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N many branches of economic theory, it is

necessary to make some assumption about
the extent to which capital and labor are sub-
stitutable for each other. In the absence of em-
pirical generalizations about this phenomenon,
theorists have chosen simple hypotheses, which
have become widely accepted through frequent
repetition. Two competing alternatives hold the
field at present: the Walras-Leontief-Har-
rod-Domar assumption of constant input co-
efficients; * and the Cobb-Douglas function,
which implies a unitary elasticity of substitution
between labor and capital. From a mathemati-
cal point of view, zero and one are perhaps the
most convenient alternatives for this elasticity.
Economic analysis based on these assumptions,
however, often leads to conclusions that are un-
duly restrictive.

The crucial nature of the substitution as-
sumption can be illustrated in various fields of
economic theory:

(i) The unstable balance of the Harrod-
Domar model of growth depends in a critical
way on the asumption of zero substitution be-
tween labor and capital, as Solow [15], Swan
[18], and others have shown.

(ii) The effects of varying factor endow-
ments on international trade hinge on the shape
of particular production functions. In this case,
either zero or unitary elasticities of substitution
in all sectors of the economy lead to Samuelson’s

*This study grows out of the research program of the
Stanford Project for Quantitative Research in Economic De-
velopment. It is one in a series of analyses based on inter-
national comparisons of the economic structure. Hendrik
Houthakker contributed substantially to the formulation of
both the statistical and theoretical analyses. Arrow’s par-
ticipation was aided by Contract 251(33), Task Ngo47-cos,
Office of Naval Rescarch.

21t is only fair to note that the general equilibrium the-
ories of Walras and Leontief never assume fixed proportions
for gross aggregates like capital and labor.

strong assumption as to the invariability of the
ranking of factor proportions. Variations in
elasticity among sectors imply reversals of fac-
tor intensities at different factor prices with
quite different consequences for trade and factor
returns.

(iii) In analyzing the relative shares of in-
come received by the factors of production, it is
tempting to assume unit elasticity of substitu-
tion to agree with the supposed constancy of
the labor share in the United States. Recent
work has called into question both the observed
constancy and the necessity of the assumption
[9, 17].

Turning to empirical evidence, we find every
indication of varying degrees of substitutability
in different types of production. Technological
alternatives are numerous and flexible in some
sectors, limited in others; and uniform substi-
tutability is most unlikely. The difference in
elasticities is confirmed by direct observation of
capital-labor proportions, which show much
more variation among countries in some sectors
than in others.

The starting point for the present study was
the empirical observation that the value added
per unit of labor used within a given industry
varies across countries with the wage rate.
Evidence of this relationship for 24 manufac-
turing industries in a sample of 19 countries is
given in section I. A regression of the labor
productivity on the wage rate shows a highly
significant correlation in all industries and also
a considerable variation in the regression coeffi-
cients.

These empirical findings led to attempts to
derive a mathematical function having the prop-
erties of (i) homogeneity, (ii) constant elastici-
ty of substitution between capital and labor, and
(iii) the possibility of different elasticities for
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different industries. In section II it is shown
that there is one general production function
having these properties; it includes the Leon-
tief and Cobb-Douglas functions as special
cases.® The function contains three parameters,
which are identified as the substitution param-
eter, the distribution parameter, and the effi-
ciency parameter.

To test the validity of this formulation, we
examine in section III the fragmentary infor-
mation available on direct use of capital and also
the deviations from the regression analysis.
These tests, while inconclusive, suggest the
working hypothesis that the efficiency param-
eter varies from country to country but that the
other two are constants for each industry.

In this form, the constant-elasticity-of-sub-
stitution (CES) production function implies a
number of predictable differences in the struc-
ture of production and trade between countries
having different relative factor costs. Some of
these are investigated in section IV through a
comparison between Japan and the United
States of factor use and relative prices. The re-
sults indicate the extent of substitutability be-
tween labor and capital in all sectors of the
economy and also support the hypothesis of
varying efficiency given in section III.

Finally, the CES production function is ap-
plied in section V to a time-series analysis of all
non-farm production in the United States. The
results show an over-all elasticity of substitu-
tion between capital and labor significantly less
than unity and provide a further test of the
validity of the production function itself.

I. Variation in Labor Inputs with Labor Cost

International comparisons are probably the
best available source of information on the ef-
fect of varying factor costs on factor inputs.
The observed range of variation in the relative
costs of labor and capital is of the order of 30:1,
which is much greater than that observed in a
single country over any period for which data
are available. The observations on factor inputs
refer to a specific industry or set of technologi-
cal operations rather than to the different indus-
tries conventionally employed in cross-section
studies within a single country. Finally, taking

® This function and its properties were arrived at inde-
pendently by Solow and Arrow.
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observations that are close together in time, one
can assume access to approximately the same
body of technological knowledge; while not
strictly true, this hypothesis is more valid than
the same assumption applied to time-series
analysis.

A. Data

The substantial number of industrial censuses
in the postwar period that use comparable in-
dustrial classifications makes it possible to ex-
ploit some of these potential advantages of in-
ter-country analysis. The sample used, the data
collected, and the relationships explored are de-
termined primarily by the nature of the census
materials.

Countries in the sample. The sample consists
of countries having the requisite wage and out-
put data in a reasonable number of industries.
The countries, average wage rates, and number
of industries available for each are shown in
Table 1. The data pertain to different years
between 1949 and 19535.

TABLE 1. — COUNTRIES IN THE SAMPLE

Average wage 2 Number of
Year of Current industries

Country Census dollars) used P
1. United States 1954 3841 24
2. Canada 1954 3226 23
3. New Zealand 1955/56 1980 22
4. Australia 1955/56 1926 24
5. Denmark 1954 1455 24
6. Norway 1954 1393 22
7. Puerto Rico 1952 1182 17
8. United Kingdom 1951 1059 24
9. Colombia 1953 924 24
10. Ireland 1953 900 15
11. Mexico 1951 524 21
12. Argentina 1950 519 24
13. Japan 1953 476 23
14. El Salvador 1951 445 16
15. Brazil 1049 436 10
16. S. Rhodesia 1952 384 6
17. Ceylon 1952 261 11
18. India 1953 241 17
19. Iraq 1954 213 2

a Unweighted average of wages in industries in sample.
b Industry data are given in the appendix.

Industries- Data were collected for all indus-
tries at the three-digit level of the United Na-
tions International Standard Industrial Classi-
fication having sufficient observations (at least
10). The 24 industries analyzed are listed in
Table 2 and defined in the ISIC. There is, of
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course, considerable variation in the composi-
tion of output within a given industrial category
among countries at different income levels,
which cannot be allowed for here.

Labor inputs and costs. Labor inputs are
measured in man-years per $1000 of value add-
ed. They include production workers, salaried
employees, and working proprietors. Labor
costs are measured by the average annual wage
payment, computed as the total wage bill divid-
ed by the number of employees. The data on
wage payments for different countries include
varying proportions of non-wage benefits, and
we made no allowance for such variations. The
data on employment are not corrected for inter-
country differences in the number of hours
worked per year or the age and sex composition
of the labor force. The data for each industry
are given in the appendix.

Exchange rates. All conversions from local
currency values into U.S. dollars were at official
exchange rates or at free market rates where
multiple exchange rates prevailed. No allow-
ance was made for the variation in the purchas-
ing power of the dollar between different cen-
sus years.
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Capital inputs. Data on capital inputs or
rates of return are available only for a small
number of countries and industries. They are
therefore omitted from the initial statistical
analysis and utilized in section III to test the
validity of the production function that is pro-
posed in section II.

B. Regression Analysis
The variables available for statistical analy-
sis are as follows:

V . value added in thousands of U.S. dol-
lars

L : labor input in man-years

W : money wage rate (total labor cost di-

vided by L) in dollars per man-year.

As an aid in formulating the regression anal-
ysis, we make the following preliminary assump-
tions, the validity of which will be examined in
section III.

(1) Prices of products and material inputs
do not vary systematically with the wage level.

(2) Overvaluation or undervaluation of ex-
change rates is not related to the wage level.

(3) Variation in average plant size does not
affect the factor inputs.

TABLE 2. — RESULTS OF REGRESSION ANALYSIS 2

Regression Test of Significance on »

equations Standard Coeff. of
ISIC error deter. Degrees of Confidence level for
No. Industry Loga » So R? freedom b different from 1
202 Dairy products 419 721 .073 921 14 99%
203 Fruit and vegetable canning 355 853 .075 .910 12 90
205 Grain and mill products 429 .90g .096 855 14 *
206 Bakery products .304 .9oo .065 927 14 8o
207 Sugar 431 781 115 790 11 90
220 Tobacco .564 753 I51 629 13 80
231 Textile — spinning and weaving .296 .809 .068 .892 16 98
232 Knitting mills 270 785 064 915 13 99
250 Lumber and wood .2%79 .860 .066 .910 16 95
260 Furniture 226 .804 .042 .952 14 95
271 Pulp and paper 478 .963 101 .858 14 *
280 Printing and publishing 284 .868 .056 .940 14 95
291 Leather finishing 292 857 .062 921 12 95
311 Basic chemicals 460 831 .070 .898 14 95
312 Fats and oils 515 .839 .090 .869 12 90
319 Miscellaneous chemicals 483 893 .059 .938 14 90
331 Clay products 273 .919 .098 878 11 *
332 Glass 285 .999 .084 .921 11 *
333 Ceramics 210 .go1 044 .974 10 95
334 Cement .560 .920 149 770 10 *
341 Iron and steel .363 811 .051 .936 11 99
342 Non-ferrous metals .370 1.011 .I20 .886 8 *
350 Metal preducts .301 .9o2 .088 .897 11 *
370 Electric machinery 344 870 118 .804 12 *

2 From data given in the Appendix.
* Not significant at 80% or higher levels of confidence.
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(4) The same technological alternatives are
available to all countries.

On these assumptions, we can treat $1000 of
value added as a unit of physical output in each
industry. We also assume a single production
function for all countries, which implies that
there will be a determinate relation between the
labor input per unit of value added and the
wage rate. Before exploring the possible forms
of this function in detail, we tested two simple
relations among the three variables statisti-

cally:
vV
T =Cc+HdW (1a)
Vv
logf=loga+blogW—|-c. (1b)

Both functions give good fits to the observa-
tions, the logarithmic form being somewhat bet-
ter. The results of the latter regression are
shown in Table 2.* It is apparent from the
small standard errors of b and the high coeffi-
cient of determination R? that the fit is rela-
tively good. In 20 out of 24 industries, over 85
per cent of the variation in labor productivity
is explained by variation in wage rates alone.’

C. Implied Properties of the
Production Function

The regression analysis provides an impor-
tant basis for the derivation of a more general
production function: the finding that a linear
logarithmic function provides a good fit to the
observations of wages and labor inputs. The
theoretical analysis of the next section will
therefore start from this assumption.

It is shown in section II that under the as-
sumptions made here the coefficient b is equal
to the elasticity of substitution between labor
and capital. It is therefore of interest to deter-
mine the number of industries in which the
elasticity is significantly different from o or 1,
the values most commonly assumed for it. Re-

4 Independently of this study, J. B. Minasian has fitted
equation (1b) to U. S. interstate data for a number of in-
dustries in “Elasticities of Substitution and Constant-Output
Demand Curves for Labor,” Journal of Political Economy,
June 1961, 261~270. (Note added in proof.)

5 For the economy as a whole, the level of wages depends
on the level of labor productivity, but for a given industry
the labor input per unit of output is adjusted to the prevail-
ing wage level in the country with relatively small deviations
due to the relative profitability of the given industry.
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sults of a ¢ test of the second hypothesis are
given in Table 2. In all cases, the value of & is
significantly different from zero at a go per cent
level of confidence. In 14 out of 24 industries
it is significantly different from 1 at go per cent
or higher levels of confidence. We therefore
reject these hypotheses as inadequate descrip-
tions of the possibilities for combining labor
and capital, and we proceed to derive a pro-
duction function that allows for a different
elasticity in each industry.

II. A New Class of Production Functions

Section I presents observations on the rela-
tion between V /L and w within each of several
industries at a single point of time. It is a
natural first step to give an account of the re-
sults in terms of profit-maximizing responses
to given factor prices. Under the assumptions
of constant returns to scale and competitive la-
bor markets, the standard theory of production
shows how any particular production function
entails a particular relation between V/L and
w. We shall show that the reverse implication
also holds: that a particular relation between
V/L and w determines the corresponding pro-
duction function up to one arbitrary constant.

A. Output per unit of Labor, Real Wages,
and the Production Function un-
der Constant Returns

If the production function in a particular in-
dustry is written V = F(K,L), and assumed to
be homogeneous of degree one, then V/L=F
(K/L,1); andif weputV/L = y,K/L = x, we
can say y = f(x). In these terms the marginal
products of capital and labor are f’(x) and
f(x) — xf’(x) respectively. Let w be the wage
rate with output as numéraire. If the labor and
product markets are competitive then

w = f(x) — xf (x) (2)
which can be inverted to give a functional rela-
tion between x and w, and thence, since y = f(x),
a monotone increasing relation between y and
w. Conversely, suppose we begin (as we do)
with such an observed relation between y and
w, say ¥ = ¢(w). Then from (1) we see that

d
y=e(—x2) )
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which is a differential equation for y(x). It
will have a solution

y = f(x; 4) (42)
where 4 is a constant of integration. Returning

to the original variables we get the one-param-
eter family of production functions

V = L{(K/L; 4). (4b)

Of course for (4) to do duty as a production
function it should have positive marginal pro-
ductivities for both inputs and be subject to the
usual diminishing returns when factor-propor-
tions vary. An elementary calculation shows
that these conditions are equivalent to requir-
ing that f'(x) > o and f”(x) <o. The latter
condition is also sufficient to permit the inver-
sion of (2). Geometrically these conditions
state that output per unit of labor is an increas-
ing function of the input of capital per unit of
labor, convex from above, just as the curve is
normally drawn. In addition one would desire
that f(x) > o for x > o. All these requirements
should hold for at least some value of 4.

This way of generating production functions
brings to light a connection with the elasticity
of substitution which does not seem to have
been noticed in the literature, although closely
related results were obtained by Hicks and
others (see Allen [2], 373). The slight differ-
ence has to do with the treatment of product
price. Let s stand for the marginal rate of sub-
stitution between K and L (the ratio of the
marginal product of L to that of K). Then the
elasticity of substitution o is defined simply as
the elasticity of K/L with respect to s, along an
isoquant. For constant returns to scale it turns
out,® in our notation,

f(f —xf)

o= (s)

Now consider the relation between y and w
as determined implicitly by (2). Differentiat-
ing with respect to w we obtain

,dx dy ,dxdy  dxdy
1=t g Y p
dy dw dy dw dy dw
X 1
d si —=—
and since T
&__ S
dw xf’ "

°On all this see Allen [2], 340-43.
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Thus the elasticity of y with respect to w is,
from (2),

wdy (= =f)

T (6)

y dw xff”

That is to say, if the relation between V /L and
w arises from profit-maximization along a con-
stant-returns-to-scale production function, the
elasticity of the resulting curve is simply the
elasticity of substitution. Information about o
can be obtained, under these assumptions, from
observation of the joint variation of output per
unit of labor and the real wage.

We may also observe another simple and in-
teresting relation associated with production
functions homogeneous of degree one. As has
been seen the marginal productivity of capital
is a decreasing function of x, the capital-labor
ratio, while the marginal productivity of labor
is of course an increasing function. Hence, for
competitive markets, the gross rental, », meas-
ured with output as numéraire, is a decreasing
function of the wage rate. More specifically,
we may differentiate the relations, r = f’(x)
and (2) to yield,

0 T vy R
so that

dr ( dr ) (dw) 1 L

i)/ \G)=—3=—%

whence the elasticity of the rate of return with
respect to the wage rate is,

'wdr_ wL )
rdw 7K’ 7

i.e., the ratio of labor’s share to capital’s share
in value added.

B. Rationalizing the Data of Section I

We found in section I that in general a linear
relationship between the logarithms of V/L and
w, i.e.,

logy = loga + blogw (8)

gives a good fit. Along such a curve, the elas-
ticity of y with respect to w is constant and
equal to b. We are forewarned that the implied
production function will have a constant elas-
ticity of substitution equal to b, so that in de-
ducing it we provide a substantial generaliza-
tion of the Cobb-Douglas function. Indeed the
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Cobb-Douglas family is the special case b =1
in (8). Our empirical results imply that elas-
ticities of substitution tend to be less than one,
which contrasts strongly with the Cobb-Douglas
view of the world. We will return subsequently
to the distributional and other implications of
this conclusion.
The differential equation (3) becomes

d
logy = loga + blog (y — x=2). (9)

d
Taking antilogarithms and solving for Zi%’
find
dy aby— %  y(1 — ayr)

dx at’b x x

we

I
where we have set a=a~'% and p = 77" for

convenience. The equation
dx dy
%y — )
has a partial-fractions expansion:
dx dy
x Ty
which can be integrated to yield

ay*=1dy
I — ayf

logx = logy — Elog (1 —ay?) + 1log,B
P P

or

By
I — a)f
which in turn can be solved for y°, and then y,
to give

y=2x(B+ ar?)~Ve = (Bx—2 4+ a)~Ve.  (10)
Written out in full the production function is:

V = L(BK~Ls + o)~/

= (BK—? + aL—P) 1/, (11)

As for our requirements on the shape of the
production function, it is clear that y > o for
x> o as long as a > o0 and B > o. Differentia-
tion of (10) shows that the only requirement for
positive marginal productivities is 8>o0. A
second differentiation yields one further condi-
tion for diminishing returns, namely p+1 >0
which is equivalent to & > o and in accordance
with our empirical results.

The family of production functions described
by (10) or (11) comprises all those which ex-

XP =
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hibit a constant elasticity of substitution for all
values of K/L. To be precise, the elasticity of
substitution o = 1/(1+p) = b. For this reason
we will call (10) or (11) a constant-elasticity-
of-substitution production function (abbrevi-
ated to CES).” Admissible values of p run from
—1 to o, which permits o to range from +
to o. Since our empirical values of 4 are almost
all significantly less than one, they imply posi-
tive values of p and elasticities of substitution
in different industries generally less than unity.

C. Properties of the CES Production Function

We can write (10) and (11) more symmetri-
cally by setting a+B8=vy~* and By’ =39, in
which notation they become

y = y[8x—P + (1—8)] -1~ (12)
V =vy[8K-P 4 (1—=8)L—r]~1r . (13)

A change in the parameter v changes the out-
put for any given set of inputs in the same pro-
portion. It will therefore be referred to as the
(neutral) efficiency parameter. The parameter
p, as has just been seen, is a transform of the
elasticity of substitution and will be termed the
substitution parameter. It will be seen below
(equation 23) that for any given value of o
(equivalently, for any given value of p), the
functional distribution of income is determined
by 8, the distribution parameter-

Apart from the efficiency parameter (which
can be made equal to one by appropriate choice
of output units), (13) is a class of function
known in the mathematical literature as a
“mean value of order —p.”®

The lowest admissible value for p is —1; this
implies an infinite elasticity of substitution and
therefore straight-line isoquants. One verifies
this by putting p = —1in (13).

For values of p between —1 and o we have
elasticities of substitution greater than unity.
From (12) we see that y—« as x—> 0, and
y—y(1—8)~'* as x—o. That is to say, out-
put per unit of labor becomes indefinitely large
as the ratio of capital to labor increases; but as
the capital/labor ratio approaches zero, the av-

"We note that Trevor Swan has independently deduced
the constant-elasticity-of-substitution property of (11). The
function itself was used by Solow [15], 77, as an illustration.

8 See Hardy, Littlewood, and Pélya [%], 13. It may also

be shown that the function (13) is the most general func-
tion which can be computed on a suitable slide rule.
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erage product of labor approaches a positive
lower limit.

The case p =o yields an elasticity of sub-
stitution of unity and should, therefore, lead
back to the Cobb-Douglas function. This is not
obvious from (13), since as p—o the right-hand
side is an indeterminate form of the type 1*.
But in fact the limit is the Cobb-Douglas func-
tion. This can be seen (a) by direct application
of L’Hépital’s Rule to (13); (b) by integra-
tion of (9) with & =1; or (c) by appealing to
the purely mathematical theorem that the mean
value of order zero is the geometric mean.?
Thus the limiting form of (13) at p=o is in-
deed V = yK°L'9 10

For o < p < e, which is the empirically in-
teresting case, we have o < 1. The behavior is
quite different from the case —1 < p <o. As
x—>o0, y—>y(1—8)~'*; as x—o, y—>o. That
is, as a fixed dose of labor is saturated with
capital, the output per unit of labor reaches an
upper limit. And as a fixed dose of capital is
saturated with labor, the productivity of labor
tends to zero.

Whenever p > — 1, the isoquants have the
right curvature (p = — 1 is the case of straight-
line isoquants, and p < —1 is ruled out pre-
cisely because the isoquants have the wrong
curvature). The cases p < o and p=>o0 are dif-
ferent; when p < o, the isoquants intersect the
K and L axes, while when p=>o, the isoquants
only approach the axes asymptotically. Both
cases are illustrated in Chart 1 of section IV.

Our survey of possible values of p concludes
with two final remarks. The case p=1, 0 =14
is seen to be the ordinary harmonic mean. And
as p— o, the elasticity of substitution tends to
zero and we approach the case of fixed propor-
tions. We may prove this by making the ap-
propriate limiting process on (13). And once
again the general theory of mean values assures
us that as a mean value of order — « we have!

lim y[8K—P4 (1—8)L~r]-1/s
P>

) (14)

This represents a system of right-angled iso-

K L
= ymin (K,L) = min (—
Y

-1 _ -1
Y

 Hardy, Littlewood, and Pélya [7], 15, Theorem 3.

*This special case reinforces our singling-out of & as a
distribution parameter.

* Hardy, Littlewood, and Pélya [71, 15, Theorem 4.
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quants with corners lying on a 45° line from
the origin. But it is clearly more general than
that, since the location of the corners can be
changed simply measuring K and L in different
units.

So far we have simply provided one possible
rationalization of the data of section I. We turn
next to some of the testabie implications of the
model, and in so doing we consider the possi-
bility of lifting or at least testing the hypothesis
of constant returns to scale. Further economic
implications of the CES production function
are discussed in section IV below.

D. Testable Implications of the Model

1. Returns to scale. So far we have assumed
the existence of constant returns to scale. This
is more than just convenience; it is at least
suggested by the existence of a relationship
between V/L and w, independent of the stock
of capital. Indeed, homogeneity of degree one
(together with competition in the labor and
product markets) entails the existence of such
a relationship. Clearly, not all production func-
tions admit of a relationship between V/L and
w =0V /9L; the class which does so, however,
is somewhat broader than the homogeneous
functions of degree one. We have the following
precise result: if the labor and product markets
are competitive, and if profit-maximizing be-
havior along a production function V = F(K,L)
leads to a functional relationship between w
and V/L, then F(K,L) = H(C(K),L) where H
is homogeneous of degree one in C and L, and
C is an increasing function of K.

In proof, since w = 9V /9L, we can write
this functional relation as:

2 (1),

Since this holds independently of K we may
hold K constant and proceed as with an ordi-
nary differential equation. Introducing y=V/L,
we have L9y/9L+ y =2V /9L and therefore

0y/oL =—h—(3%—:—2. Since K is fixed we may

write this
dy _dL
h(y)—y L
and integrate to get

L = Cg(y) (15)
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dy

h(y) —y
stant of integration must be taken as a function
of K. (We also assume %(y) < y; that is, the
average productivity of labor exceeds its mar-
ginal productivity.) Upon inversion of (15) we
have y as a function of L/C(K) alone, say
y=G(L/C(K)) and therefore

whereg (y) = exp ¥ ; and C, the con-

V= LG ( ) = H(C(K),L) (16)

C(K)
as asserted, where H is homogeneous of degree
one in its arguments. If K is to have positive
marginal productivity, C must be an increasing
function of K, since g(y) is decreasing.

Thus under our assumptions production ex-
hibits constant returns to scale, not necessarily
in K and L, but in C(K) and L. We have con-
stant returns to scale if C is proportional to K.
But C(K) can be given an interpretation in any
case. Let P represent all non-labor income,
whether returns to capital or not. Then by
Euler’s Theorem, P = C9H/9C. And 2V /2K
= (0H/2C) (dC/dK). Hence

C p

o T (17)

2K
so that C/C’ represents the “present value” of
the stream of profits, discounted by the mar-
ginal productivity of capital.

The argument leading to (16) provides us
with an empirical test of the hypothesis of con-
stant returns to scale. As we have noted, the
latter is equivalent to C(K)/K being constant.
But from (13),

c_L 1
K Kg(y) =xg(y)’

So a stringent test of the hypothesis is that
xg(v) be constant within any industry and over
all countries for which we have data on capital.
The stringency of the test comes from the fact
that it relies on data (namely K) which have
not been used in the previous analysis. If the
test is passed, then not only have we validated
the assumption of constant returns, but also
(15) and with it our whole approach to the pro-
duction function.

When %(y) is obtained by solving for w in
(8), the integration needed to determine g(y)

(18)
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is a repetition of the argument leading to (10).
Then,

I BVP
xg(y) K

Since B is a constant, a test of constancy of re-
turns to scale is obtained by the condition that

is a constant.

2. Capital and the rate of return. It should
not be overlooked that up to the previous para-
graph our production functions have appeared
only as rationalizations of the observed relation
between y and w under assumptions about com-
petition. We can not be sure that they do in
fact describe production relations (i.e., holding
among V, L, and K), and it is indeed intrinsi-
cally impossible to know this without data on
K, or equivalently on the rate of return. Should
such data be available, however, we can per-
form some further very strong tests of the whole
approach.

Suppose we have observations on K for a
particular industry across several countries.
Then we know x as well as y and we can test
directly whether our deduced production func-
tion (3) or (4) does in fact hold for some value
of A. If it does, then this provides an estimate
of 4 and a stringent external check on the
validity of our approach.

This is merely a rephrasing of our test for
constant returns, to emphasize that it really
goes somewhat further; if the hypothesis of
constant returns to scale is accepted, so is the
validity of the implied production function.

3. Neutral variations in efficiency. From the
argument leading to (10) and (11), it is seen
that the parameters a and p are derived directly
from our empirical estimates of ¢ and & in sec-
tion I. But B is a constant of integration and
can be determined only from observed data in-
cluding measurements of K or x. Now the test
quantity ¢ in (19) depends on a and p, but
not on B, on the assumption that 8 is constant
across countries. Failure of data to pass the
stringent test based on (19) may be read as
suggesting that B varies across countries while
a and p are the same. From (11), this is equiva-
lent to the statement that the efficiency of use

(1 — aye)=1/o.

(19)
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of capital varies from country to country, but
not the efficiency of use of labor.

A more symmetrical (and more plausible)
possibility is that international differences in
efficiency affect both inputs equally. This
amounts to assuming in (13) that the efficiency
parameter y varies from country to country
while 8 and p remain constant. Since B/a
=3§/(1—3), we can put this by saying that B
and a vary proportionately. We can provide a
test of this hypothesis.

From the definition of the elasticity of sub-
stitution and its constancy and the competitive
equivalence of factor price ratios and marginal
rates of substitution, it follows that w/r is pro-
portional to (K/L)Y? = (K/L)®+?_ 1t is easy
enough to calculate the constant of proportion-
ality directly; we have

%= I;S(%)lﬂw (20)
and
pra=t/-» = (2) (X)™ (21

Thus for countries from which we have data on
r and K, and given our estimate of p for an
industry, we may compare the values of the
right-hand side of (21). If they are constant
or nearly so, we conclude that there are neutral
variations in efficiency from country to country,
and we are able simultaneously to estimate 8.
Then from & and p we can use (12) to estimate
the efficiency parameter v in each country in-
volved, for this particular industry.

4. Factor intensity and the CES production
function. From (20) we see that:

x—K—( 3 w)”
T L Ni—sr/°

Now imagine two industries each with a CES
production function although with different
parameters, and buying labor and capital in the
same competitive market. Then

X1 _ ( 81 )dl ( 82 )_62 ('ZU)U1_°'2
Xo - 1—8; 1—8s r

=7 (—?)al_%. (22)

If oy = 0, (i.e., p; = p-), then this relative fac-
tor-intensity ratio is independent of the factor
price ratio. That is, industry one, say, is more
capital-intensive than industry two, at all pos-

(20a)
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sible price ratios. This is the case both for the
Cobb-Douglas function (oy; =0, =1) and the
fixed-proportions case (o = 0, =0). But once
o174 03, this factor-intensity property disap-
pears and it is impossible to characterize one
industry as more capital-intensive than the
other independently of factor prices. For (22)
says quite clearly that there is always a critical
value of w/r at which the factor-intensity ratio
x,/%, flips over from being greater than unity
to being less. There is only one such critical
value at which the industries change places with
respect to relative capital-intensity. The nature
of the switch is in accord with common sense:
as wages increase relative to capital costs, ulti-
mately the industry with the greater elasticity
of substitution becomes more capital-intensive.
Such switches in relative factor intensity should
be observable if one compares countries with
very different factor-price structures, which we
have done for Japan and the United States in
section IV.

The relative factor-intensity ratio plays an
important role in discussions of the tendency of
international trade in commodities to equalize
factor prices in different countries (and for that
matter, in the more general problem of the rela-
tion between factor prices and commodity prices
in any general equilibrium system).

5. Time series and technological change. The
CES production function is intrinsically diffi-
cult to fit directly to observations on output and
inputs because of the non-linear way in which
the parameter p enters. But, provided technical
change is neutral or uniform, we may use the
convenient factor-price properties of the func-
tion to analyze time series and to estimate the
magnitude of technical progress.

A uniform technical change is a shift in the
production function leaving invariant the mar-
ginal rate of substitution at each K/L ratio.
From (13) and (20), uniform technical prog-
ress affects only the efficiency parameter v, and
not the substitution or distribution parameters,
p or o.

One notes from (20) that

wL_ I—S(K)P
) T

which is independent of y. Hence if historical
shifts in a CES function are neutral, (23) should

(23)
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hold over time, and its validity provides a test
of the hypothesis of neutrality.

Suppose we have observations on x and on
w/r at two points on the production function,
say two countries or two points of time in the
same country. Then, from (20a),
%1 (w/r)1]°
n [ .
%2 (w/r)2
Thus an estimate of o may be made. Note fur-
ther that, since y does not enter into (20a), the
estimate is valid even if the efficiency parameter
has changed between the two observations, pro-
vided the distribution and substitution param-
eters have not, that is, provided that tech-
nological change is neutral.!

If the hypothesis of neutrality is acceptable,
we may try to trace the shifts in the efficiency
parameter over time. One way to do this is to
go back to (8). From V/L = aw® and the defi-
nitions of the parameters a,0,d, and vy, one cal-
culates first that

EVL_ — (é)wl——b = o wl—°c

= (1—8)7 yo—1wl-o, (25)

Two possibilities now present themselves. For

given values of the parameters o and 3, one

5 Y [ w
Pi Wi vz ( ) ( 4
A2 P\

2
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capital intensity depends both on o and & (in-
stead of only on 3, as in the Cobb-Douglas.func-
tion), and we also allow for differences in effi-
ciency among sectors- The corresponding ex-
planation of price differences is therefore more
complex.

The price of a commodity in our model is
defined as the direct labor and capital cost per
unit of value added:

R
P=Wl+Rk=Wl(1+W-x),

where W and R are wages and return on capital
in money terms (rather than using output as
numéraire),l = L/V = 1/y,and k = K/V.

Substituting from (12) for the labor coeffi-
cient gives:

P ot o L x k] (20)
v w

in which the price of a commodity depends on
factor costs and capital intensity. For a given
production function, the ratio of prices in coun-
tries A and B can be stated as a function of the
factor prices only by using (20a) to eliminate x:

1-0

(28)

PB WB Y4 ( 5

can use (25) to compute the implied time-path
of y. Or alternatively one may assume a con-
stant geometric rate of technological change, so
that y(¢) = y,10", and fit

wlL

log (_V_) = [olog (1—8)+ (s—1) log yo]

+ (1—0o) logw + A(o—1)¢ (26)
to estimate o and A. We return to this subject
in section V.

6. Variation in commodity prices among
countries. The accepted explanation of the vari-
ation in commodity prices among countries is
based on differences in capital intensity and
factor costs. In our production function the

**This method of estimating the elasticity of substitu-
tion has been used by Kravis [9], g40—41.

Wa

=) (5

)o’—-l +I

The empirical significance of this result is dis-
cussed in section IV-C.

III. Tests of the CES Production Function

The CES function may describe production
relations in an industry with varying degrees of
uniformity across countries. Two tests were
outlined in section II-D that enable us to make
a tentative choice among three hypotheses: (i)
all three parameters the same in all countries,
(ii) same o and one other parameter the same,
(iii) only o the same. The evidence presented
in section A below rejects the first hypothesis
but supports the second. Furthermore, there
appears to be some uniformity in the efficiency
levels of different industries in the same coun-
try; this possibility is analyzed in section B.
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In section C we investigate the possible sources
of bias in our previous estimates of o in the
light of these findings.

A. Generality of the Production Function

The two tests given in (19) and (21) require
estimates of either the capital stock or the rate
of return on capital. Although such data are
notoriously scarce and unreliable, we have been
able to assemble comparable information on
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The test of constancy of all parameters in-
volves the computation of ¢ in equation (19).
If there is no variation in efficiency, this num-
ber should remain constant. This calculation is
shown in Table 3-A. The extent of variation in
¢ is indicated by taking its ratio to the geomet-
ric mean for each industry, c.

It is clear from these results that the hypoth-
esis of constancy in all three parameters must
be rejected, since there is a large variation in ¢

TaBLE 3. — TEesTs oF THE CES ProbucrtioNn FuncTION2

A. Test of Constant Efficiency®

231. Spinning & Weaving

311. Basic Chemicals

341. Iron and Steel 350. Metal Products

c c c <
w r c w r c w r c w r c
United States 2920  .0526 I.72 4754 2083 231 4387 1984  2.96 4314 .I359 2.35
Canada 2708 .0403 1.16 4036  .2115  2.0I 3769  .I740 2.13 3507 .IOyI  1.37
United Kingdom 874 2022  1.44 .. .. .. 1224 .ISI3 0.62 .. .. ..
Japan 287 .19g02  0.5% 563  .2373 .70 664 .19II 0.49 422 .2245 0.31I
India 276 1543 0.63 320  .2200 .51 450 2686 0.53 ..
B. Test of Constant §°¢
Bi/a, 5 Y Bi/a, 5 e Bi/a, 5, e Bi/a, 5, Y
United States 1.155 536 1.016 3.283 767  1.021  1.564 610 I1.733 1.039 .509 1.736
Canada 1.352 .575 771 3.289 767 839 1.763% 638 13%8 1.180 541  1.292
United Kingdom 1.514 602 .880 .. .. .. 1.265 559 857 .. .. ..
Japan 1.833 647 428  2.783 734 .567  1.461 .584 687 .968 492 619
India .. .. .. 2.967 748 441  1.495 .599 .657 .. .. ..
Mean .590 754 .598 514
Coefficient of Variation ¢ 5.85 % 1.72 % 3.55 % 3.50 %
C. Test of Constancy of a and 8
ai Bt ai B¢ a B ai Bt
United States 462 .534 233 765 .343 .536 462 .480
Canada 452 611 242 796 .336 .593 .448 .529
United Kingdom 410 621 .. .. 458 .579 .. ..
Japan 431 790 297 .826 444 648 .535 .518
India .. .. 298 .883 442 661 .. ..
Mean 439 639 268 818 405 .603 482 .509
Coefficient of Variation ¢ 4.17% 11.85% 11.19% 8.04% 12.84% 6.77% 7.41% 3.79%

2 Sources of data: See text.
b Computed from equation (19).

¢ Computed from equations (21) and (12), using country values of & in computing 7.

4 Defined as M

rates of return in four of the industries in Table
2 covering from three to five countries in each
industry.”® The capital stock can be estimated
from the rate of return, r, by the relation:
K= (V—wL)/r.

® The rates of return on capital were estimated from
balance sheets of different industries. Capital was measured
by net fixed assets (including land) plus cash and working
capital. All financial investments were excluded. Total re-
turns to capital were taken to be equal to gross profit from

operations (excluding other income) minus depreciation.
For further details see [12].

where X is the country value, X is the industry mean, and N is the number of observations for the industry.

in all four industries. We therefore abandon
the idea that efficiency is the same among coun-
tries and look for constancy in either a, B, or 8.
The first would imply that variations in effi-
ciency apply entirely to capital (assumed in
the computation of ¢ in Table 3-A); the second
that they apply entirely to labor; and the last
that they affect both factors equally. The logic
of the test was indicated in section II-D. The
three possibilities are evaluated in Tables 3-B
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and 3-C by computing the coefficient of varia-
tion for each parameter in each industry.

Of these three possibilities, the constancy of
8, implying neutral variations in efficiency, is
much the closest approximation while there is
little to choose between the other two. For the
four industries taken together, the coefficient
of variation in 8 is only 3.6 per cent, while it is
more than twice as large for the other two pa-
rameters. We therefore tentatively accept equa-
tion (12) or (13) as the basic form of the CES
production function. Constant o and & charac-
terize an industry in all countries, and differ-
ences in efficiency are assumed to be concen-
trated in ;.

The conclusion that observations on the same
industry in different countries do not come from
the same production function is so important
that it should be tested in a way that does not
depend on our particular choice of a production
function. If in fact all countries fell on the same
production function, homogeneous of degree
one, then a high wage rate must arise from a
high capital-labor ratio, which must, in turn,
imply a low rate of return on capital. From
Table 3 we see there is by and large an inverse
correlation between wages and rates of return,
but the variation in the latter seems much
smaller than is consistent with the wide varia-
tions in wage rates. This impression can be
confirmed quantitatively with the aid of for-
mula (7).

It is there noted that, for points on the same
production function, homogeneous of degree
one, the rate of return is a function of the wage
rate, with an elasticity which is negative and
equal in magnitude to the ratio of labor’s share
to capital’s. We proceed as follows. Let v be
the smallest observed value of this ratio. Then
the elasticity of 7, the rate of return, with re-
spect to the wage rate, w, cannot exceed —9v,
so that,

o (32)
O —_—
g %o
where the subscripts refer to any two countries.
If we choose the countries so that w,> w,,

multiply through by the negative quantity log
(w,/w,), and take antilogarithms, we find 7,
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= 7,(wo/w1)* = 11, say. Then, if the two coun-
tries were on the same production function, the
rate of return in the low-wage country could
not fall below the limit 7,.

For each of the industries in Table 3, a com-
parison was made of the rates of return in the
lowest-wage country, with the corresponding
lower bound 7;, computed from the highest-
wage country (the United States in each case).
The results of this computation follow:

Industry 231

311 341 350
7 .190 220 269 225
n 244 667 1.213 1.749

Thus in each case the actual rate of return in
the lowest-wage country falls below the theo-
retical minimum consistent with the assumption
of a uniform production function, and in most
cases very far below. The results of section A
are thus strongly confirmed.

B. Effects of Varying Efficiency

Since we have revised our interpretation of
the empirical evidence on the elasticity of sub-
stitution, we can no longer take the regression
coefficient b in section I as equal to . We now
present a formula for determining o from &
when efficiency is known to vary with the wage
rate and indicate the magnitude of the correc-
tion involved. We then examine the residuals
from the regression equations for further evi-
dence of varying efficiency or other sources of
bias in estimation.

1. Estimation of o. It is plausible to assume
that in each industry the efficiency parameter
varies among countries with the wage rate.
Since the wage rate increases with both y and
x, a country with high v is also likely to have
been more efficient in the past and to have had
high income and savings. Thus we expect x to
be positively correlated with y across countries
and vy to increase with w. Assume for conven-
ience that this variation takes the form:

Y4 ) (wA )"
— ] =\ — 2
( - on (29)
where the subscripts refer to countries 4 and B.
The effect of variation in efficiency on the out-

put per unit of labor (y) can be shown from
(25) to be:

o ()T
B vB Wp

(30)



CAPITAL-LABOR SUBSTITUTION AND ECONOMIC EFFICIENCY

Substituting from (29) for the efficiency ratio
and taking logs we get a formula comparable
to equation (8) from which our elasticity esti-
mates were derived:

log—%—i—z (0 + e — eo) log <EA—) . (31)

VB Wp

Comparing (8) and (31), we see that the re-
gression coefficient & is equal to (o+e—ea), or

b—
‘ (32)

I—e
Therefore it is only when efficiency does not
vary with w — i.e. when e¢=o0 — that % is
equal to o. For ¢ > 0, o must be still smaller
than b, and therefore, a fortiori, less than 1
when b < 1.

To get a rough idea of the magnitude of the
correction, we normalized the y’s in Table 3 so
that the United States value equals one in each
case and then fitted log y to log w by least
squares.’* We obtain the following result from
the combined sample of 14 observations:

logy = .323 logw —.039 R2 = 82,

(.043)

The separate industries vary somewhat, but the
number of observations in each is too small for
reliable estimates. Another source of informa-
tion on ¢ is provided by the comparisons of
Japan with the United States in section IV,
which cover 10 manufacturing industries. Here
the median value of (y,;/yv) is about .35, cor-
responding to a value of ¢ of about .5.

For values of & less than 1, equation (32)
shows that variation of efficiency with the wage
rate will reduce the estimate of o. Taking e=.3,
values of & of .9, .8, and .7 yield values of .86,
.71, and .57. At the median value of b= .87
observed in Table 2, the corresponding o is .81.

2. Residual variation by country. The ex-
tent of the deviation of observed values of value
added per unit of labor in each country from the
values predicted by the regression equations is
shown in Table 4. Apart from errors of ob-
servation, there are three main causes of these
differences between the predicted value (§ =a

+ b log I%) and the observed value (y=V/L):

o =

* This procedure is not strictly correct, since v is com-
puted from an assumed value of ¢ which is subsequently to
be corrected, but it is roughly valid since # is insensitive to
variations in o.
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(a) Variations in efficiency, which affect L
only.

(b) Variations in commodity prices, which
affect both ¥V and W/P. The net effect
depends on the magnitude of the differ-
ence (1 —b).

(c) Variations in the exchange rate, which
affect VV but not W/P.

The following deviations in each factor are

associated with positive and negative values of
(y—9):

Positive Residuals Negative Residuals

Efficiency Relatively efficient Relatively inefficient
Commodity price  High Low
Exchange rate Overvalued Undervalued

TABLE 4. — REspuAL VariatioN N (V/L)
BY COUNTRY?

Number of Industries

Between

Average Average?® Above +5%and Below
(%) +5% —5% ~5%

(1) (2) 3) (4) (5)
United States 3841 +5 10 11 3
Canada 3226 +5 9 11 3
New Zealand 1680 “+4 7 7 g
Australia 1926 —12 1 3 20
Denmark 1455 -8 2 6 16
Norway 1393 —9 2 6 15
Puerto Rico 1182 +22 9 1 8
United Kingdom 1059 —11 1 4 19
Colombia 924 +14 16 2 6
Ireland 900 —18 o 2 12
Mexico 524 +32 19 3 X
Argentina 519 +10 12 5 7
Japan 47 +7 9 5 9
Salvador 445 +12 10 1 5
Brazil 436 +33 9 o I
Southern Rhodesia 384 —18 o 2 4
Ceylon 261 +% 5 o 6
India 241 —23 o 2 16
Iraq 213 +1 1 o 1

a Residual Ay = y — 9 derived from Table 2.
b Arithmetic mean of (Ay/y).

Although we cannot separate these causes in
countries for which we do not have observations
of relative prices, the observed residuals help in
the interpretation of our previous results. Of
the five countries analyzed in Table 3, the
United States, Canada, and Japan have small
average deviations, and hence little country bias
is introduced into any conclusions based on
them. The United Kingdom and India have
predominantly negative residuals in V/L, prob-
ably due to undervalued exchange rates. Cor-
rection of Table 3-B to allow for these possible
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biases does not significantly affect the estimates
of relative efficiency, however.

It seems plausible to interpret the systematic
country deviations as due mainly to differences
in exchange rates or in the level of protection.
The United States, Canada, and Latin America
have predominantly positive residuals, probab-
ly due to overvalued exchange rates and (in
Latin America) high levels of protection. West-
ern Europe and India have predominantly
negative deviations, probably because of rela-
tively undervalued exchange rates. Variations
in exchange rates and prices introduce a bias
in estimation only if they are systematically
related to the wage rate, which does not seem
to be the case.

Although another comparative study [5]
strongly suggests the importance of economies
of scale, their effects are not apparent here in
the residual variation in V/L. Larger plant
size may account for part of the higher efficien-
cy and positive deviations in the United States,
but any such effect in other countries having
large markets is concealed by the other sources
of variation.

C. Effects of Price Variation

Of the three sources of bias discussed in the
preceding section, the variation in commodity
prices is probably the least important because
it has a similar effect on both variables in the
regression analysis. Since some data on rela-
tive prices among countries are available, how-
ever, it is desirable to test the magnitude of the
error introduced by ignoring prices.

When commodity prices are known, the re-
gression equation of (8) should be restated as
follows, using the commodity price as the nu-
méraire for both value added and wages:

log (—E—-%):a+blog(¥) .

If prices are uncorrelated with wages, their
omission affects the standard error but not the
magnitude of the regression coefficient 5. If
prices are correlated with wages, the correction
in the estimate of o would be given by an equa-
tion similar to (32).'® For example, an inverse
relation between wages and prices would raise
the estimate of o for values of & less than 1.

BIf (P4a/Pp) = (Wa/Ws)', then ¢ = (b—f)/(14f) if b
is estimated from (8).

(8a)
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To test the quantitative significance of this
correction, we have been able to assemble data
for only two industries, neither of which cor-
responds entirely either in coverage or time to
the original data.'® Estimating b alternatively
from equations (8) and (8a) for the eleven
countries available gives the following results:

Eq. (8) Eq. (8a)
Furniture (260) 814 780

(.043) (.104)
Knitting mill products (232) 692 755

(.035) (.039)

In neither case is there a significant difference
between the two estimates. Although this test
by itself is by no means conclusive, such other
evidence as is available on relative prices does
not suggest that there are many sectors in which
the estimate of o would be significantly affected
by this correction.

IV. Factor Substitution and the
Economic Structure

Variations in production functions among in-
dustries have a substantial effect on the struc-
tural features of economies at different levels
of income. In the present section, we shall in-
vestigate the effects on factor proportions, com-
modity prices, and comparative advantage that
stem from differences in the parameters of the
CES production function.

*® The sectors covered are both consumer goods, since we
were unable to find comparable data on intermediate prod-
ucts for any substantial number of countries. The prices
used for sector 232 apply to all clothing rather than to 232
only. The price indexes are as follows for the 11 countries:

Price of Furniture  Price of Knitted Goods

United States

100.00 100.00
Canada 154.70 148.91
Australia 81.95 73.58
New Zealand 04.82 103.46
United Kingdom 66.46 60.30
Denmark 89.41 77.13
Norway 94.37 89.90
Argentina 223.00 139.01
Brazil 145.90 97.20
Colombia 182.60 225.70
Mexico 175.80 124.58

Data are taken from Internationaler Vergleich der Preis
fiir die Lebenshaltung, Erganzungsheft Nr. 4 Zu Reiche o,
Einzelhandelspreise in Ausland, Verlag W. Kohlhammer
GMBH, Stuttgart und Mainz, Jahrgang, 1959. The original
data are in deutschmark purchasing power equivalents, from
which the implied prices indexes were derived by taking the
United States as a base. The exchange rates used in convert-
ing the prices to dollars were the ones that were used in
section I.
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To carry out this analysis, it is necessary to
have some indication of the values of the three
parameters in sectors of the economy other than
those examined in section I, and hence to have
some direct observations on the use of capital.
For this purpose, we shall determine the pa-
rameters in the production function from data
on comparable sectors in Japan and the United
States. Although these two-point estimates may
have substantial errors in individual sectors,
the over-all results of this second method of
estimation support the principal results of our
earlier analysis and lead to some more general
conclusions.

A. Production Functions from
U.S.-Japanese Comparisons

The United States and Japan were selected
for this analysis because of the availability of
data on factor use, factor prices, and commodi-
ty prices in a large number of sectors.’” They
also are convenient in having large differences
in relative factor prices and factor proportions.
The errors involved in estimating the elasticity
of substitution are therefore less than they
would be if there were less variation in the ob-
served values. (For the data in section I, esti-
mates based only on the United States and
Japan differed by less than 10 per cent on the
average from the regression estimates.)

The elasticity of substitution can be esti-
mated from these data by means of equation

(24):

Wy 4
x_ (K/L)g _ | 1
xy  (K/L)y wy

ro

where subscripts indicate the country. This
method of estimation has the advantage of uti-
lizing direct observations of capital as well as
labor and of being independent of the varying
value of the efficiency parameter +.

The data for this calculation are taken from
input-output studies in the two countries and
are summarized in Table 5. The main concep-

¥ The compilation of these data on a comparable basis
has been done by Gary Bickel, who is conducting an exten-
sive analysis of the relation between factor proportions and
relative prices in the two countries. Further discussion of
the data is given by Bickel [4].
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tual difference from section III is in the defini-
tion of capital, which here includes only fixed
capital. The labor cost in Japan makes allow-
ance for the varying proportions of unpaid
family workers in each sector. The variation in
relative factor costs shown in column (4) is
due entirely to differences in labor costs, since
the relative cost of capital is assumed to be the
same for all sectors.

The values of o derived by this method vary
considerably more than those derived from
wage and labor inputs alone in section I. How-
ever, for the 12 manufacturing sectors in which
both are available, there is a significant correla-
tion of .55 between the two estimates.!® The
weighted median of o for these sectors is .93 as
compared with .87 by the earlier analysis. The
median o is also .93 for all manufacturing. The
omission of working capital provides a plau-
sible explanation of this difference, since the
little evidence available indicates that stocks
of materials and goods in process are generally
as high in low-wage as in high-wage countries.
The elasticity of substitution between working
capital and labor is therefore probably much
less than unity. This correction is particularly
important in trade and in manufacturing sectors

‘having small amounts of fixed capital.

Since these two-country estimates are rea-
sonably consistent with our earlier findings for
the manufacturing sectors, we will tentatively
accept them as indicative of elasticities of sub-
stitution in non-manufacturing sectors, with
qualifications for the omission of working capi-
tal. Here the most notable results are the rela-
tively high elasticities in agriculture and min-
ing, and the low elasticity in electric power.'®
In trade, the omission of working capital prob-
ably leads to a serious overestimate of the elas-
ticity of substitution, while for other services
we have no comparable data. The evidence of
relative prices, however, suggests an elasticity
for personal services, at least, of substantially
less than unity.

8Tn some sectors the correspondence between the in-
dustries covered is very imperfect because the earlier esti-
mates are on a 3-digit basis and cover only part of the 2-
digit class.

® The transport sector involves a very large difference
in product mix, and the reliability of the estimate is doubtful.
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On the basis of this comparison, we have con-
structed the five isoquants in Chart 1 to illus-
trate the range of variation in o and 8. Sectors
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in Table 5 corresponding approximately to these
sets of values are indicated in Table 6. The

TABLE 6.— ILLUSTRATIVE COMBINATIONS OF g AND §

o 8 Examples
A 1.15 .25 Agriculture, mining, paper, non-ferrous metals
B 1.0 .2 Steel, rubber, transport equipment
C 8 .2 Textiles, wood products, grain millling
D .8 .8 Electric power
E .4 .05 Apparel, personal services

effect of increasing o in flattening the isoquant
is shown by comparing E, C, B and A, while
the effect of 8 on the capital intensity is shown
by comparing C and D. The optimum factor
proportions at average Japanese and United
States factor prices are also indicated to illus-
trate the discussion in the next section.

TABLE 5. — CALCULATION OF ELASTICITY OF SUBSTITUTION FROM FACTOR INPUTS
AND FACTOR PRICES: JAPAN vs. UNITED STATES?

Capital Intensity

Relative Factor Cost M Rﬁf&ﬁf{’:
No. Sector Xv X Xi/Xv (wi/woXrv/rs) @ 8 of o
(1) (2) ) (@) (s) (6) (€2}

1  Primary Production
o1, 02,03 Agriculture 19.51 .367 .019 .036 1.20 .396
o4 Fishing 3.24 490 152 133 .94 .201
10 Coal mining 4.87 .534 .I10 .093 .93 182
12 Metal mining 13.34 .566 .042 .107 1.41 215
13 Petroleum & natural gas  40.57 722 018 .096 1.71 263
14,19 Non-metallic minerals 10.37 Nk 075 JIID 1.18 260

11 Manufacturing
205 Grain mill. production 5.36 .549 .103 .060 81 .286 91
20, 22 Processed food 5.1 374 .073 .061 .93 327 82
23 Textiles 2.76 .340 123 .073 .80 159 .81
232,243 Apparel .99 329 332 071 42 055
241, 242,29 Leather products 1.01 .190 189 .098 2 .051 .86
25, 26 Lumber and wood prod. 3.58 310 .087 .054 84 .198 .84
27 Paper 7.31 .528 .072 .099 1.14 .204 .96
28 Printing and publishing 3.45 143 .042 .072 1.21 .092 87
30 Rubber 3.73 332 .089 .084 .98 147
31 Chemicals 8.32 1.125 135 157 .90 325 83
321,329 Petroleum products 38.18 .360 .004 JIST 1.04 .550
322,329 Coal 35.83 1.895 053 I13 1.35 .365
33 Non-metal. min. prod. 5.95 414 .070 .084 1.08 197 .95
341,35 Iron and steel 8.60 .986 115 I15 1.00 273 85
342 Non-ferrous metals 11.45 1.151 .I01 123 1.10 1.287 1.01
36,37 Machinery 4.86 469 .09% .083 .93 187 .87
381 Shipbuilding 4.76 477 .100 .094 .97 174
382 Transport equipment 5.01 .378 .075 .083 1.04 .169

111 Utilities and Services
511 Electric power 46.13 10.50 228 .164 .82 819
61 Trade 5.93 .349 .059 .079 1.12 187
71 Transport 15.71 316 .020 .106 1.74 .170
2 SOURCES:

Cols. (1), (2), and (4) are taken from Bickel [4], based on U.S. and Japanese input-output materials; 7 /7y assumed to be 1.47 for all sectors.

Col. (5) is calculated from equation (33).
Col. (6) is calculated from equation (20a).

Col. (7) aggregated from Table 2 using the average proportions of value added in the two countries as weights.
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