework that is
tractable enough so that the efficient allocations can be analyzed quantitatively. The
paper also provides several theoretical results regarding the nature of optimal income
taxes.

These results rely on several assumptions: There are no income effects, the gov-
ernment can freely borrow and save at an exogenously given interest rate, and the
ability shocks are permanent. What happens if these assumptions are relaxed?

When the assumption of no income effects is relaxed, the maximization problem (6)
will also depends on individual’s consumption. Thus, the dimension of the problem
increases and, at least for the infinitely lived economy, the problem becomes hard
to compute numerically. The assumption of permanent shocks is critical because it
ensures that the cumulative distortion is constant over time. If private information
about abilities is revealed only gradually, this result will no longer hold. Similar com-

plications arise when the assumption that the government has access to perfect credit
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markets is relaxed. On the other hand, one could extend the model by incorporat-
ing life-cycle elements quite easily, as long as the life-cycle profile of productivity is

nonstochastic. This important extension is left for future research.
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APPENDIX 1: PROOFS

Proof of Proposition 1. The proof of the envelope condition (3) is a fairly
straightforward modification of the proof that can be found in (Kapicka 2006) or in
(Mirrlees 1986). To show necessity of (4), differentiate W (ho,0,60) w.r.t. hyq. If
hiy1 > G(he,0) then

O S gle() - v

, S(he, ht))]

Vst Yt+1
=——= = B(Visp155— + Vsrs
GSt eh%—f—l G5t+1

Equation (4) follows from the fact that 24 = &L

OhZ ., — hepr

Proof of Theorem 2. Define A to be the set of all labor supply and human
capital sequences (I, 1) that satisfy the Euler equation (4) for all ¢ > 0}."

Necessity of the conditions is obvious. For sufficiency, let o* = (u*,[*,h'""), to-
gether with p* be an allocation that satisfies the conditions of the theorem. Let
o = (u,l,h') € A be an alternative allocation that satisfies the envelope condition (3)

and the promise keeping constraint (2). Write the social planner’s objective function

as follows:
YWoho) = [ {Z 516h; (6)15(6) — V,"(6)) - u*w)} £(6)d8
-/ Zﬁ :ﬁht(f))lw) V- | 9 wr%] F(0)d6 + &
= /@ g gt —eh:(e)z;w) — V7 (0) - % /9 9u*<8>f<€>ds F(0)dO + Epe e,

where &, = [o{(1(0) — Du(f) — p(0)u(8)} f(0)d6. The second equality follows from

Writing (I, ') € A means that this property holds for all § € ©.
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the fact that the envelope condition holds with equality for (u*,*,h’"). The third
equality follows from from integration by parts.

It follows from (7) that v* maximizes - ,. To see this note first that v*(0) = U(0)
since the social planner can always uniformly decrease utility without affecting the
constraints (3) and (4). Second, p(#) <1 for all § > 0, with u(6) = 1 if the promise
keeping constraint doesn’t bind. This holds since if pu(f) > 1 then u(f) = oo >
U(#) which in turn implies that p(6) = 1, a contradiction. But if p(f#) < 1 then
(u(8) — Du*(0) = (u(0) — 1)U(0) = (u(0) — 1)u(0) for any u(0) > U(6).

Since (I*, h'*) solves the problem by (6) and v* maximizes &, ,

Vi (0)1(

AN EN I lehtw)lt(@)—we)— f((,)@@) /9 u*<s>f<e>de] F0)d0 + &

9 =0

- / {Zﬁtwht(@(@)—‘@(@]—U(e)}f(e)d9-

The last equality follows from reverse integration by parts and from the fact that the

envelope condition holds with equality for (u,l,h'). =

Proof of Proposition 4. The Euler equation can now be written as

¢ (his1) b = BV (Lga) g

Let A\;11 be the Lagrange multiplier on this constraint. The Lagrangean is

T T-1
max > 8O = v(ly) = e(hen) = 0 UDEXY + Y B A {8 (sl — € (B )hei }
Tt=0 t=0

The first order conditions in [ is

—— —1=(14+v )X
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The first order conditions in l; and h; for t = 1...T are

oh, e
S~ = ),

Using the Euler equation, eliminating A, and using the definition of 7, the desired

result obtains. m

Proof of Proposition 5. The Euler equation can now be written as

V' (I + hip1)hivr = BV (Lga + hugo)liga.

Let A\;11 be the Lagrange multiplier on this constraint. The Lagrangean is

2
H}%X ; ﬁt{ehtlt — U(lt + ht—i—l) — U,<lt + ht+1)ltX}

1

+ Z B N41{08V (L1 + hr2) i — V' (1 + hygr ) g }

t=0

Let v; = v(l; 4+ hyy1) and ¥, = 2 — 1. The first order conditions in g, 1, [ are

Ut

v &
0 0
"

vY v
= (1+U—}ll)(X—A1)+A2U—}h2 (10)
1 1

9y = (1 + Z-?zg)(x — ) (11)
2
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The first order conditions in Ay, hy, together with the Euler equation imply

vy vy
191 - U_IZOX + )\1(1 + U—,h1> (12)
0 0
v v
Uy = U—,ll(X—A1)+A2(1+U—,h2). (13)
1 1

To show the first part of the proposition, note that ¢, = 9 — (X — \;) and
U9 =91 — (X — A1 — Ag). Since X —\; > X — \; — )y, the Proposition will be proven
if X — A\ — Ay is positive. To obtain this, eliminate ¥; by using (10) and (12), and
Y3 by using (11) and (13). Combining both equations and using Z—%IZQ = v~1, one gets

i vy

FloAa + Fhals
0 2

Tr — )\2 — )\1 =

_ U” .
24+v l—v—(,)lo

0

Since v = Bl + hi) > B, X — A — Ay > 0,
0 0

The second part of the Proposition follows from rewriting (9) as

vg

o
Yo

Jo=(1+vHX — (X = \)—2h.

and the fact that X — A1 > 0. =

Proof of Proposition 6. The Euler equation can now be written as

el(st)st = ﬁo&el<3t+1)8t+1 + ﬁ(l — O[)U,<lt+1)lt+1.
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Let A\;11 be the Lagrange multiplier on this constraint. The Lagrangean is
2
¢ _ _ .
Hzl,%xtz_;ﬁ {0hly — v(ly) — e(sy) — V' (L) 1 X }

1
+ 3 B N {Bae (si1)sen + B — ) (L)l — €/ (s1)se}

t=0

Letd, = 22 — 1. The first order conditions in lo, 1,1y are
v’ (1)

Yo=(1+vHX (14)
V= (14+v H[X - (1—a)\] (15)
Yo =14+ v H[X — (1 —a)\) (16)

The first order conditions in hy, he, together with the Euler equations imply the

following set of conditions:

14+v1t

11 1 [X — (1 — Oz))\g]ﬁ(l — Oé)U’(lQ)lQ = ()\2 — a)\l)e'(sl)sl (17)

1 _l_ I/il / / /

F[X — (1= a)M]B(1 = a)v' (L)l = M€ (s0)s0 — (A2 — aAy)Bae’(s1)s1 (18)
where v~ = YW and e=1 = €60 ¢ hoth assumed constant.

() e’ (st)

To show the first part of the Proposition, assume by contradiction that Ay < Aj.

The equation (17) , together with the Euler equation implies that

14+ vt

ﬁ[){ — (1= )] = g — aAy. (19)
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Using equality (19) one can show that if Ay < A; then it must be true that

1+t

A=ehe> oo (20)
-1
o> 55X (21)
Equation (18) then implies that
A€/ (s0)s0 = 112_11 (X — (1= a)M]B(1 — a)v' ()l + 112_11 [X — (1 — a)Xa]B(@)€ (s1)s1
< 2+1V+—1V:€1Xﬁ(1 —a)v' (L)l + Hl,j—ly:ngﬁ(a)@'(sl)Sl
- 2+1;—1V+18_1X6/(30)30

where the first equality uses (19), the inequality uses (20) and (21), and the last
equality uses the Euler equation. Cancelling €'(sg)so one gets

1471t

M < —————
Pty

a contradiction with (21). Therefore Ay > A;. One can easily rule out Ay = \; as

long as a > 0, and so Ay > A\;. =

Proof of Proposition 7. The social planner solves (6) for "= 1. The first order

conditions in [y, I; and h; can be written as

Oho 174 A VY
—1=0104+ —=1)X —

v S AT

Oh, . A
—-1=(1 ) —

7 (v (X =)

Oh Vi A Ve 1 G
L= 0 x4+ -2 (0 2y

Vi T TG T G
The Proposition is proven if A > 0. This follows from the last two first order condi-
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tions. m

Proof of Lemma 3. It is immediate that

T

e({y; (O)}0:0) = Y B'lyi (6) — i (6)]. (22)

t=0

The Lemma will thus be proven if

e({yr (030, 0) > o({y; (0)},,0)

~

for any h € O. Suppose by contradiction that there is some # € © such that
P({yr (0)}0,0) < ¢({y; (6)}{=y,6). Then

Wo*(hoaé;é) = max Zﬁt[y:(ﬁ) - V(y;;—f)a S(he, hegr))] — 90({9:(9)}?:()7@)

T
theritizo 520 t

< mas Sl - V(LD

,S(hey hgr))] — @({y:<9)}tT=07 0)

{her1}E, P .
3 yi (0)
= max Her(0) — V(2L S(hy, b
{hm}?otg;ﬁ [c; (0) ( on, (he, higr))]
= WO’* <h07 é’ 0)7

where the first equality follows from the definition of ¢, the inequality follows from
the proof hypothesis, the second equality follows from (22), and the last equality
follows from the definition of W,«. Thus, W, (hy, 0; é) < W (ho, 0; 0), a contradiction

because o* is incentive compatible. m
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APPENDIX 2: NUMERICAL SOLUTION

To verify that an allocation is incentive compatible, the inequality (1) needs to

hold. To do so, I compute the following Bellman equation for t =0...7 — 1:

0.
(1 0,0,) = maclea(0)) ~ VIS 500 00) g0 (00,0}, (29
where ()7 is a fixed point of the Bellman operator defined appropriately by the right
hand side of (23), @ = 1... N denotes agent’s productivity index, and j = 1... N
denotes agent’s report index. Since g = W,,?" the incentive compatibility constraint
is verified if

Qo(ho, (91-, (91) > Qo(h[), 01‘, (9]) VZ,j =1...N. (24)

Computing (23) for all possible values of productivity shocks involves computation
of N? = 90000 fixed points and, in addition, tN? = 22500000 iterations toward period
zero. 1 therefore only verify that (24) holds for alli=1...N and j=¢—5...i+5.
In addition, I verify that (24) holds for every tenth ¢ and all j = 1... N. In all cases,

I use an error tolerance equal to ;55 I find that (24) is satisfied in all the computed

cases.

20Gtrictly speaking, g = W, only if £ is infinite. For £ high enough, € is an appropriate numerical
approximation of W,
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