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On the Evolution of Altruistic Ethical Rulesfor Siblings

TheodoreC. Bergstrom

``If youhaveremarkederrors in me,your superiorwisdommustpardonthem.Who
errs not while perambulatingthedomainof nature?Whocanobserveeverything
with accuracy?Correctmeasa friendandI asa friendwill requitewith kindness.''
--Linnaeus

ABSTRACT--Thispaperexploresthe evolutionaryfoundationsof altruismamongsiblingsand

extendsthe biologists' kin-selectiontheory to a richer classof gamesbetweenrelatives. We

showthat a populationwill resistinvasionby dominantmutantgenesif individualsmaximizea

``semi-Kantian'' utility function in gameswith their siblings. It is shownthat a populationthat

resistsinvasionby dominantmutantsmaybeinvadedby recessivemutants.Conditionsarefound

underwhich a populationresistsinvasionby dominantandalsoby recessivemutants.(JEL C70,

D10,D63)

Mosteconomicmodelsareinhabitedby selfishconsumers,althoughin the``economicsof the

family'' it is permissablefor parentsto careabouttheir offspringandperhapsalsotheir spouses.

Typicallythesemodelstreatpreferencesfor selfishnessoraltruismasaxiomaticratherthandeduced

from a more fundamentalmodel of humannature. In recentyearstherehavebeeninteresting

efforts to find deeperrootsfor consumertheory,drawingconclusionsaboutthenatureof human

preferencesfrom theevolutionaryhistoryof ourspecies.GaryBecker's(1976)investigationof the

evolutionaryfoundationsof thefamily andJackHirshleifer'sengagingmanifesto(1978)onbehalf

of an evolutionarybasisfor preferenceswerepioneeringefforts. RobertFrank(1988)discussed

theevolutionaryoriginsof emotions,IngemarHanssonandCharlesStuart(1990)andAlan Rogers

(1994)discussedthe evolutionof time preferenceandattitudestowardsavingandwork effort,

Arthur Robson(1992a,1992b)suggesteda theoryof theevolutionof preferencestowardrisk, and

H. PeytonYoung(1993)developedanevolutionarytheoryof socialconventions.

EvolutionarybiologistssuchasWilliam Hamilton (1964a,1964b),RichardDawkins(1976),

John Maynard Smith (1978), and RobertTrivers (1985) have investigatedthe theory of kin-

selection--the evolution of altruistic behavior betweenclose relatives. Dawkins' evocative

expressionof this view in TheSelfishGene, is that in evolution,thereplicatingagentis thegene

ratherthanthe animal. Sincea genecarriedby oneanimal is likely to appearin its relatives,it

follows thata genethatmakesananimalhelp its relatives,at leastwhenit is cheapto do so,will
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prosperrelativeto genesfor totally selfishbehavior.Theseideashavealsoreceivedattentionfrom

economists.GordonTullock (1978)disputedthekin-selectionargument,while TedFrech(1978)

andPaulSamuelson(1983)rebutTullock's argument.

This paperis intendedto be a contributionboth to economicsand to evolutionarybiology,

but it is written with economistreadersin mind. At the mostdirect level this paperexploresthe

economicsof the family , offering an evolutionaryexplanationfor the degreeof altruismto be

expectedbetweensiblings.Apart from its directapplications,thebiologicalmodelof kin selection

is likely to interesteconomistsfor its own sake.This is an elegantlogical structure,sufficiently

similar to modelsof economicequilibriumto strikechordsof familiarity, yetsufficientlydifferent

to inspirefreshwaysof thinkingabouteconomicandsocialproblems.Thesynthesisof Darwinian

evolutionwith theMendelianmodelof diploid inheritanceisarichprototypefor culturalevolution,

wherenormsand culture ariseas peoplecopy the actionsof othersto whom they are related

throughsocialratherthanbiologicalstructures.

Severalrecentpapersby gametheorists(e.g. Daniel Friedman(1991), Ken Binmore and

Larry Samuelson(1992),Michihiro Kandori,GeorgeMailath,andRafaelRob(1993)andYoung

(1993))haveproposedevolutionaryfoundationsfor solutionconceptsin the theoryof games.

In thesemodels,individualsplay strategiesagainstrandomlyselectedopponents.Equilibrium is

a restpoint of a dynamicprocessin which successfulstrategiesare replicatedmore frequently

thanunsuccessfulstrategies.In the currentpaper,the objectsof selectionaregenesratherthan

strategies. Becausethe playersin gamesbetweenrelativesare likely to havesimilar genetic

makeup,it becomesnecessaryto modeltheMendeliangeneticsof a sexuallyreproducingspecies

in moredetailthanhasbeenattemptedin previouseconomicspapers.

As acontributionto evolutionarytheory,thispaperextendsHamilton'smodelof kin-selection

from thespecialcaseof linearcostsandbenefitsto amuchricherclassof gamesallowingnonlinear

interactionof individual actions,costsandbenefits. It alsoextendsthe work of JohnMaynard

SmithandG. R. Price(1973)andMaynardSmith(1974,1982)on evolutionarygamesto thecase

wheretheplayersarerelatives.Unlike mostpreviousefforts to apply the theoryof evolutionary

gamesto interactionamongsiblings,thispapermakesexplicit useof theMendeliancombinatorics

of diploid sexualreproductionandaddressesthe possibility of invasionby recessiveaswell as

dominantmutations.

1. The Game,the Players,and the Method of Reproduction
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StrategiesandtheGameSiblingsPlay

Thispaperconsidersinteractionsbetweenpairsof siblingsplayingasymmetric,two-persongame.

Individualsareassumedto beableto distinguishtheir siblingsfrom others,so that thestrategies

theyplay in gameswith their siblingscanbedeterminedindependentlyof thestrategiestheyplay

with non-siblings.Thereis a set of possiblestrategiesfor eachindividual suchthatwhenone

sibling playsstrategy andthe otherplaysstrategy , the payoff to the sibling who

played is givenby andthepayoff to thesiblingwho played is .

Individualsdo not consciouslychoosestrategies.Instead,their actionsareprogrammedby

theirgeneticstructure.Naturalselectionactsonthedistributionof strategiesin thepopulation.The

probabilitythatanindividualsurvivesto reproduceis higher,thegreatertheaveragepayoff thatit

receivesin thegamesit playswith its siblings.Offspringtendto belike theirparents,accordingto

therulesof Mendelianinheritancefor sexualreproduction.

Thispaperisconcernedwith largepopulationsfor whichit isassumedthatexpectedproportions

arealwaysrealized.Thismakesit possibleto treatthedynamicalsystemasadeterministicsystem

of differenceequations. Mating is assumedto bemonogamous,sothatsiblingshavetwo parents

in common,andmateselectionis assumedto be randomwith respectto the genesthat control

behaviortowardsiblings.It is assumedthatanindividualeitherdieswithouthavinganyoffspring

or survivesto mateandhaveexactly offspring.

SexualDiploid ReproductionandStableMonomorphicEquilibrium

In sexualdiploid specieslike our own, everyindividual carriestwo genesat eachgeneticlocus.

Oneof thesegenesis inheritedfrom eachparent.Thisgeneis drawnrandomlyfrom thetwo genes

that the parentcarriesat the correspondinglocus. Following commonpracticein the biological

literature,we usea ``singlelocusmodel'' in which the trait of interestis determinedby the two

genecopiesin onegeneticlocus. An individual's genotypeis specifiedby the contentsof this

locus.An individualwith two identicalgenecopiesis saidto beahomozygote. An individualwith

two different kinds of genesin this locusis saidto be a heterozygote. Let and denotetwo

differentgenesthatcouldappearin the locusthatdeterminesbehaviortowardsiblings.Suppose

thattype homozygoteschoosestrategy andtype homozygoteschoosestrategy . If

heterozygotesof genotype choosestrategy , thegene is saidto bedominant(over ) and

thegene is saidto berecessive(to ).
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A populationconsistingof homozygotes,all of the samegenotype,is calleda monomorphic

population. This paperwill bemainly concernedwith stablemonomorphicequilibrium. A stable

monomorphicequilibrium is a monomorphicpopulationin which any mutantgenesthat might

appearwould reproducelessrapidly thanthepredominanttypeof genes.

2. ``Kantian'' Ethical Rules,and Resistanceto Dominant and RecessiveMutations

Thereis a simpleandappealingintuitive explanationfor thefact that in equilibrium,siblingswill

not be purely selfishwith eachother. Evolution is a blunt instrumentthat doesnot changethe

geneticstructureof organismsin isolation. The Mendelianlaws of inheritanceimply that with

probability1/2, a genethat influencesmy behaviorwill havethesameinfluenceon my sibling's

behavior.Thoseindividualswhoareprogrammedto treattheirsiblingskindly aremorelikely than

theaveragememberof thepopulationto receivekindnessfrom theirsiblings.

A brief look at the simpler caseof evolutionarykin selectionin a specieswith asexual

reproductionwill makeit easierto graspthelogic of kin selectionin sexuallyreproducingspecies.

AsexualReproductionandtheKantianGoldenRule

Considera populationin which every individual that survivesto reproductiveageproduces

two daughters.Thedaughtersplay a symmetricgamewith eachotherandthestrategythateach

daughterplaysis controlledby a singlegene,inheritedfrom hermother.Exceptin thecaseof rare

mutations,eachof thetwo sisterswill choosethesamestrategyashermotherdid in thegameshe

playedwith her sister.Theprobabilitythatanindividualsurvivesto producedaughtersof herown

is higher,thehigherthepayoffshereceivesin thegameplayedwith hersister.Where is theset

of possiblestrategies,supposethatthereis a strategy suchthat for all

in suchthat . Thenwe claim that theonly stableequilibriumpopulationis onein which

everyindividualusesthestrategy .

In apopulationwhereall individualsareprogrammedto takeaction , consideramutantchild

who takesaction . If , then the mutantwill get a higher payoff and

be morelikely to survivethannormalindividuals. But althoughthis geneticdeviationincreases

her own survivalprobability, it will be harmful to her progeny.Eachof the mutant'sdaughters

will, like their mother,takeaction , andthereforeeachwill geta payoff of .

Not only will themutant'sdaughtersgetlower payoffsandhavelower survivalprobabilitiesthan
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thedaughtersof normal -strategists,but sowill hergranddaughtersandof all their descendants.

Thereforetheline of -strategistswill reproducelessrapidly thantheline of -strategistsandwill

ultimatelybecomearbitrarilysmallasa fractionof thepopulation.It follows thata monomorphic

populationof -strategistscannotbeinvadedby a mutantusinga differentstrategy.

Similar reasoningshowsthat in anypopulationthatdoesnot consistentirelyof -strategists,

the offspring of mutantindividualswhosegenesinstruct themto takestrategy will replicate

morerapidly thantheothertypesin thepopulation.

It follows thatin equilibrium,asexuallyreproducingsisterswould act towardeachotherasif

theywereguidedby anoperationalizedversionof ImmanuelKant's CategoricalImperative.

The Kantian Golden Rule for Asexual Siblings.

Carefulobserversof humansiblingswill not besurprisedto find that in sexuallyreproducing

species,equilibriumbehavioris notsoperfectlycooperative.

SexualReproduction,DominantMutants,andtheSemi-KantianGoldenRule

Consideramonomorphicpopulationof individualsof genotype , eachof whomplaysthesame

strategy with its siblings.Supposethatamutantgene appearsandthatindividualsof genotype

(i.e., who carry onemutant geneandonenormal gene)play the strategy . Since

matingis assumedto berandom,solongasthe geneis rare,surviving genotypeswill almost

certainlymatewith normal genotypes.Thereforethe beachheadon which the mutantgene

will win or losethebattlefor entry into thepopulationis a family in which oneparentis of type

andthe other is of type . The mutantgenewill be eliminatedfrom the populationif the

expectedpayoff receivedby genotypesborn to suchfamilies is lower thanthat receivedby

normaloffspringof normalparents.Themutantgenewill ultimatelyachieveat leastsomepositive

representationin thepopulationif theexpectedpayoff to genotypesin suchfamiliesexceeds

thatreceivedby normaloffspringin normalfamilies.

If oneparentis of genotype andtheotheris of genotype , theneachof their offspring

will with probability1/2 beof genotype andwith probability1/2 beof genotype . In such

a family, if anindividual is of genotype , theneachof its siblingswill beof genotype with

probability1/2, andof genotype with probability1/2. In the gameit playswith eachsibling,

an offspringwill takeaction . With probability,1/2, thesibling will alsobeof genotype
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andtakeaction andwith probability1/2, thesibling will beof genotype andtakeaction .

Thereforein eachgameit playswith a sibling,an genotypebornto one andone parent

hasanexpectedpayoffof:

Thenormalpopulationconsistsof pairsof siblingsof genotype , who takeaction . Their

expectedpayoff is . It follows that when genesare rare, the mutant

genotypesreproducemorerapidly thanthenormalpopulationif . Thereforea

necessaryconditionfor a monomorphicpopulationof -strategiststo resistinvasionby dominant

mutantsis that for all . Thisconditionis familiar to gametheoristsasthe

definingpropertyfor thestrategy to bea symmetricNashequilibriumfor thegamewith payoff

function . Similar reasoningshowsthatif for all , thenararedominant

mutantgene such that genotypestake action will be eliminatedby naturalselection.

Thereforea sufficientconditionfor a monomorphicpopulationof -strategiststo resistinvasion

by mutantheterozygotesis that for all . A strategy thatsatisfiesthis

condtionis saidto beastrict symmetricNashequilibriumfor thegamewith payoff function .

Wewill call thefunction thesemi-Kantianpayofffunction, sincethepayoff to an -strategist

in apopulationof -strategistsis anaverageof the``Kantian'' payoff andthe``Nashian''

payoff . Statedin literary language,a necessaryconditionfor a monomorphicpopulation

to resistinvasionby dominantmutantsis thatsiblingsabideby theprecept:

The Semi-Kantian Golden Rule for Sexual Diploid Siblings.

In moreformal dress,our first resultis:

Proposition 1.
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strict

InvasionbyRecessiveMutants--WhenMutantsMatewith Mutants

Is it possiblefor a monomorphicpopulationthat resistsinvasionby dominantmutantgenesto be

invadedby recessivemutantgenes?In the specialclassof gamesstudiedby Hamilton (1964),

theansweris ``No. '' But for gamesin which therearecomplementaritiesandsubstitutabilities

betweenthe players' actions, the answeris ``Yes.'' The reasonthat recessivemutantscan

sometimesinvadealthoughdominantmutantscannot turnsout to quiteinstructiveandinteresting.

Let bethenormalgeneandlet bea recessivemutantgene.In a family whereoneparent

is a normal genotypeandoneparentis of genotype , the offspring will eitherbe normal

genotypesor heterozygotesof genotype . Since is recessive,individualsof genotype

behavein the sameway asnormal genotypes.Thereforeif at leastoneparentis of normal

genotype , all offspring will take the sameactionsand receivethe samepayoffs as normal

offspringof two normal parents.Only if eachparenthasat leastone genecantheiroffspring

include some genotypes,and only then can payoffs to someoffspring differ from those

receivedby normaloffspringof normalparents.

In the Appendixwe provethat whenmatingis randomandwhenmutant genesarerare,

almostall of the genesin theadultpopulationarecarriedby genotypesratherthanby

genotypes.Formally,this resultis statedasfollows:

Lemma 1.

It follows thatwhen genesarerare,almostall genotypesarebornto familiesin which

bothparentsareof genotype . Thereforeanecessaryconditionfor apopulationof genotypes

to be resistantto invasionby recessivemutantsis that the expectedrate of reproductionof

genesin families wherebothparentsareof genotype is no greaterthanthe expectedrateof

reproductionof normalgenesin thepopulation.
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In apopulationof genotypesthatusestrategy , let bearecessivemutantgene,suchthat

doublerecessive genotypesusestrategy . In theAppendix,wecalculatetheexpectedpayoff

receivedby thecarrierof a randomlyselected genefoundamongtheoffspringof two parents

of genotype . This expectedpayoff turnsout to be a linear combinationof the ``Kantian''

payoff , the ``Nashian'' payoff andan``altruistic'' payoff, which is the

payoff that a normalsibling of a mutant -strategistwill receive. This expectedpayoff differs

from thesemi-Kantianpayoff functionin therelativeweightsaccordedto theKantianpayoff and

theNashianpayoff,butalsodiffersbecausesomeweightis placedon the``altruistic'' payoff.The

altruisticpayoffgetssomeweightbecausewhere is arecessivegene,someof the genesfound

in theoffspringof two parentsarecarriedby individualswhoareof genotype andtakethe

normalaction , butwhosesiblingsareof genotype andtakethemutantaction .

Proposition 2.

strict

Second-OrderInvasionbyDominantMutants

If is a symmetricNash equilibrium, but not a strict symmetricNash equilibrium, for the

semi-Kantianpayoff function , thereremainsoneavenueby whichdominantmutantscaninvade

a populationof -strategists.Supposethat genotypestaketheNashequilibriumaction and

carriersof themutantgene takeaction , butsupposethat . Thencarriers

of themutant genewill havethesamesurvivalprobabilityasnormals,solongastheyhaveone

parentof genotype andoneof genotype . Thereforethesuccessor failureof aninvasionby

genesmustdependonwhethermutant genesreproducefasteror slowerthannormalgenesin

familieswheretheparentshavea total of two or more genes.As we showin theAppendix,if

the parentshavetwo or more genesand , thendominantmutantgenesfor

takingaction will reproducelessrapidly thannormalgenesif . This enables
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us to statea ``second-ordersufficient condition'' that is weakerthanthe assumptionthat is a

strictNashequilibriumfor .

Proposition3.

3. Hamilton's Inclusive Fitness,Additive Games,Complementarity and Substitutabilit y

Evolutionarybiologistshavelong beenawarethatnaturalselectioncanfavor individual behavior

thatreducesone'sownsurvivalprobabilityif thereis sufficientincreasein thesurvivalprobability

of one's siblings and kin. William Hamilton (1964a,b)formalizedthis idea by proposingthat

evolution would select for behavior that maximizesan individual's inclusive fitness, where

inclusivefitnessis a weightedaverageof one's own survival probability and that of one's kin,

with theweightsappliedto relativesbeingproportionalto their degreeof relationship. Hamilton

statesthis proposition,which hascometo beknownas``Hamilton'sRule'', asfollows:

`` The social behavior of a speciesevolvesin such a way that in each distinct
behavior-evokingsituationtheindividual will seemto valuehis neighbors'fitness
againsthis own accordingto the coefficientsof relationshipappropriateto that
situation.'' (W.Hamilton,1964b,p 19.)

The coefficientof relationshipbetweensiblings is 1/2. In a symmetricgamebetweentwo

siblings,if Sibling1 takesaction andSibling2 takesaction , thenSibling1 will havea payoff

of andSibling 2 will havea payoff of . Thereforetheinclusivefitnessof strategy

whenone'ssibling takesstrategy is definedto be:

Statedmorepoetically,Hamiltonproposedthatin equilibrium,siblingswill satisfy:

Hamilton's Inclusive FitnessRule for Siblings. ``Lovethysiblinghalf aswell asthyself''.

In amonomorphicpopulationwhereall individualsaremaximizinginclusivefitness,theaction

takenby eachindividual must be a symmetricNashequilibrium strategyfor the gamewith

payoff function . In generalsucha populationneednot be resistantto invasionby mutants,

but thereis aninterestingclassof gameswith specialadditivestructurefor which a populationof

inclusivefitnessmaximizerscannotbeinvadedeitherby dominantor by recessivemutants.
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Hamilton'sadditivemodel

Hamilton's 1964papersdo not claim thatmaximizationof inclusivefitnesscharacterizesevolu-

tionaryequilibriumfor all gamesbetweenrelatives.Hamiltonspecificallyrestrictshis attentionto

the classof gamesin which the interactionbetweenrelativesis additive. For symmetricgames

betweenpairsof siblings,Hamilton'sadditivemodeltakesthefollowing form. Eachsibling has

a set of possibleactions.Let and be functionsdefinedso that if an individual takes

action , it will confera benefitof on its sibling at a costof to itself. Thenif one

sibling takesaction andtheothertakesaction , thepayoff to thesibling who takesaction is

andthepayoffto thesiblingwhotakesaction is .

In Hamilton'sadditivemodel,thebenefitonereceivesfrom a relative'sactionis independent

of one'sown action,andthecostof helpinga relativeis independentof theamountof helpone

receives.This is a strongrestrictionthat is not satisfiedin someof the mostnaturalmodelsof

economicinteractionsbetweenindividuals,includingmodelsof householdproductionandfamiliar

examplesof two-persongames.

Hamilton'sadditivemodelis of specialinterestbecausewhereit applies,thesetsof symmetric

Nashequilibriafor thethreedifferentpayoffs, , , and areidentical.Thereforefor additive

gamesa monomorphicpopulationof -strategistsis resistantto both dominantand recessive

invasionif the strategy (strictly) maximizesHamilton's inclusive fitnessfor eachindividual.

Gamesthatarenotadditivelackthishappycoincidenceof equilibria.Fortunately,evenin thecase

of non-additivegames,thereareclean,simpleconditionsthatdeterminewhethera monomorphic

populationcanresistinvasionby dominantandby recessivemutants.

SymmetricComplementarityandSymmetricSubstitutability

The relation betweenthe set of equilibrium strategiesunderHamilton's Rule and the setsof

strategiesthat resistinvasionby dominantand recessivemutantsdependscritically on whether

thereis ``complementarity''or ``substitutability'' betweentheactionsof siblings.Statedloosely,

thepresenceof complementarityor substitutabilitydependson whetherthetotal payoff is higher

when both playersact similarly or when they act differently. More formally, a two-player

symmetricgamewill besaidto exhibit symmetriccomplementarityif for anytwo strategies and

, theexpectedtotal payoff to thetwo playersis greaterif oneof thetwo strategiesis selectedat

randomandplayedby bothplayers,thanif oneplayerplaysstrategy andtheotherplaysstrategy
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. Thereis symmetricsubstitutabilityif this inequalityis reversed.

Definition.

OntheNestingof EquilibriumSets

It is useful to notice that the function that representsfitnessagainstrecessiveinvasionis a

simplelinearcombinationof Hamilton'sinclusivefitnessfunction andthesemi-Kantianpayoff

function . Fromthedefinitionsof , , and , it follows that:

Lemma 2.

If the function exhibits symmetriccomplementarityor substitutability,the setsof Nash

equilibriafor thethreepayoff functions , , and , areconvenientlynestedasdescribedby the

following proposition.

Proposition 4.

11



In Hamilton'sadditivemodel,thepayofffunction hasthepropertythatfor all strategies and

in , andtherefore .

In this specialcase, exhibitsboth symmetriccomplementarityandsymmetricsubstitutability.

It follows from Proposition4 that in Hamilton's additivemodel,a strategyis a symmetricNash

equilibriumfor the payoff function if andonly if it is alsoa symmetricNashequilibriumfor

eachof thefunctions and .

Corollary 1---Hamilton's Theorem.

Even without additivity, if thereis either symmetriccomplementarityor symmetricsubsti-

tutability, the equilibria that resist both dominantand recessiveinvasioncan be quite neatly

characterized.If thereis symmetricsubstitutability,thenit follows from assertion(i) of Proposition

4 that a symmetricNashequilibrium for the gamewith payoffsgiven by Hamilton's inclusive

fitnessfunction, will resistbothdominantandrecessiveinvasion.(As wewill showby example

in thenextsection,in theabsenceof symmetricsubstitutability,it canhappenthateventhough is

a symmetricNashequilibriumfor thegamewith payoff function , a populationof -strategists

canbeinvadedby dominantmutants.)If thereis symmetriccomplementarity,thenit follows from

assertion(ii) of Proposition4 that if is a symmetricNashequilibrium for the gamewith the

semi-Kantianpayoff function , thena populationof -strategistsis resistantto invasionby both

dominantandrecessivemutants.Theseresultsarecollectedin Corollary2.

Corollary 2.
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4. Examplesof Gameswith Symmetric Complementarity and Substitutability

Example1---Rousseau'sStagHunt

In ordertodemonstratethegame-theoreticapproachtocoordinationproblems,DrewFudenberg

andJeanTirole (1991)introduceda gamecalledthe StagHunt. The nameof the gameandthe

storythatgoeswith it aresuggestedby a passagefrom JeanJacquesRousseau'sDiscourseon the

Origin and Basisof InequalityamongMen, written in 1754. Two hunterssetout to kill a stag.

Oneof themhasagreedto drive thestagthroughtheforest,andtheotherto postat a placewhere

thestagmustpass.If eachperformshis assignedtask,theywill surelykill thestagandeachwill

get a shareof the prey worth . During the courseof the hunt, eachhunteris temptedto

chaseaharethatrunsby him. If eitherhunterpursueshishare,hewill catchit, but in sodoing,he

will ensurethatthestagescapes.An individualwho catchesa haregetsa payoff of 1. Thepayoff

matrix for this gameis givenbelow,where denotesthestrategy,perseverein thestaghuntand

where denotesthestrategy,desertthestaghuntto pursuethehare.

The StagHunt--Individu al Payoffs

Sibling1

Sibling2
S H

S
H

The StagHunt is an exampleof a gamewith symmetriccomplementarity,since the sum

of the diagonalpayoffsexceedsthe sumof the off-diagonalpayoffs. Playedbetweenunrelated
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individuals,thisgamepresentsacoordinationproblem;therearetwo Nashequilibria,oneof which

is betterfor bothplayersthantheother.In oneNashequilibrium,bothhuntersfaithfully play their

assignedrolesandenjoypayoffsof . In theotherNashequilibrium,eachdesertsthehunt

andeachgetsa payoff of 1. Althoughbothplayersprefertheformerequilibrium,if eachbelieves

that the otherwill run off andpursuea hare,thenboth will chooseto desertthe staghunt. As

FudenbergandTirole remark,``without moreinformationaboutthecontextof thegameandthe

hunters'expectationsit is difficult to knowwhichoutcometo predict.''

Sincethe StagHunt exhibitssymmetriccomplementarity,it follows from Proposition4 and

its Corollary 2 that a monomorphicequilibrium of -strategistswill resist invasion by both

dominantand recessivemutantsif is a strict symmetricNashequilibrium for the gamewith

thesemi-Kantianpayoff function, . Thepayoff matrix for is

displayedbelow.

The StagHunt--Semi-Kantian Payoffs

Sibling1

Sibling2
S H

S
H

If , this gamehasonly one Nashequilibrium; the efficient outcomein which both

faithfully pursuethestag.Thereforefor , kin selectioǹ `solves'' thecoordinationproblem

in thesensethattheonly populationthatis resistantto invasionby dominantandrecessivemutants

is apopulationconsistingentirelyof individualswhopursuetheefficientstrategy .

Interestingly,this conclusionwould haveeludedus if we hadtried to find the equilibria by

looking for theNashequilibriumof thegamewith payoffsgivenby Hamilton's inclusivefitness

function, asdisplayedin thegamematrixbelow.

14



The StagHunt--Inclusive FitnessPayoffs

Sibling1

Sibling2
S H

S
H

For all , the StagHunt with the inclusive fitnesspayoff function has two Nash

equilibria--onein which both faithfully hunt the stagandonein which eachchasesthe fleeting

hare. The StagHunt with semi-Kantianpayoff hasonly oneNashequilibrium--theoutcome

whereboth hunt the stag. Sincethe StagHunt is a gamewith symmetriccomplementarity,we

know from Proposition4 thateverysymmetricNashequilibriumfor thegamewith payoff is a

symmetricNashequilibriumboth for thegamewith payoff andfor thegamewith payoff .

But asthis exampleillustrates,not everysymmetricNashequilibriumfor is a symmetricNash

equilibriumfor .

Example2---Prisoners'Dilemma

Considera single-shotprisoners'dilemma gamewith two possiblestrategies,Cooperateand

Defect. Payoffsaregivenby thefollowing gamematrix,wheretheparameterssatisfythecondition

.

Prisoners' Dilemma

Sib1

Sib2
Cooperate Defect

Cooperate R R
Defect P P

As is well known,theonly Nashequilibriumfor this gameis theoutcomewherebothplayers
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defect. But whenprisoners'dilemmais playedbetweensexualdiploid siblings,a much richer

varietyof possibilitiesemerges.Dependingontheparametervalues,theremaybezero,one,or two

equilibriathat resistinvasionby mutantgenes.Moreover,someequilibriawill resistinvasionby

dominantmutantsandnotby recessivemutants.In thefollowing discussion,wefind theparameter

rangesfor whicheachof thepossibleequilibriumconfigurationsobtains.

Thepayoffmatrix for thegamewith thesemi-Kantianpayoff function

is:

Prisoners' Dilemma--Semi-KantianPayoff Function, V

Sib1

Sib2
Cooperate Defect

Cooperate
Defect

Thesetof Nashequilibriafor thisgamedependsontheparameters and . If ,

thereisaNashequilibriumin whichbothplayerscooperate.If , thereisaNashequilibrium

in which bothplayersdefect.As we showin Figure1, parametervaluescanbe foundfor which

one,both,or neitherof theseinequalitiesaresatisfied.Theregion of Figure1 includesall points

abovetheline andall pointsto theleft of theline . Forparametervaluesin

this region,theuniquesymmetricNashequilibriumis theoutcomewherebothsiblingscooperate.

For parametervaluesin region of the figure, therearetwo symmetricNashequilibria,onein

which both siblingscooperateandonein which both defect. For parametervaluesin region ,

theuniquesymmetricNashequilibriumis theoutcomewherebothsiblingsdefect.For parameter

valuesin region , thereis nosymmetricNashequilibriumin purestrategies.

(Figure1, abouthere.)

Theprisoners'dilemmagamehassymmetriccomplementarityfor parametervaluessuchthat

. Theseparametervaluesare representedin Figure 1 by points on or abovethe

diagonalline . For theseparametervalues,accordingto Corollary2 of Proposition4, a

monomorphicpopulationthatplaysastrict symmetricNashequilibriumfor will notbeinvaded

eitherby dominantor by recessivemutants.Thereforefor parametervaluesin thepartof Region
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that lies abovetheline , a monomorphicpopulationof cooperatorswill resistinvasion

bothby dominantmutantsandby recessivemutants,but a monomorphicpopulationof defectors

wouldbeinvadedby dominantmutantgenesfor cooperation.

In Region , since and thereare two distinct symmetricNash

equilibria for the gamewith payoff function ; in oneequilibrium both playerscooperatorand

in the other both defect. Since Region lies entirely abovethe line , there is

strategiccomplementarityfor parametervaluesin this region. It follows from Proposition4 that

for parametervaluesin Region , therearetwo stablemonomorphicequilibria--amonomorphic

populationof cooperatorsand a monomorphicpopulationof defectors,eachof which resists

invasionbothby dominantandby recessivemutants.

In the part of Region that lies abovethe line , a monomorphicpopulationof

defectorswould resistinvasionbothby dominantandby recessivemutants,but a monomorphic

populationof cooperatorswouldbeinvadedby dominantmutantgenesfor defection.

In the region of Figure 1 that lies on or below the downward-slopingdiagonal, there is

symmetricsubstitutability.Accordingto Proposition4, in thecaseof symmetricsubstitutability,

a monomorphicpopulationthatsresistrecessiveinvasionwill also resistinvasionby dominant

mutants,butthereareparametervaluessuchthatamonomorphicpopulationwhichresistsinvasion

bydominantmutantswill succumbtoaninvasionbyrecessivemutants.A monomorphicpopulation

resistsinvasionby recessivemutantsif the strategyusedby its membersis a symmetricNash

equilibrium for the gamewith payoff function .

Calculatingthesevaluesfor prisoners'dilemma,onefinds thepayoffmatrix:

Prisoners' Dilemma with Payoff Function W

Sib1

Sib2
Cooperate Defect

Cooperate
Defect

ThisgamehasasymmetricNashequilibriumwherebothplayerscooperateif

andit hasa symmetricNashequilibriumwherebothplayersdefectif . In Figure
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2, which displaystheparametervaluesfor which thereis symmetricsubstitutability,Region is

thesetof parametervaluesfor which . Forparametervaluesin , amonomorphic

populationof cooperatorswill resistinvasionbothby dominantandrecessivemutants.Region

is thesetof pointsfor which . Forparametervaluesin this region,amonomorphic

populationof defectorsresistsinvasionbothby recessiveandby dominantmutants.

(Figure2 abouthere.)

The lines making up the upperand lower boundariesof the region have the equations

and , respectively. Pointsabovethe line represent

parametervaluesfor whichamonomorphicpopulationof cooperatorsresistsinvasionby dominant

mutants.The setof all suchpoints is the union of Regions and . For parametervaluesin

Region , a populationof cooperatorsresistsinvasionby dominantmutants,but canbeinvaded

by recessivemutants. Pointsbelow the line representparametervaluesfor which a

monomorphicequilibriumpopulationof defectorsresistsinvationby dominantmutants.Theset

of all suchpoints is the union of the regions and . For parametervaluesin Region , a

monomorphicpopulationof defectorscannotbeinvadedby dominantmutants,butcanbeinvaded

by recessivemutants.Finally, for parametervaluesin Region , any monomorphicpopulation

wouldbeinvadedbothby dominantandby recessivemutants.For theseparametervalues,thereis

nomonomorphicequilibriumin purestrategies.

It is interestingto comparetheseresultsto predictionsthat would be obtainedusing the

symmetricNashequilibria underHamilton's inclusivefitnessfunction . The inclusive-fitness

payoffmatrix for siblingsplayingprisoners'dilemmais thefollowing:

Prisoners' Dilemma--InclusiveFitnessPayoff Function, H

Sib1

Sib2
Cooperate Defect

Cooperate
Defect 3P/2

For this game,thereis a Nashequilibrium in which both siblings cooperateif and only if

, andthereis aNashequilibriumin whichbothdefectif andonly if . In Figure1,
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thethinverticallineandthethinhorizontalline representtheboundariesof theseregions.Therefore

Hamilton'srulepartitionstheparametervaluesin Figure1 asfollows: for parametervaluesin the

smallsquarein theupperleft, theonly monomorphicequilibriumis apopulationof cooperators;in

thelargesquarein thelowerright, theonly monomorphicequilibriumis apopulationof defectors;

in the rectanglein the upperright, therewould be two distinct mononomorphicequilibria, one

with cooperatorsonly andonewith defectorsonly; in therectanglein the lower left, therewould

be no monomorphicequilibria. As we see,from earlier discussion,thesepredictionsare not

entirelycorrect.Where , everysymmetricNashequlibriumfor is alsoa symmetric

Nashequilibrium for and , but not conversely.Where , everysymmetricNash

equilibriumfor is asymmetricNashequilibriumfor , butnotconversely.

Hamilton's additive model appliesonly to parameterson the diagonalof Figure 1 where

. Forthesespecialparametervalues,theNashequilibriaunderinclusivefitnesscoincide

with thepopulationsthatresistinvasionbothby dominantandby recessivemutants.In theadditive

modelif , theonly monomorphicequilibriumis apopulationof cooperators,if ,

theonly monomorphicequilibriumis a populationof defectors,andif , therewill betwo

monomorphicequilibria,onewith defectorsonly andonewith cooperatorsonly.

5. On the Existenceof StableMonomorphic Equilibrium

PureStrategyEquilibriumthatResistsBothDominantandRecessiveInvasion

We haveshownthata monomorphicpopulationof -strategistswill resistinvasionby dominant

andby recessivemutantsonly if is a symmetricNashequilibrium strategyfor the gamewith

payoff function and also for the gamewith payoff function . It is well known that there

aresymmetricgamesthat haveno symmetricNashequilibrium in purestrategies.Onesucha

gameis MaynardSmith'sHawk-Dovegame, MaynardSmith(1982). But thereis alarge,readily

identifiable classof symmetricgamesfor which a symmetric,pure strategyNashequilibrium

exists.Thefollowing resultis foundin manystandardreferencesongametheory.(e.g.,Rasmusen

(1989,pp123-127).

Lemma 3.
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