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On the Evolution of Altruistic Ethical Rulesfor Siblings

TheodoreC. Bergstrom

“If youhaveremarkederrorsin me,your superiorwisdommustpardonthem.Who
errs not while perambulatinghe domainof nature? Whocan observeeverything
with accuracy?Correctmeasafriendandl asa friendwill requitewith kindness."
--Linnaeus

ABSTRACT--Thispaperexploresthe evolutionaryfoundationsof altruismamongsiblingsand
extendsthe biologists' kin-selectiontheory to a richer classof gamesbetweenrelatives. We
showthat a populationwill resistinvasionby dominantmutantgenesf individualsmaximizea
““semi-Kantian" utility functionin gameswith their siblings. It is shownthata populationthat
resistsinvasionby dominantmutantsmay beinvadedby recessivenutants.Conditionsarefound
underwhich a populationresistsinvasionby dominantandalsoby recessivenutants.(JEL C70,
D10,D63)

Most economianodelsareinhabitedby selfishconsumersalthoughin the "economic®f the
family" it is permissabldor parentso careabouttheir offspringandperhapsalsotheir spouses.
Typicallythesemodeldreatpreferencesor selfishnessraltruismasaxiomaticratherthandeduced
from a more fundamentalmodel of humannature. In recentyearsthere have beeninteresting
effortsto find deeperootsfor consumetheory,drawingconclusionsaboutthe natureof human
preferencefrom theevolutionaryhistoryof our speciesGaryBecker's(1976)investigatiorof the
evolutionaryfoundationf thefamily andJackHirshleifer'sengagingnanifestq(1978)on behalf
of anevolutionarybasisfor preferencesvere pioneeringefforts. RobertFrank (1988)discussed
theevolutionaryoriginsof emotionsJngemarHanssorandCharlesStuart(1990)andAlan Rogers
(1994) discussedhe evolution of time preferenceand attitudestoward savingand work effort,
Arthur Robson(1992a,1992b3uggestead theoryof the evolutionof preferencesowardrisk, and
H. PeytonYoung(1993)developedn evolutionarytheoryof socialconventions.

EvolutionarybiologistssuchasWilliam Hamilton (1964a,1964b),RichardDawkins(1976),
John Maynard Smith (1978), and Robert Trivers (1985) have investigatedthe theory of kin-
selection-the evolution of altruistic behavior betweenclose relatives. Dawkins' evocative
expressiorof this view in The SelfishGeng is thatin evolution,thereplicatingagentis the gene
ratherthanthe animal. Sincea genecarriedby oneanimalis likely to appearin its relatives,it
follows thata genethat makesananimalhelpits relatives,at leastwhenit is cheapto do so, will
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prosperelativeto genedor totally selfishbehavior. Thesadeashavealsoreceivedattentionfrom
economistsGordonTullock (1978)disputedthe kin-selectionargumentwhile Ted Frech(1978)
andPaulSamuelsorf1983)rebutTullock's argument.

This paperis intendedto be a contributionboth to economicsandto evolutionarybiology,
butit is written with economistreaderan mind. At the mostdirectlevel this paperexploresthe
economicsof the family , offering an evolutionaryexplanationfor the degreeof altruismto be
expectedetweersiblings.Apartfrom its directapplicationsthe biologicalmodelof kin selection
is likely to interesteconomistdor its own sake. This is an elegantiogical structure sufficiently
similarto modelsof economicequilibriumto strike chordsof familiarity, yet sufficiently different
to inspirefreshwaysof thinking abouteconomicandsocialproblemsThesynthesiof Darwinian
evolutionwith theMendelianmodelof diploid inheritancas arich prototypefor culturalevolution,
where normsand culture arise as peoplecopy the actionsof othersto whom they are related
throughsocialratherthanbiologicalstructures.

Severalrecentpapersby gametheorists(e.g. Daniel Friedman(1991), Ken Binmore and
Larry Samuelsor§1992),Michihiro Kandori,GeorgeMailath, andRafaelRob (1993)andYoung
(1993)) have proposedevolutionaryfoundationsfor solutionconceptdn the theory of games.
In thesemodels,individualsplay strategiesagainstrandomlyselectedbpponentsEquilibriumis
a restpoint of a dynamicprocessin which successfuktrategiesare replicatedmore frequently
thanunsuccessfustrategies.In the currentpaper,the objectsof selectionare genesratherthan
strategies. Becausethe playersin gamesbetweenrelativesare likely to have similar genetic
makeupjt becomesecessaryo modelthe Mendeliangeneticsof a sexuallyreproducingspecies
in moredetailthanhasbeenattemptedn previouseconomicpapers.

As a contributionto evolutionarytheory,this paperextenddHamilton'smodelof kin-selection
fromthespeciakaseof linearcostsandbenefitso amuchricherclassof gamesllowingnonlinear
interactionof individual actions,costsand benefits. It also extendsthe work of JohnMaynard
SmithandG. R. Price(1973)andMaynardSmith (1974,1982)on evolutionarygamedo thecase
wherethe playersarerelatives.Unlike mostpreviouseffortsto apply the theory of evolutionary
gamedo interactionamongsiblings,this papemakesexplicit useof the Mendeliancombinatorics
of diploid sexualreproductionand addressethe possibility of invasionby recessiveaswell as
dominantmutations.

1. The Game,the Players,and the Method of Reproduction



Strategiesandthe GameSiblingsPlay

This paperconsidersnteractiondbetweerpairsof siblingsplayinga symmetric two-persorgame.
Individualsareassumedo be ableto distinguishtheir siblingsfrom others,sothatthe strategies
theyplay in gameswith their siblingscanbe determinedndependentlypf the strategiesheyplay
with non-siblings.Thereis aset of possiblestrategiegor eachindividual suchthatwhenone
sibling plays strategy andthe other plays strategy , the payoff to the sibling who
played is givenby andthe payoffto thesiblingwho played is

Individuals do not consciouslychoosestrategies.Instead,their actionsare programmedy
theirgeneticstructure Naturalselectioractsonthedistributionof strategiesn thepopulation.The
probabilitythatanindividual survivesto reproducas higher,the greatetthe averaggayoffthatit
receivesn thegamest playswith its siblings.Offspringtendto belike their parentsaccordingo
therulesof Mendelianinheritanceor sexualreproduction.

Thispapetlis concerneavith largepopulationgor whichit isassumedthatexpectegroportions
arealwaysrealized.This makest possibleto treatthe dynamicalkystemasa deterministicsystem
of differenceequations. Mating is assumedo be monogamousso thatsiblingshavetwo parents
in common,and mate selectionis assumedo be randomwith respecto the genesthat control
behaviortowardsiblings.It is assumedhatanindividual eitherdieswithout havingany offspring
or survivesto mateandhaveexactly offspring.

SexuaDiploid Reproductiorand StableMonomorphidequilibrium

In sexualdiploid speciedike our own, everyindividual carriestwo genesat eachgeneticlocus.
Oneof thesegeness inheritedfrom eachparent.This geneis drawnrandomlyfrom thetwo genes
thatthe parentcarriesat the correspondingocus. Following commonpracticein the biological
literature,we usea "singlelocusmodel" in which the trait of interestis determinedoy the two
genecopiesin onegeneticlocus. An individual's genotypes specifiedby the contentsof this
locus.An individual with two identicalgenecopiesis saidto beahomozygoteAn individualwith
two differentkinds of genesin this locusis saidto be a heterozygoteLet and denotetwo
differentgenesthat could appeain the locusthatdeterminedehaviortowardsiblings. Suppose
thattype homozygoteghoosestrategy andtype homozygoteshoosestrategy f
heterozygotesf genotype choosestrategy , thegene is saidto be dominant(over ) and
thegene issaidto berecessivdto ).



A populationconsistingof homozygotesall of the samegenotypejs calleda monomorphic
population This papermwill be mainly concerneavith stablemonomorphiequilibrium A stable
monomorphicequilibrium is a monomorphigpopulationin which any mutantgenesthat might
appeamwould reproducdessrapidly thanthe predominantype of genes.

2. TKantian" Ethical Rules,and Resistancao Dominant and RecessivéMutations

Thereis asimpleandappealingntuitive explanatiorfor thefactthatin equilibrium, siblingswill

not be purely selfishwith eachother. Evolutionis a blunt instrumentthat doesnot changethe
geneticstructureof organismsn isolation. The Mendelianlaws of inheritanceimply that with
probability 1/2, a genethatinfluencesmy behaviorwill havethe sameinfluenceon my sibling's
behavior.Thoseindividualswho areprogrammedo treattheir siblingskindly aremorelikely than
theaveraganemberof the populationto receivekindnesdrom their siblings.

A brief look at the simpler caseof evolutionarykin selectionin a specieswith asexual
reproductiorwill makeit easieito graspthelogic of kin selectionn sexuallyreproducingspecies.

AsexuaReproductiorandthe Kantian GoldenRule

Considera populationin which everyindividual that survivesto reproductiveageproduces
two daughtersThe daughterglay a symmetricgamewith eachotherandthe strategythateach
daughtemplaysis controlledby a singlegene inheritedfrom hermother.Exceptin thecaseof rare
mutations eachof thetwo sisterswill choosehe samestrategyashermotherdid in thegameshe
playedwith her sister.Theprobabilitythatanindividual survivesto producedaughter®f herown
is higher,thehigherthe payoff shereceivesn the gameplayedwith hersister.Where is theset
of possiblestrategiessupposehatthereis a strategy suchthat for all
in  suchthat . Thenwe claim that the only stableequilibrium populationis onein which
everyindividualuseshestrategy .

In apopulationwhereall individualsareprogrammedo takeaction , considera mutantchild
who takesaction f , thenthe mutantwill geta higher payoff and
be morelikely to survivethannormalindividuals. But althoughthis geneticdeviationincreases
her own survival probability, it will be harmfulto her progeny. Eachof the mutant'sdaughters
will, like their mother,takeaction , andthereforeeachwill geta payoff of
Not only will themutant'sdaughtergetlower payoffsandhavelower survivalprobabilitiesthan
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thedaughterof normal -strategistsbut sowill hergranddaughterandof all their descendants.
Thereforetheline of -strategistwill reproducdessrapidly thantheline of -strategistandwill
ultimatelybecomearbitrarily smallasa fraction of the population.It follows thata monomorphic
populationof -strategistg€annotbeinvadedby a mutantusinga differentstrategy.

Similar reasoningshowsthatin any populationthat doesnot consistentirely of -strategists,
the offspring of mutantindividuals whosegenesinstructthemto take strategy will replicate
morerapidly thanthe othertypesin the population.

It follows thatin equilibrium, asexuallyreproducingsisterswould acttowardeachotherasif
theywereguidedby anoperationalizedersionof ImmanuelKant's Categoricallmperative

The Kantian Golden Rule for Asexual Siblings.

Carefulobserver®f humansiblingswill not be surprisedo find thatin sexuallyreproducing
speciesequilibriumbehaviors not so perfectlycooperative.

SexuaReproductionDominantMutants,andthe Semi-KantiarGoldenRule

Consideramonomorphigopulationof individualsof genotype , eachof whomplaysthe same
strategy with its siblings.Suppos¢hata mutantgene appearsndthatindividualsof genotype

(i.e., who carryonemutant geneandonenormal gene)play the strategy . Since
matingis assumedo berandomsolongasthe geneisrare,surviving  genotypesvill almost
certainly matewith normal  genotypes.Thereforethe beachheaan which the mutantgene
will win or losethe battlefor entryinto the populationis a family in which one parentis of type

andthe otheris of type . The mutantgenewill be eliminatedfrom the populationif the
expectedoayoff receivedby  genotypedornto suchfamiliesis lower thanthat receivedby
normaloffspringof normalparentsThemutantgenewill ultimatelyachieveatleastsomepositive
representatiom the populationif the expectedgpayoffto  genotypesn suchfamiliesexceeds
thatreceivedoy normaloffspringin normalfamilies.

If oneparentis of genotype andthe otheris of genotype , theneachof their offspring
will with probability 1/2 be of genotype  andwith probability 1/2 be of genotype . In such
afamily, if anindividualis of genotype , theneachof its siblingswill beof genotype  with
probability 1/2, andof genotype  with probability 1/2. In the gameit playswith eachsibling,
an  offspringwill takeaction . With probability,1/2, the sibling will alsobe of genotype
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andtakeaction andwith probability 1/2, the sibling will be of genotype andtakeaction .
Thereforein eachgameit playswith asibling,an  genotypeéborntoone andone  parent
hasanexpectegayoff of:

The normalpopulationconsistof pairsof siblingsof genotype , whotakeaction . Their
expectedpayoff is . It follows that when genesare rare, the mutant
genotypeseproducemorerapidly thanthe normalpopulationif . Thereforea
necessargonditionfor amonomorphigopulationof -strategistd$o resistinvasionby dominant
mutantgs that for all . This conditionis familiar to gametheoristsasthe
defining propertyfor the strategy to bea symmetridNashequilibriumfor the gamewith payoff
function . Similarreasoninghowsthatif for all , thenararedominant
mutantgene suchthat genotypedake action will be eliminatedby natural selection.
Thereforea sufficientconditionfor a monomorphigoopulationof -strategistgo resistinvasion
by mutantheterozygotess that for all . A strategy thatsatisfiesthis
condtionis saidto beastrict symmetridNashequilibriumfor thegamewith payofffunction

Wewill callthefunction thesemi-Kantiarpayofffunction sincethepayofftoan -strategist
in apopulationof -strategistss anaverageof the "Kantian" payoff andthe "Nashian"
payoff . Statedin literary languagea necessargonditionfor a monomorphigyopulation
to resistinvasionby dominantmutantss thatsiblingsabideby the precept:

The Semi-Kantian Golden Rule for Sexual Diploid Siblings.

In moreformal dresspur first resultis:

Proposition 1.



strict

Invasionby Recessiv®lutants--WhemMutantsMatewith Mutants

Is it possiblefor a monomorphigopulationthatresistsnvasionby dominantmutantgenedo be
invadedby recessivanutantgenes?In the specialclassof gamesstudiedby Hamilton (1964),
theansweris “"No. " But for gamesin which therearecomplementaritieand substitutabilities
betweenthe players' actions, the answeris “Yes." The reasonthat recessivemutantscan
sometimesnvadealthoughdominantmutantscannotturnsoutto quiteinstructiveandinteresting.

Let bethenormalgeneandlet bearecessivenutantgene.ln afamily whereoneparent
isanormal genotypeandone parentis of genotype , the offspringwill eitherbe normal
genotype®r heterozygotesf genotype . Since isrecessiveindividualsof genotype
behavein the sameway asnormal  genotypes.Thereforeif atleastone parentis of normal
genotype , all offspring will take the sameactionsand receivethe samepayoffs as normal
offspringof two normal  parentsOnly if eachparenthasatleastone genecantheiroffspring
include some genotypes,and only then can payoffs to some offspring differ from those

receivedby normaloffspringof normalparents.

In the Appendixwe prove thatwhen matingis randomandwhenmutant genesarerare,
almostall of the genedn theadultpopulationarecarriedby  genotypesatherthanby
genotypeskormally,this resultis statedasfollows:

Lemmal.

It follows thatwhen genesarerare,almostall genotypesrebornto familiesin which
bothparentsareof genotype . Thereforeanecessargonditionfor apopulationof — genotypes
to be resistantto invasionby recessivanutantsis that the expectedrate of reproductionof
genesin families whereboth parentsare of genotype is no greaterthanthe expectedate of
reproductiorof normalgenesn the population.
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In apopulationof  genotypeshatusestrategy , let bearecessivenutantgene suchthat
doublerecessive  genotypesisestrategy . In the Appendix,we calculatethe expectegayoff
receivedby the carrierof arandomlyselected genefoundamongthe offspringof two parents
of genotype . This expectedpayoff turnsout to be a linear combinationof the ““Kantian"
payoff , the “"Nashian" payoff andan altruistic" payoff, which is the
payoff thata normalsibling of a mutant -strategistwill receive. This expectedoayoff differs
from the semi-Kantiarpayoff functionin therelativeweightsaccordedo the Kantianpayoffand
the Nashiarpayoff, butalsodiffers becaussomeweightis placedon the “altruistic" payoff. The
altruisticpayoff getssomeweightbecausevhere isarecessivgene someofthe genedound
in theoffspringoftwo  parentsarecarriedby individualswho areof genotype  andtakethe
normalaction , butwhosesiblingsareof genotype  andtakethe mutantaction .

Proposition 2.

strict

Second-Ordemvasionby DominantMutants

If is a symmetric Nash equilibrium, but not a strict symmetric Nash equilibrium, for the
semi-Kantiarpayofffunction ,thereremainsoneavenuddy whichdominantmutantscaninvade
apopulationof -strategistsSupposehat genotypedakethe Nashequilibriumaction and
carriersof themutantgene takeaction , butsupposehat . Thencarriers
of themutant genewill havethe samesurvivalprobabilityasnormals,solong asthey haveone
parentof genotype andoneof genotype . Thereforethesucces®r failure of aninvasionby
genesnustdependonwhethermutant genegseproducdasteror slowerthannormalgenesn
familieswherethe parentshaveatotal of two or more genesAs we showin the Appendix,if
the parentshavetwo or more genesand , thendominantmutantgenesfor
takingaction will reproducdessrapidly thannormalgenesf . Thisenables
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usto statea " second-ordesufficient condition" thatis weakerthanthe assumptiorthat is a
strict Nashequilibriumfor

Proposition 3.

3. Hamilton's Inclusive Fitness,Additive Games,Complementarity and Substitutability

Evolutionarybiologistshavelong beenawarethatnaturalselectioncanfavor individual behavior
thatreduce®ne'sownsurvivalprobabilityif thereis sufficientincreasen thesurvivalprobability
of one's siblingsandkin. William Hamilton (1964a,b)formalizedthis idea by proposingthat
evolution would selectfor behaviorthat maximizesan individual's inclusive fitness where
inclusivefitnessis a weightedaverageof one's own survival probability and that of one'skin,

with theweightsappliedto relativesbeingproportionalto their degreeof relationship. Hamilton
stateghis propositionwhich hascometo be knownas ™ Hamilton'sRule", asfollows:

" The social behavior of a speciesevolvesin sucha way that in eachdistinct
behavior-evokingituationthe individual will seento value his neighbors'fithess
againsthis own accordingto the coefficientsof relationshipappropriateto that
situation.” (W.Hamilton,1964b,p 19.)

The coefficientof relationshipbetweensiblingsis 1/2. In a symmetricgamebetweentwo
siblings,if Sibling 1 takesaction andSibling 2 takesaction , thenSibling 1 will havea payoff
of andSibling 2 will havea payoff of . Thereforetheinclusivefitnessof strategy

whenone'ssibling takesstrategy is definedto be:

Statedmorepoetically,Hamiltonproposedhatin equilibrium,siblingswill satisfy:
Hamilton's Inclusive FitnessRule for Siblings. " Lovethy sibling half aswell asthyself".

In amonomorphigopulationwhereall individualsaremaximizinginclusivefitness theaction
takenby eachindividual mustbe a symmetricNashequilibrium strategyfor the gamewith
payoff function . In generalsucha populationneednot be resistantto invasionby mutants,
butthereis aninterestingclassof gameswith specialadditivestructurefor which a populationof
inclusivefitnessmaximizerscannot be invadedeitherby dominantor by recessivenutants.
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Hamilton's additivemodel

Hamilton's 1964 papersdo not claim that maximizationof inclusivefitnesscharacterizegvolu-
tionaryequilibriumfor all gamedetweerrelatives Hamiltonspecificallyrestrictshis attentionto
the classof gamesin which the interactionbetweenrelativesis additive. For symmetricgames
betweerpairsof siblings,Hamilton's additivemodeltakesthefollowing form. Eachsibling has
aset of possibleactions.Let and be functionsdefinedso thatif anindividual takes
action , it will confera benefitof onits sibling at a costof to itself. Thenif one
sibling takesaction andthe othertakesaction , thepayoffto thesiblingwho takesaction is
andthepayoffto thesiblingwhotakesaction is

In Hamilton's additivemodel,the benefitonereceivedrom a relative'sactionis independent
of one'sown action,andthe costof helpinga relativeis independenbf the amountof help one
receives.This is a strongrestrictionthat is not satisfiedin someof the mostnaturalmodelsof
economidnteractiondetweernindividuals,includingmodelsof householgroductionrandfamiliar
examplef two-persorgames.

Hamilton'sadditivemodelis of specialinterestoecausevhereit appliesthe setsof symmetric
Nashequilibriafor thethreedifferentpayoffs, , ,and areidentical. Thereforefor additive
gamesa monomorphicpopulationof -strategistgs resistantto both dominantand recessive
invasionif the strategy (strictly) maximizesHamilton's inclusive fitnessfor eachindividual.
Gamedhatarenotadditivelackthis happycoincidenceof equilibria. Fortunately gvenin thecase
of non-additivegamesthereareclean,simpleconditionsthatdeterminevhetheramonomorphic
populationcanresistinvasionby dominantandby recessivenutants.

SymmetricComplementaritand SymmetricSubstitutability

The relation betweenthe set of equilibrium strategiesunder Hamilton's Rule and the setsof

strategieghat resistinvasionby dominantand recessivenutantsdependscritically on whether
thereis “~“complementarity"or ““substitutability" betweerthe actionsof siblings. Statedoosely,
the presencef complementarityr substitutabilitydependon whetherthe total payoffis higher
when both playersact similarly or when they act differently. More formally, a two-player
symmetricgamewill be saidto exhibitsymmetriccomplementarityf for anytwo strategies and

, the expectedotal payoffto the two playersis greatelif oneof thetwo strategiess selectedat
randomandplayedby bothplayersthanif oneplayerplaysstrategy andtheotherplaysstrategy
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. Thereis symmetricsubstitutabilityif thisinequalityis reversed.

Definition.

Onthe Nestingof Equilibrium Sets

It is usefulto noticethatthe function  that representditnessagainstrecessivenvasionis a
simplelinearcombinatiorof Hamilton'sinclusivefitnessfunction andthesemi-Kantiampayoff
function . Fromthedefinitionsof , ,and it followsthat:

Lemma?2.

If the function  exhibits symmetriccomplementarityor substitutability,the setsof Nash
equilibriafor thethreepayofffunctions , ,and , areconvenientlynestecasdescribedy the
following proposition.

Proposition 4.
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In Hamilton'sadditivemodel,thepayofffunction hasthepropertythatfor all strategies and
in andtherefore
In this specialcase, exhibitsboth symmetriccomplementarityand symmetricsubstitutability.
It follows from Proposition4 thatin Hamilton's additive model, a strategyis a symmetricNash
equilibriumfor the payoff function if andonly if it is alsoa symmetricNashequilibriumfor
eachof thefunctions and

Corollary 1---Hamilton's Theorem.

Evenwithout additivity, if thereis either symmetriccomplementarityor symmetricsubsti-
tutability, the equilibria that resistboth dominantand recessiveinvasion can be quite neatly
characterizedf thereis symmetricsubstitutability thenit follows from assertior{i) of Proposition
4 that a symmetricNashequilibrium for the gamewith payoffs given by Hamilton's inclusive
fitnessfunction, will resistoothdominantandrecessivenvasion.(As we will showby example
in thenextsectionjn theabsencef symmetricsubstitutabilityjt canhapperthateventhough is
a symmetricNashequilibriumfor the gamewith payofffunction , apopulationof -strategists
canbeinvadedby dominantmutants.)f thereis symmetriccomplementaritythenit follows from
assertion(ii) of Proposition4 thatif is a symmetricNashequilibrium for the gamewith the
semi-Kantiampayofffunction , thenapopulationof -strategistss resistanto invasionby both
dominantandrecessivenutants Theseresultsarecollectedin Corollary 2.

Corollary 2.
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4. Examplesof Gameswith Symmetric Complementarity and Substitutability

Examplel---Rousseau'StagHunt

In orderto demonstratéhegame-theoretiapproactio coordinatiorproblems DrewFudenberg
andJeanTirole (1991)introduceda gamecalledthe StagHunt The nameof the gameandthe
storythatgoeswith it aresuggestedy a passagérom JeanJacquefRousseau'®iscourseonthe
Origin and Basisof InequalityamongMen writtenin 1754. Two hunterssetout to kill a stag.
Oneof themhasagreedo drive the stagthroughtheforest,andthe otherto postat a placewhere
the stagmustpass.If eachperformshis assignedask,theywill surelykill the stagandeachwill
geta shareof the prey worth . During the courseof the hunt, eachhunteris temptedto
chasea harethatrunsby him. If eitherhunterpursuesis hare,hewill catchit, butin sodoing,he
will ensurghatthe stagescapesAn individual who catchesa haregetsa payoff of 1. The payoff
matrix for this gameis givenbelow,where denoteghe strategy perseveren the staghuntand
where denoteghestrategydesertthe staghuntto pursuethehare

The StagHunt--Individu al Payoffs

Sibling 2
S H

. S
Sibling 1 ¥

The StagHunt is an exampleof a gamewith symmetriccomplementarity sincethe sum
of the diagonalpayoffs exceedghe sumof the off-diagonalpayoffs. Playedbetweenunrelated

13



individuals,this gamepresentsicoordinatiorproblem;therearetwo Nashequilibria,oneof which

is betterfor bothplayersthantheother.In oneNashequilibrium,both hunterdaithfully playtheir

assignedolesandenjoy payoffsof . In the otherNashequilibrium, eachdesertghe hunt
andeachgetsa payoffof 1. Althoughboth playerspreferthe formerequilibrium,if eachbelieves
that the otherwill run off andpursuea hare,thenboth will chooseto desertthe staghunt. As

FudenbergndTirole remark, “without moreinformationaboutthe contextof the gameandthe

hunters'expectation is difficult to knowwhich outcometo predict.”

Sincethe StagHunt exhibits symmetriccomplementarityijt follows from Proposition4 and
its Corollary 2 that a monomorphicequilibrium of -strategistswill resistinvasion by both
dominantandrecessivemutantsif  is a strict symmetricNashequilibrium for the gamewith
the semi-Kantiarpayoff function, . Thepayoff matrixfor is
displayedbelow.

The StagHunt--Semi-Kantian Payoffs

Sibling 2
S H
. S
Sibling 1 ¥
If , this gamehasonly one Nashequilibrium; the efficient outcomein which both
faithfully pursuethe stag.Thereforefor , kin selection "solves" the coordinationproblem

in thesensehattheonly populationthatis resistanto invasionby dominant&andrecessivenutants
is apopulationconsistingentirely of individualswho pursuethe efficient strategy .

Interestingly,this conclusionwould haveeludedusif we hadtried to find the equilibria by
looking for the Nashequilibriumof the gamewith payoffsgiven by Hamilton'sinclusivefitness
function, - asdisplayedn thegamematrix below.
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The StagHunt--Inclusive FitnessPayoffs

Sibling 2
S H

. S
Sibling 1 ¥

For all , the Stag Hunt with the inclusive fitness payoff function  hastwo Nash
equilibria--onein which both faithfully huntthe stagandonein which eachchaseghe fleeting
hare. The StagHunt with semi-Kantianpayoff hasonly one Nashequilibrium--theoutcome
whereboth huntthe stag. Sincethe StagHunt is a gamewith symmetriccomplementaritywe
know from Propositiond thateverysymmetricNashequilibriumfor the gamewith payoff isa
symmetricNashequilibriumboth for the gamewith payoff —andfor the gamewith payoff
But asthis examplellustrates,not everysymmetricNashequilibriumfor  is asymmetricNash
equilibriumfor

Example2---Prisoners'Dilemma

Considera single-shotprisoners'dilemmagamewith two possiblestrategies,Cooperateand
Defect Payoffsaregivenby thefollowing gamematrix, wherethe parametersatisfythecondition

Prisoners' Dilemma

Sib2
Cooperate Defect
Cooperate RR
Defect PP

Sib1

As is well known,the only Nashequilibriumfor this gameis the outcomewhereboth players
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defect. But when prisoners'dilemmais playedbetweensexualdiploid siblings, a muchricher
varietyof possibilitiesemergesDependingpnthe parametevaluestheremaybezero,one,ortwo
equilibriathatresistinvasionby mutantgenesMoreover,someequilibriawill resistinvasionby
dominanimutantsaandnotby recessivenutantsin thefollowing discussionwefind the parameter
rangedor which eachof the possibleequilibriumconfigurationsobtains.

The payoff matrix for the gamewith the semi-Kantiarpayofffunction -
- is:

Prisoners' Dilemma--Semi-Kantian Payoff Function, V

Sib2
Cooperate Defect

Cooperate

Sib1 Defect

Thesetof Nashequilibriafor thisgamedepend®ntheparameters and . If :
thereis aNashequilibriumin whichbothplayerscooperatelf , thereis aNashequilibrium
in which both playersdefect. As we showin Figurel1, parametewaluescanbe foundfor which
one,both,or neitherof thesenequalitiesaresatisfied.Theregion of Figurelincludesall points
abovetheline andall pointsto theleft of theline . Forparametevaluesin
this region,the uniqguesymmetricNashequilibriumis the outcomewhereboth siblingscooperate.
For parametewaluesin region of thefigure, therearetwo symmetricNashequilibria, onein
which both siblingscooperateand onein which both defect. For parameteraluesin region
theuniquesymmetricNashequilibriumis the outcomewherebothsiblingsdefect.For parameter

valuesin region , thereis no symmetricNashequilibriumin purestrategies.
(Figurel, abouthere.)

The prisoners'dilemmagamehassymmetriccomplementarityor parameteraluessuchthat

Theseparametewvaluesare representedn Figure 1 by points on or abovethe

diagonaline . Fortheseparametevalues,accordingo Corollary 2 of Propositior4, a

monomorphigopulationthatplaysa strict symmetricNashequilibriumfor ~ will notbeinvaded
eitherby dominantor by recessivenutants Therefordor parametevaluesin thepartof Region
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thatlies abovetheline , amonomorphigopulationof cooperatorsvill resistinvasion
both by dominantmutantsandby recessivanutants but a monomorphigopulationof defectors
would beinvadedby dominantmutantgenegor cooperation.

In Region , since and thereare two distinct symmetricNash
equilibriafor the gamewith payoff function ; in oneequilibrium both playerscooperatoand
in the other both defect. Since Region lies entirely abovethe line , thereis
strategiccomplementarityfor parameteraluesin this region. It follows from Propositiord4 that
for parametewaluesin Region , therearetwo stablemonomorphicequilibria--amonomorphic
populationof cooperatorsand a monomorphicpopulationof defectors,eachof which resists
invasionboth by dominantandby recessivenutants.

In the partof Region thatlies abovethe line , @ monomorphicpopulationof
defectorswould resistinvasionboth by dominantand by recessivemutants,but a monomorphic
populationof cooperatorsvould be invadedby dominantmutantgenedor defection.

In the region of Figure 1 that lies on or below the downward-slopingdiagonal, there is
symmetricsubstitutability. Accordingto Propositiord, in the caseof symmetricsubstitutability,
a monomorphigpopulationthatsresistrecessivanvasionwill alsoresistinvasionby dominant
mutantsputthereareparametevaluessuchthatamonomorphigopulationwhichresistanvasion
by dominanimutantswill succumtio aninvasionby recessivenutantsA monomorphigopulation
resistsinvasionby recessivemutantsif the strategyusedby its memberss a symmetricNash
equilibrium for the gamewith payoff function - - -
Calculatingthesevaluesfor prisoners'dilemma,onefinds the payoff matrix:

Prisoners' Dilemma with Payoff Function W

Sib2
Cooperate Defect

Sib1 Cooperate

Defect

This gamehasa symmetricNashequilibriumwherebothplayerscooperatef
andit hasa symmetricNashequilibriumwhereboth playersdefectif . In Figure
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2, which displaysthe parametewaluesfor which thereis symmetricsubstitutability Region is
thesetof parametewaluesfor which . Forparametewvaluesin , amonomorphic
populationof cooperatorsvill resistinvasionboth by dominantandrecessivanutants.Region

is thesetof pointsfor which . Forparametevaluesin this region,amonomorphic
populationof defectorgesistanvasionboth by recessiveandby dominantmutants.

(Figure2 abouthere.)

The lines making up the upperand lower boundariesof the region  havethe equations
and , respectively. Pointsabovethe line represent
parametevaluesfor whichamonomorphigopulationof cooperatorsesistanvasionby dominant
mutants. The setof all suchpointsis the union of Regions and . For parametenaluesin
Region , apopulationof cooperatorsesistsinvasionby dominantmutants but canbeinvaded
by recessivemutants. Pointsbelow the line represenparametenaluesfor which a
monomorphicequilibrium populationof defectorsresistsinvation by dominantmutants.The set
of all suchpointsis the union of the regions and . For parametewvaluesin Region , a
monomorphig@opulationof defectorcannotbeinvadedby dominantmutantsputcanbeinvaded
by recessivemutants.Finally, for parametewaluesin Region , any monomorphigpopulation
would beinvadedboth by dominantandby recessivenutants Fortheseparametevaluesthereis
no monomorphicequilibriumin purestrategies.

It is interestingto comparetheseresultsto predictionsthat would be obtainedusing the
symmetricNashequilibria underHamilton's inclusivefitnessfunction . Theinclusive-fitness
payoff matrix for siblingsplayingprisoners'dilemmais thefollowing:

Prisoners' Dilemma--Inclusive FitnessPayoff Function, H

Sib2
Cooperate Defect

Cooperate

Sib1 Defect 3P/2

For this game,thereis a Nashequilibrium in which both siblings cooperatef andonly if
, andthereis aNashequilibriumin which bothdefectif andonly if . In Figurel,
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thethin verticalline andthethin horizontaline representheboundariesf theseegions.Therefore
Hamilton'srule partitionsthe parametewraluesin Figurel asfollows: for parametewvaluesin the
smallsquaren theupperleft, theonly monomorphiequilibriumis a populationof cooperatorsin

thelargesquardn thelowerright, theonly monomorphiequilibriumis a populationof defectors;
in the rectanglein the upperright, therewould be two distinct mononomorphiequilibria, one
with cooperator®nly andonewith defectorsonly; in therectanglan the lower left, therewould

be no monomorphicequilibria. As we see,from earlier discussionthesepredictionsare not
entirely correct.Where , everysymmetricNashequlibriumfor  is alsoa symmetric
Nashequilibriumfor and , butnotconversely.Where , everysymmetricNash
equilibriumfor is asymmetricNashequilibriumfor , butnotconversely.

Hamilton's additive model appliesonly to parametersn the diagonalof Figure 1 where

. ForthesespeciaparametevaluestheNashequilibriaunderinclusivefitnesscoincide

with thepopulationghatresistinvasionbothby dominantandby recessivenutantsin theadditive

modelif , theonly monomorphicequilibriumis a populationof cooperatorsif :

the only monomorphiequilibriumis a populationof defectorsandif , therewill betwo
monomorphicequilibria,onewith defectoronly andonewith cooperatorsnly.

5. On the Existenceof Stable Monomorphic Equilibrium

Pure StrategyEquilibrium that Resist8othDominantand Recessivénvasion

We haveshownthata monomorphigopulationof -strategistwill resistinvasionby dominant
andby recessivanutantsonly if  is a symmetricNashequilibrium strategyfor the gamewith
payoff function andalsofor the gamewith payoff function . It is well known thatthere
are symmetricgamesthat haveno symmetricNashequilibriumin pure strategies.One sucha
gameis MaynardSmith'sHawk-Dovegame MaynardSmith(1982). Butthereis alarge,readily
identifiable classof symmetricgamesfor which a symmetric, pure strategyNash equilibrium
exists.Thefollowing resultis foundin manystandardeference®n gametheory.(e.g.,Rasmusen
(1989,pp 123-127).

Lemma 3.
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